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PREFACE 


. . . %QEe} de oe navxa nv&EC&at 
fju'ev ’AXqd'etys evxvxMos axge/ukg rjioo 
rjds Pqotcov do^ag, x aig ovk h>i niaxig dXrjdrjg. 

Parmenides. IIsqI cpvoecog, Fragm. 1, 28-30. 

Now shalt thou hear of all things, of well-rounded Truth’s 
unmoved heart and of mortals’ opinions, in which there is no 
true assurance. 

The present book originated in an attempt to survey the available 
empirical data on various properties of nuclear systems with a view to 
deriving from it as much unambiguous information as possible on the 
character of the specific forces acting between nucleons. This enquiry 
had not proceeded very far, however, before it became clear that, in order 
to make it really useful, its scope had to be greatly enlarged. At first, I 
had imagined that it would have been possible to limit myself to a 
theoretical analysis of the experimental data without entering into detail 
about the methods by which such data were obtained. But I was soon 
confronted with the difficulty that no comprehensive and up-to-date 
account of the experiments was or could be expected in the next future to 
become available because of the rapid and unsystematic accumulation of 
material which had taken place during the last decade. Being forced to 
wade through this luxuriant but often swampy growth, I thought it would 
be useful to give the reader the benefit of this harassing experience, by 
incorporating into the account the critical surveys of different aspects of 
nuclear research which I had first attempted to make for my own in- 
formation. It was clear that such a plan would not only involve a con- 
siderable increase in the size of the book, but would also tend to give it 
a somewhat hybrid character: on the one hand, it would retain its original 
purpose of developing a definite line of theoretical argument; on the other, 
by its presentation of a fairly complete summary of the experimental data, 
it would acquire the ephemeral quality of a reference book. This raised 
a problem of composition, of whose difficulties I was only too well aware; 
but it seemed to me that it had to be faced, as it appeared to correspond 
to the actual needs of the present situation. 

In accordance, therefore, with the original plan, the arrangement and 
analysis of the material follows an inductive line of approach; but detailed, 
and accordingly lengthy, accounts of both experimental data and theoretical 
methods have been inserted at the appropriate places. This not only makes 
the progress of the discussion much slower, but even threatens to conceal 
the fairly simple thread of the argument running through the whole book; 
the latter defect I have tried to remedy by inserting wherever necessary 
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introductory remarks and summaries. Another drawback of the disposition 
adopted is that certain aspects of the subject have come to be treated in 
successive instalments, separated from each other by other considerations: 
for instance, the theory of the meson field is not presented in all its 
complication at once, but the various refinements are gradually introduced 
in immediate connexion with the features of nuclear forces which 1 render 
them necessary or desirable. This is admittedly unsatisfactory for those 
readers who are looking for a self-contained survey of just one particular 
aspect. I have endeavoured to provide to some extent for this need by 
multiplying cross-references and extending the subject index. But keeping 
in mind the main purpose of the book, it was inevitable that the wish to 
bring out more sharply the relations of the different stages of the theo- 
retical analysis to the experimental evidence should have overcome the 
exigencies of "elegance”. 

Although the general set-up is theoretical, and the emphasis laid 
throughout on the theoretical problems, I hope, also, that the experimental 
physicist — confining himself, if he so wishes, to those sections where the 
density of formulae is least — may find the discussion of some use. The 
theoretical treatment itself does not require more than elementary quantum 
mechanics; even so, it is in most cases fairly complete, except of course 
with regard to meson field theory, and in a few instances where reference 
is made to original papers for a fuller account of secondary points* I have 
always had in mind the advanced student, wishing to obtain a general 
view of the subject with concise introductions to its several parts, before 
engaging in research on some specific question. I have accordingly taken 
pains to unify and harmonize as much as possible the scattered contri- 
butions from various authors, the mushroom-like proliferation of which 
offers a bewildering variety in the choice of basic assumptions, numerical 
values of parameters, notations, and even terminology. I have, however, 
renounced unification in some cases where it would have involved an 
amount of numerical work out of proportion to the significance of the 
result. Likewise, it was not practicable to adhere strictly to the golden rule 
of using any letter or symbol in only one sense throughout; nevertheless 
it is hoped that no confusion is likely to arise in this respect. As regards 
terminology, I have been, of course, very sparing in the introduction of 
new terms; I have only to apologise for two neologisms: the one is the 
phrase dichotomic variable , adopted for didactic purposes to denote 
(roughly speaking) quantities with only two eigenvalues; the other is the 
collective name lepton , applied to particles of small mass (electrons and 
neutrinos). The need for such a collective term seems to be widely felt, 
and I hope that the word here proposed will meet with general acceptance; 
it was coined by Prof, Moller in consultation with a hellenist — a most 
happy instance of fruitful collaboration between science and humanities. 
Finally, it must be mentioned that in the compilation of the tables of 
•empirical data, or in quoting results of numerical calculations, I was 
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occasionally confronted with the delicate problem of correcting the 
published values; it has not been found worth while, however, to make a 
special note of all cases in which the value appearing in this book differs 
slightly from that given in the original publication: the very distrustful 
reader can always check the figures if he likes* 

It will not be necessary here to explain in more detail the lines along 
which the programme outlined above has been carried out; the main 
points are set forth in the Introduction* The most obviously objectionable 
feature of the book is undoubtedly its size, which, considering its limited 
scope, is certainly a bad sign. Referring to the motto borrowed from 
Parmenides' poem, the reader will indeed find that much more space is 
taken by uncertain recounting of “mortals' opinions" than by proud 
disclosure of “well-rounded truth"; and that our picture of nuclear forces 
is still very far from the ideal attained in atomic theory, where so very 
simple and neat a system of concepts and laws suffices to account, according 
to Dirac's famous phrase *, for “a large part of physics and the whole of 
chemistry". However, let this prove an incentive to youthful readers to 
try and give shape to new ideas suited to bring us salvation. In any 
event, I feel no regret that this laborious quest, conducted through so 
many heavy pages, should not end on any clear-cut conclusion. It is 
actually my warmest wish (a wish not shared loy my publisher) that Part 
IV especially, which deals with non-central forces, should rapidly become 
still more obsolete than it already is. 

Throughout the various stages of preparation of this work, I have been 
fortunate in enjoying most generous help and constructive criticism from 
many quarters. From the period of the first drafting, which carries us back 
to the chilly and famine-stricken Utrecht of the winter 1944-45, I 
remember, not without emotion, many discussions with my friends 
Opechowski and Lubanski, in which we found such comfort in those 
distressing times. Lubanski's premature death will long be felt as a great 
loss by those who had the opportunity of witnessing the unfolding of his 
talent and of appreciating his fine personality. Unpublished material of 
fundamental importance for the argument of the book has obligingly been 
provided by Dr* Hulthen, Mr. de Jager, Mr. Ramsey and, above all. 
Dr. Frohlich and Dr. Powell; without this help it would not have been 
possible to treat in any reasonably adequate way the problems occupying 
large portions of Chapters VII, VIII and XIV. My thanks are due to 
Prof. Leprince— Ringuet, Dr. Powell and Dr* Roberts for supplying photo- 
graphs for reproduction. The drafts of the figures, with the exception of 
a few prepared by Mr. D. J.Bouman, have been supplied by Mr. A. Wapstra. 
The figures themselves have been very skilfully drawn by the publisher's 
draughtsman, Mr. den Uyl, who took up his task with great devotion and 
industry; he contributed many helpful suggestions in difficult cases* To 


* P. DIRAC, Proc. Roy . Soc. A 123, 714, 1929. 
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Mr. Wapstra I am also indebted for the compilation of the large table of 
nuclei, embodying the latest available data *. Part -of the manuscript 
was weeded of barbarisms by Miss S. Power and the Rev. O. W'alsh, and 
this task was later completed on the proof by Mr. Huby; neither of these 
obliging helpers, however, can be held responsible for any linguistic errors 
which may have been introduced in last minute alterations. A proof has 
also been read with great care by Dr. Frohlich, Prof. Heitler and Prof. 
Moller; to all of them I owe many important remarks and corrections. 
I have reserved to the last, however, mention of the collaborator to whom 
I am in the greatest debt: during the long drawn out process of preparing 
the manuscript for the press and proof-reading. Dr. Podolanski has devoted 
his whole time and energy to this tiresome task. It is impossible to assess 
the improvements which every page of the book has derived not only from 
his first-hand experience of typographical work, but also from his pain- 
staking scrutiny of the text. His untiring patience and cheerfulness in the 
face of difficulties have been of no little comfort to me under sometimes 
trying circumstances. It is fitting to close this long list of acknowledgments 
with a word of praise for the publishers, who have bravely carried their 
undertaking to a good end in a most unpropitious time. 

* Since this table was prepared only after the completion of the text, no references 
to it could be inserted to replace those to the tables of Mattauch and Fiiigge, 

Manchester, December 1 947. 
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N.l. Mathematical symbols 

N.10. The following list includes such symbols as are not explained 
in the text, while their use is not universally standardized. 

N*ll* Numbers and observables . If A, B are any two numbers or 
(whenever this more general meaning is possible) two observables 
( operators ) , 

A...Z? denotes the interval between A and B, or some number in this 
interval; 

A* denotes the complex conjugate of A; 

9? A the real part of the complex quantity A; 

A + the adjoint of the operator A; 

log A the natural logarithm of A; 
tr A the trace of the operator A; 

av A the expectation value (average value, mean value) of the observable 
A in some specified state; 

[A, 23] _ , or simply [A, B], the commutator AB — BA; 

[A, jB] + the anticommutator AJ3 + BA . 

N.12. Vectors and tensors . When the tensor notation involving 
covariant and contravariant components is used, the usual rule of summation 
over indices occurring twice is adopted; the dummy index then occupies a 
covariant and a contravariant position. 

Ordinary space vectors are denoted by arrows; the vector product of 

->■ — >• *> 

the vectors a, b is represented by a A b. 

The symbol (cycl) following a relation which involves vector -components 
means that the relations derived from that one by cyclic permutation of 
the vector components also hold. 

N*13* Functions of dynamical variables . The letter Q denotes in a 
general way some set of coordinates pertaining to a particle; if we deal 
with a system of identical particles, distinguished by numbers 1,2, . i, 
all quantities pertaining to the i-th particle are distinguished by the upper 
index (i), e.g. QW* 

If A, B are any functions of dynamical variables, 

A~B means A is approximately equal to B , or A is of the same order 
of magnitude as B> 
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A~B 

A^B 

A 


A A 
□A 


means A is proportional to B, 
means A has asymptotic form B; 

denotes the derivative of A with respect to ct t t being the time 
variable, 


il t i * , d 2 A , d 2 A , d 2 A 

the Laplacian operator ^ y + * 

^ l 

the Dalembertian operator AA — ^ ■ — 2 . 


Volume integration is commonly denoted by f ... dv, the volume element 
dx dy dz being represented by dv . If one wishes to specify the volume 
dement attached to point P, one writes dv p ; for that pertaining to the 

extremity of the radius vector one writes dvg. According to this system 

*> 

cf notation, the element of momentum space (the momentum being p) 
will be represented by dv p . The element of solid angle (in any space) is 
denoted by dQ. 

A symbol of integration not accompanied by any symbol for a volume 
element represents an operation involving both summations over certain 
coordinates and integrations over other. 

The Dirac 5-function with a vector as argument is used in the sense 

. <5 (k- k') = {2 tz)-i / e 1 dv. 

N*14* Legendre polynomials and tesseral harmonics . A very con- 
venient summary of the most useful facts and formulae of the theory of 
Legendre polynomials and tesseral harmonics is given by Bethe [33]. 
Following his example, we adopt Darwin's proposal of a uniform definition 
of Yf for m-values of both signs. We list here for reference the general 
definitions: 


p '(*) = FT7? 


d l 

dx l 




i 


rf (■#, <p) 


e im ? l/2/+l 

2 


(Z-m)/ 

(/ m) ! 


sin m & 



and tie simplest special cases: 


y »= Vi cos& > Vi= l/^sin^e^; 

Y 2 — y J; (f cos 2 # — i), Y\ — yH sini? cos# e'?, Y\ |/|| si n 2# e 21 ?. 
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N*2* System of references 

N*21* Numbering of sections , etc . Each Chapter of the book is 
divided into sections and the latter are generally further subdivided. The 
subsections receive a decimal numbering, in which the first digit on the 
right of the dot refers to the section, and the following digits to the 
successive subdivisions of this section; on the left of the dot appears either 
a number which is that of the Chapter (with 0 for the Introduction), or 
(for the preliminary sections) a letter N (Notations) or II (Units and 
Constants), or a composite sign such as A2, referring to the Appendices. 
Tables and figures occurring in any subsection are designated by the 
number of that subsection, followed if necessary by an ordinal number; 
e.g*; fig. 3*221—2, table 6*22—1. Formulae are numbered through in each 
section separately ; within the section they are referred| to simply by their 
ordinal number between brackets. References to formulae of other sections 
include also the number of the subsection in which they occur; e.g.: 
formula (4331— 22) . (Strictly, the number of the section would be suffi- 
cient, but the more precise indication of the subsection facilitates their 
location.) 

N*22* References to literature . Reference to a book or paper is given 
by the name of the author, followed by the last two digits of the year of 
publication between square brackets; the necessary details will then be 
found in the author index at the end of the book, which is alphabetical 
with respect to authors' names and chronological for each author *. Several 
papers published within the same year are distinguished by letters a, b t 
c, .... In case of joint authorship, the paper is classified under the first 
name quoted; it has sometimes be found advisable to deviate from the 
order of names adopted by the authors themselves. E.g. the reference 
Breit [37fe] concerns a paper by S. Share and G. Breit, which is more 
conveniently listed together with other papers by Breit and his collabora- 
tors, relating to similar subjects. 

The abbreviations used to designate the scientific journals are the 
traditional ones, except in a few cases, which are explained at the be- 
ginning of the author index. Besides, some repeatedly quoted books or 
articles will be denoted in the text by the following signs: 

B6B, H. Bethe and R. Bacher, Rev. Mod . Phys . 8, 82. 1936* 

M8F, J. Mattauch and S. FLUGGE, Ketnphysikalische Tabellen 
(1941). This work is supplemented by a later article: 

M & F*, S. Flugge and J. Mattauch, Physik . Z. 44, 181, 1943 (with a 
correction ibid., p* 391). 

W & W, E. Whittaker and G. Watson, A course of modern analysis 
(4th Ed., 1935). 


* 


Some incidental references are directly * given in full in footnotes. 



UNITS AND CONSTANTS 
U*l* Units 

11 * 11 * Relativistic correlation of units . According to the conceptions 
of relativity theory, a correlation can be established between the units of 
length and time on the one hand, momentum and energy, and mass and 
energy on the other, simply by taking the velocity of light as unit of 
velocity* The current practice of nuclear physics coincides only in part 
with this rational choice* While it is customary to measure masses and 
momenta in energy units, one keeps, e*g., to the second as the unit of time* 
In order to conform as far as possible to such usage, the following com" 
promise has been resorted to: 

(a) Mass and momentum are given the dimension of an energy and 
measured in energy units; i*e* the mass of a particle is identified with its 
rest-energy, while we call momentum the usual quantity of that name 
multiplied by the velocity of light* 

(b) This convention involves similar modifications of derived quantities: 
ail angular momentum will likewise be multiplied by c, a moment of inertia 
by c 2 ; in particular, we take as fundamental constant of “action” Dirac's 
constant ft multiplied by c, which we denote by b* In order to uphold an 
expression of the form T)v for a quantum of energy, we characterize periodic 
changes (whose velocity of propagation is c) by their circular wave-num- 
ber v, i*e. the quotient of their circular frequency by c. 

(c) On the other hand, we maintain the second as unit of time and 
(unless explicitly stated otherwise) the cm/sec as unit of velocity, so that 
the velocity of light will still appear explicitly in formulae involving times 
or velocities. 

U*12* Mass and energy units * In most cases, the mega-electronvolt, 
MeV, is a convenient unit in which to express masses as well as energies 
and momenta. However, it may sometimes be advantageous to compare 
energies to the electron mass m, or masses to the physical mass unit, MU, 
defined as x / 16 of the mass of the oxygen atom The conversion factors 
are as follows (mMU denoting the milli-mass-unit): 

1 mMU = 0,93 MeV 
1 MeV = 1,075 mMU 

m — 0,51 MeV = 0,548 mMU. 

U*2* Constants 

11 * 21 * Fundamental constants* We collect in the following table the 
values of the fundamental constants establishing the correlation between 
atomic and nuclear dimensions, and between these dimensions and the 
macroscopic standards, together with some useful derived constants* The 
accuracy is limited to the present requirements of nuclear physics. 
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IL21- Fundamental constants 

Constant 

Symbol 

Value 

Relations to c.g.s. standards 



Velocity of light 

c 

3 * 10 10 cm sec -1 

Quantum of action 

h 

1,97- 10-5 eV cm 

Compton wave-length * 

h/m 

0,386* 10— 10 cm 

Boltzmann's constant 

k 

0,86 MeV/10 10 degrees 

Dimensionless constants 



Fine structure constant 

et/Yi 

1/137 

Mass ratio proton-electron 

M p !m 

1836 

Derived constants 

i 

i 


Electron radius 

(I 

*0 

2,82 *10-13 cm 

Relativistic proton wave-length * 

NM P 

0,21*10-13 cm 

Inverse thereof * 

M p /h 

4,76* IOI 3 cm- 1 

Inverse Compton wave-length * 

m/fi 

2,59-lQio cm— i 

Nuclear Bohr magneton 

i 

Po = eTi/2M p 

3,1 *10— 11 eV/gauss 

* Wave-length divided by 


U.22. Nuclear constants. It will be convenient to collect here the 
values of the parameters characterizing the main properties of nucleons 
and of the deuteron, which are among the best established nuclear constants. 


11*22* Nuclear constants 


Constant 

Symbol 

Value 

Reference 

Nucleons 

Mass difference neutron-proton 

M n -M p 

2,47 m 

(1.22-5) 

Magnetic moment of proton 


2,7896 

(1.21-3) 

neutron 

Vn 

— 1,9103 

(1.22-6) 

proton neutron 


0,8793 

(6.12-1 0) 

Deuteron 

Magnetic moment 

t*d 

0,8565 

(6.12-9) 

Admixture of D state to ground state 

sin 2 co 

0,04 * | 

(6.12- 12) 

Electric quadrupole moment 

Q 

2,73* 10— 27 cm 2 

(6.12-7) 

Binding energy of ground state 

ho] 

2,185 MeV 

(6.11-1) 

Energy of % S virtual level 

1*(0) 

0,065 MeV 

6.431 

Proton-neutron scattering radii ) 

3a o 

0,437 *10-i2cm 

6.431 

(for zero range) ^ 

la o 

— 2,47*10- 12 cm 

6.431 




INTRODUCTION 


(hi* An atomic nucleus is characterized by two integers, the charge 
number Z, expressing that its total electric charge is a multiple of the 
electronic charge, and the mass number A, according to which its total mass 
is approximately equal to A times the proton mass. 

The interpretation of these properties which first presented itself, was 
to assume the nucleus to consist of A protons and A — Z electrons . The 
phenomenon of /^-disintegration, i.e. spontaneous emission of electrons, 
exhibited by some nuclei, seemed to support this view, although it appeared 
very difficult to account for the fact that the emitted electrons present a 
continuous energy distribution, while both the original and the product 
nucleus are in states of well-defined energy. In fact, the only way to save 
the principle of energy conservation in this case is to assume that the 
amount of energy necessary to restore the energy balance of the process is 
carried away, simultaneously with the emission of the electron, by some 
agent not reacting in any appreciable way with the environment; for this 
elusory function a particle of zero charge and zero (or very small) mass 
has been proposed, and given the name neutrino . 

However, the simple conception of a proton-electron structure of nuclei 
proved insufficient in other respects. When a nucleus possesses a suffi- 
ciently stable fundamental state, in which it will subsist in atomic or 
molecular systems, it is possible to determine its total angular momentum * 
in this state, as well as its so-called statistics , i.e. the symmetry properties 
of the wave-function of any system of such nuclei with respect to the sets 
of coordinates pertaining to each of them. As is well-known, contradictions 
arose between the observed angular momentum and statistics of several 
nuclei and those predicted on the proton- electron structure theory, A 
consistent picture of nuclear constitution, embodying besides charge and 
mass number also the angular momentum and statistics, could only be 
obtained after the discovery of the neutron , an electrically neutral particle 
of about the same mass as the proton: assuming the neutron to have the 
same spin and statistics as the .proton, it then became possible, in full 
agreement with the empirical data on angular momenta and statistics of 
nuclei, to conceive the nucleus (A, Z) as built up of Z protons and A — Z 
neutrons. It will often be convenient, on this picture, to treat proton and 
neutron as two states — differing in charge and to a small extent in mass 
— of the nuclear constituent particle, which will be called a nucleon . 


* The older denomination 4 nuclear spin" for the total angular momentum of a nucleus 
is liable to cause confusion and should be discarded. We shall reserve the name spin for 
the intrinsic angular momentum of an elementary particle. 
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In order, now, to account for the /3-disintegration phenomena, a 
mechanism has to be devised, by which a nucleus, with adequate change 
of its charge number, would emit a (positive or negative) electron together 
with a neutrino. This can be achieved, in analogy with electromagnetic 
theory, by postulating a special kind of interaction between a nucleon and 
a pair of light particles, or leptons *, consisting of an electron and a 
neutrino. Just as the existence of an interaction between charged particles 
and the electromagnetic field provides for the emission of photons by the 
charged particles, the interaction between nucleons and "lepton field” 
will give rise to the emission processes observed as /2-decay. 

If we now try to get a more quantitative account of the general picture 
of nuclear constitution just outlined, we are here — in contrast to the case 
of atomic constitution — left without any theoretical guidance comparable 
in reliability with the correspondence argument of quantum theory. The 
law of the forces acting between nucleons (apart from the ordinary 
Coulomb interaction of protons) cannot be inferred from any unambiguous 
theoretical reasoning and must ultimately result from the analysis of 
empirical data. For instance, the difference between the mass of a nucleus 
and the sum of the masses of the constituting nucleons, its so-called mass- 
defect, gives us directly (owing to the relativistic relation between mass 
and energy) the total binding energy of these constituents. On the other 
hand, the study of the scattering of nucleons yields valuable information 
on the law of interaction. With the help of this and other similar experi- 
mental evidence it already proves possible to restrict to a considerable 
extent the arbitrariness in the choice of a suitable law of nuclear force. 

But in order to be really fruitful, such an analysis of the empirical 
material must clearly be combined with a discussion of the diverse possi- 
bilities which present themselves from more theoretical points of view. In 
particular, a theoretical approach to the problem of nuclear forces can be 
made on the line of the general field concept, well-known from the theory 
of electromagnetic forces. There is a great variety of a priori admissible 
"nuclear fields”; the field equations are conveniently assumed to be of such 
a form that, according to the fundamental relation between field (wave) 
and particle of quantum theory, the field may be associated with some kind 
of particle characterized by a given mass and spin, or with a pair of such 
particles appearing or disappearing together (like the "lepton field” 
discussed above in connexion with the theory of /3-decay). Among these, 
a type of field introduced by Yukawa offers a special interest, since the 
associated particles (when charged) unexpectedly appear to be identical 

* Following a suggestion of Prof. C. Moller, I adopt — as a pendant to “nucleon” — 
the denomination ’“lepton'" (from XsTtzog , small, thin, delicate) to denote a particle of small 
mass, irrespective of its charge; i.e. a lepton would be susceptible to two kinds of states, 
in which it appears as an electron and a neutrino, respectively. The word "electron” 
retains its original meaning of a particle of small mass with an elementary charge of either 
sign. ’When it is necessary to indicate the sign of the charge, the words "posit on” and 
“negaton” may be used. 
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with the mesons which constitute the penetrating component of cosmic 
radiation. 

0*2 When attempting to set up a general expression for the inter- 
action energy between -nucleons, one is faced with a number of questions 
concerning the dependence of this energy on the various parameters which 
characterize the state of the interacting particles. 

( 1 ) In the first place, one has to consider the dependence on the 
number of interacting nucleons: besides the usual interactions between 
pairs of particles, there may arise direct interactions between groups 
of more than two nucleons* In fact, such many^body forces are a 
direct consequence of any field theory; but on account of the unsatis- 
factory state of the quantum theory of fields, little can be said at present 
on the relative importance of the different many-body interactions* It seems, 
however, that the main features of nuclear constitution can be accounted 
for on the assumption that all but pair interactions play only a secondary 
part* 

(2) The next question is, whether the nuclear forces may be regarded 
as predominantly static . In this respect, one has to examine their depen- 
dence not only on the translational velocities or momenta of the nucleons, 
but also on the motions of their spins and on the rate of exchange of 
electric charge between them (as expressed by the time variations of the 
coordinates characterizing their proton or neutron states)* "While the effect 
of the translational velocities can generally be assumed to be small, this is 
by no means so certain as regards the spin motions and charge variations, 
which very much depend on the form of field theory adopted* We shall 
in the following mostly deal with mainly static interactions* 

(3) On this last assumption, the dependence of the static potential 
between two nucleons on the space, spin and charge coordinates has still 
to be investigated. Besides the distance between the two nucleons, one may 
expect also that the orientation of the spins with respect to the line joining 
the nucleons will enter into the expression for the nuclear potential, and it 
is a vexed question whether this potential is essentially central (only 
distance-dependent) or non-central. 

Although we shall in the present work endeavour to follow as far as 
possible an inductive course of argument, inevitably part of the analysis 
of experimental evidence will be based on some definite hypothesis on 
nuclear interaction. We shall then treat most extensively the case of central 
interaction, which, on account of its greater simplicity, is especially suited 
to bring out the essential features of the argument* Afterwards, it will be 
possible to give a more cursory discussion of non-central and non-static 
interactions* 

In this way, the book naturally divides itself into four parts. In the first 
one is attempted a general survey, of a more qualitative character, of the 
bearing of the empirical data regarding atomic nuclei on the problem of 
the nature of nuclear forces. This will immediately yield such features of 
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universal validity as the limited range and limited binding power of these 
forces (the latter property being quite analogous to the well-known 
saturation of the chemical valency bonds)* Further, important indications 
can be obtained on the charge dependence of the nuclear interactions: the 
existence of forces between like nucleons * besides a proton-neutron inter- 
action is disclosed and strong evidence is adduced of the general symmetry 
of nuclear force (exclusive of Coulomb repulsion between protons) with 
respect to the charges of the interacting nucleons* 

Parts II and III are concerned with a more detailed analysis from the 
standpoint of central interaction. In Part II it is shown how the evidence 
of the deuteron and of proton-neutron and proton-proton scattering leads 
to a partial determination of the central potential. The chief result is the 
derivation of the so-called charge independence property of this potential: 
to a certain approximation, the proper nuclear interaction turns out to be 
the same for any pair of nucleons in the same configuration, irrespective 
of their charges. This fixes the analytical form of the potential as regards 
the dependence on spin and charge coordinates. The detailed distance 
dependence cannot be ascertained; but for any given law of force, the 
range and strength of the potential are more or less accurately fixed in 
magnitude. The numerical values of two constant parameters, entering 
into the dependence on spin and charge variables, remain as yet un- 
determined. They can only be fixed by the consideration of more complex 
nuclei, to which the following Part is devoted. 

Part III, in fact, treats of the more or less adequate pictures of nuclear 
structure which can be outlined on the basis of central interactions. We 
have -here especially to do with the calculation of the energies of the 
stationary states of nuclei , together with the discussion of other properties 
of these states needed for that purpose. It is found that the requirement 
that the nuclear potential exhibit the right saturation properties serves, as 
already mentioned, to complete the determination of the numerical values 
of the interaction parameters. To arrive at this result, a rough model of 
the nucleus suffices; it is then shown on what lines a more refined treat- 
ment can be attempted. In particular, properties of systems of three 
nucleons can be discussed to such extent as to afford an important corro- 
boration of the conclusions drawn from the study of the saturation pro- 
perties of the nuclear forces. 

Finally, we discuss in Part IV the possible contribution of non^central 
and non~static couplings to the nuclear interaction. After a survey of the 
various possible types of such couplings which might be expected to occur, 
an analysis of the relevant empirical evidence, chiefly on the proton-neutron 
system, is carried out with a view to ascertaining in how far the effects 
concerned might either be attributable to relatively small deviations from 
central interaction or, on the contrary, reveal the essential inadequacy of 
the latter. Different theoretical possibilities are tested, but no definitive 
conclusion is reached. 




CONTENTS 


Preface VII— X 

Notations XI — XII 

N. 1 Mathematical symbols 

*11 Numbers and observables, XI — *12 Vectors and tensors, XI — .13 Func- 
tions of dynamical variables, XI — .14 Legendre polynomials and tesseral 
harmonics, XII. 

N. 2 System of references 

.21 Numbering of sections, etc., XIII — .22 References to litterature, XIII. 

Units and constants XIV — XV 

IX 1 Units 

♦11 Relativistic correlation of units, XIV — *12 Mass and energy units, XIV. 
U* 2 Constants 

♦21 Fundamental constants, XIV — *22 Nuclear constants, XV. 
Introduction XVI— XIX 


PART I 

General Features of Nuclear Forces 

Chapter I. Properties of elementary particles 

1.1 Leptons 3 — 5 

‘ *11 Exclusion principle and anti-particles, 3 — *12 Types of ^-processes, 3 — 

.13 Energy balances of ^-processes, 4 — *131 Stability with respect to 
^-transitions, 4 — *132 Existence of the neutrino, 5. 

1.2 Nucleons 5 — 10 

*21 The proton, 5 — *22 The neutron, 7 — *23 The anti-proton, 8 — *231 The 
anti-neutron, 10. 

1*3 Mesons 10 — 21 

*31 The field concept, 10 — *32 The meson field, 11 — *321 The mass-range 
relation, 12 — *322 Interaction of meson field with leptons, 14 — *33 The 
mesons of cosmic radiation, 14 — *331 The meson mass, 15 — *332 The meson 
decay, 16 — *33 3 The meson spin, 18 — *34 Many-body forces, 18 — *35 
Excited states of nucleons, 19. 


Chapter II. Nuclear radii and mass-defects 

2*1 Nuclear radius and range of nuclear forces 22 — 23 

2*2 Mass-defects and saturation of nuclear forces 23 — 27 

*21 Mass-defects, 23 *22 Saturation properties of nuclear forces,* 24. 

Kinetic effects 27 28 


2*3 



Chapter III. Charge dependence of nuclear forces 


3*1 

Proton and neutron pairing 

29 — 30 


*11 Classification of nuclei, 29 — *12 Proton and neutron pairing, 29. 

3*2 

Stability of isobars 

30—33 


♦21 Stable isobars, 30 — *22 Atomic weights of isobars, 31 
with measurements of mass-defects, 33. 

— .221 Comparison 

3*3 

Charge symmetry of nuclear forces 

33—35 

3*4 

Building up of stable nuclei 

35—40 


*41 The energy surface, 35 — .42 Stability conditions, 37 
the critical values of the neutron excess, 39. 

— *43 Properties of 


PART II 

Two-nucleon systems on the hypothesis of central interaction 

Chapter IV. .Dynamical variables and fundamental equations 

4*1 Dichotomic variables 43 — 50 

♦11 Definition and main properties, 43 — *111 Spin, 44 — *12 Transformation 
of eigenfunctions, 45 — *13 Exchange operators for two identical particles, 46 
— *14 Equivalent formulations of the exclusion principle, 47. 

4*2 Wave-equation of the nucleon 50 — 52 

*21 Linearization of wave-equation, 50 — *22 Isotopic, variable, 51 — *221 
Interaction with electromagnetic field, 52. 

4*3 Reduction of the wave-equation of the two-nucleon system 53 — 62 

*31 The fundamental wave-equation, 53 — 311 Reduction to the bary centric 
system of reference, 54 — 32 Classification of eigenstates by angular mo- 
mentum, 55 — 33 Reduction to “large” components, 56 — 331 Properties of 
the large components, 57 — *34 Central potential, 59 — 341 Exchange 
potentials, 61. 

4*4 Electromagnetic interactions 62 — 65 

*41 The exchange operators, 62 — *42 The exchange moments, 63 — *43 The 
electric dipole moment and Siegert's theorem, 64. 

Chapter V. The stationary states of the proton-neutron system 

5*1 Properties of short-range central potentials 66 — 75 

*11 Types of short-range central potentials, 66 — *111 Normalization pf 
radial eigenfunctions, 68 * — *12 Behaviour of radial eigenfunction at small 
and large distances, 69 ; — *121 Some useful identities, 71 — *13 General 
behaviour of eigenfunctions of «S states, 71 — *131 Repulsive potential, 72 — 
*132 Attractive potential, 72 — *133 Attractive potential modified by very 
short-range repulsion, 74 — *14 Eigenfunctions of states of higher orbital 
momentum, 74. 

5*2 Stationary states of binding 75 — 81 

♦21 The S states of the potential well, 75 — *211 The 5 states of the exponen- 
tial potential, 76 — *22 The 5 states of Hulthen's potential, 76 — *23 The 
variational method, 78 — *231 The 5 states of the meson potential* 79 * — 
*24 The variation-iteration method, 80, 

53 Calculation of the phases SI — 89 

31 General variational method, 81 — 32 Estimate of 5-phase for nearly 
critical values of potential strength, 82 — *321 Calculation of 5-phases for a 
potential well, 86 — 3211 Calculation of 5-phases for an exponential poten- 
tial* 87 — 322 Calculation of 5-phases for Hulthens potential, 87 — 323 
Calculation of S-phases for the meson potential, 88 — 33 Estimate of 
phases of states with higher orbital momentum, 88 — 331 More accurate 
estimate, 89* 



Chapter VL Physical properties of the proton-neutron system 

6*1 The ground state of the deuteron 90 — 98 

*11 Energy and angular momentum, 90 — *12 Electromagnetic properties, 90 

— *121 Calculation of the deuteron quadrupole moment, 94 — *122 Para- 
ortho conversion, 95 — *13 Magnetic interaction of proton and neutron, 95. 

6*2 Scattering of slow neutrons by protons 98 — 111 

*21 Theory of proton-neutron scattering, 98 — *211 Case of the well potential, 
101 — *212 Transformation to laboratory system, 101 — *213 Scattering of 
slow neutrons by bound protons, 103 — *22 Experiments on the scattering of 
slow neutrons by protons, 106 — *23 The 5 level of small energy of the 
deuteron, 110 — *231 Radiative capture of slow neutrons. 111. 

6*3 Slow neutron scattering by hydrogen molecules 111 — 119 

*31 Experiments, 112 — *32 Theory, 114 — *33 Analysis of experiments, 115 

— *34 The neutron spin. 116 — *35 Scattering of polarized neutrons by 
protons, 118. 

6*4 Scattering of fast neutrons by protons 119 — 131 

*41 Total scattering cross-section of protons for fast neutrons, 119 — *411 
Scattering of neutrons of energies 0,1 ... 1 MeV, 119 — *412 Scattering of 
neutrons produced by the D(d, n) reaction, 120 — *413 Scattering of very 
fast neutrons by protons, 120 — *42 Angular distribution of proton-neutron 
scattering, 122 — *43 Comparison with theory, 126 — *431 Scattering by poten- 
tial well, 127 — *432 Scattering by other types of central potential, 130. 

6.5 Radiative processes 132 — 141 

*51 The photodisintegration of the deuteron, 132 — *52 Radiative capture of 
neutrons by protons, 135 — *53 Disintegration of the deuteron by electron 
impact, 138. 

Chapter VII. Central interaction between protons 

7*1 Proton-proton scattering 142 — 1 55 

*11 Theory, 142 — *12 Analysis of experiments, 146 — *13 Derivation of 
nuclear potential parameters from the observed phases, 151 — *131 Comparison 
of second group of scattering data with theory, 153 — *14 Range of potential 
from disintegration “stars”, 154. 

7*2 Deuteron formation by proton collisions 155 — 157 

Chapter VIII. The charge independence of nuclear interaction 

8.1 Comparison of proton-neutron and proton-proton potential 158 — 160 

8*2 General form of central nuclear pptential 160 — 162 

♦21 Traces of operators related to the nuclear potential, 162 

8*3 Charge independent interaction and meson field 162 — 180 

.31 Neutral and symmetrical meson theories, 162 — *311 Instability of the 
neutral meson, 167 — *32 Central static interactions on meson theory, 170 

— *33 Scattering of fast neutrons by protons, 171 — *34 Photodisintegration of 
' the deuteron and meson theory, 175. 

8*4 Central nuclear potential: summary of argument 


180 — 181 




PART I 

GENERAL FEATURES OF NUCLEAR FORCES 




CHAPTER I 


PROPERTIES OF ELEMENTARY PARTICLES 

1.0. This preliminary chapter reviews in a general way the main pro- 
perties of the elementary particles of different kinds, which will play a 
role in the following discussion. 

1.1. Leptons 

1.11. Exclusion principle and anti-particles. Electrons and neutrinos 
are elementary particles with a spin of half a unit, described by Dirac's 
well-known wave-equation. It is a consequence of very general features 
of quantum theory (PAULI [40] ) that such particles obey the exclusion 
principle. This principle states that no two particles may be in the 
same state, i.e. have the same values for all their coordinates. It follows 
from this that the wave function of a system of such particles must be 
antisymmetric in all the sets of coordinates of the single particles; this 
symmetry property is expressed by the phrase “Fermi statistics". The 
formulation of the exclusion principle is logically possible only for particles 
of half-integral spin (but not for particles of integral spin); and it must 
be assumed to hold in order to prevent the occurrence of transitions of such 
particles to states of negative energy: this is achieved by introducing an 
infinite number of particles filling up all the' states of negative energy, 
one in each such state. The particles in question are assumed not to 
produce any field as long as they are in the negative energy states, 
but to behave normally when they go over to a state of positive 
energy. When such a transition occurs, a “hole", i.e. an unoccupied state, 
is left in the distribution of particles of negative energy: such a hole will 
also give rise to observable effects, which can be attributed to an anti- 
particle of positive energy. Thus a hole in the distribution of negative 
electrons of negative energy will behave just like a positive electron. The 
transition of a particle from a state of negative to a state of positive 
energy is therefore to be interpreted as the creation of a pair consisting 
of a particle and an anti-particle of the kind considered: the inverse 
transition into an unoccupied state of negative energy corresponds to the 
annihilation of such a pair. 

1.12. Types of /J - processes . While electrons and anti-electrons are 
easily distinguished by the sign of their charge, there is no practical means 
of distinguishing neutrinos from anti-neutrinos. Since the expression for the 
interaction energy between a nucleon and a pair of leptons takes a simpler 
form when one of the leptons is associated with an anti-lepton of 
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the other kind, the process of j3 --decay is usually described as the emission 
of a negative electron and an anti-neutrino, while the /3 + -activity consists 
of the emission of a positon and a neutrino. The emission of an anti- 
lepton is here formally treated as the absorption of a lepton of negative 
energy. Besides the /S+'-decay, there is thus another competing process 
leading to the same kind of product nucleus: it is the absorption 
of a negaton, accompanied by the emission of a neutrino; as the negaton 
absorbed will usually be one in the K~ shell of the atom, nearest to the 
nucleus, this phenomenon is called t( K^capture\ 

1.13* Energy balances of /3- processes . The energy balance of these 
different types of ^-transitions is easily established in terms of the masses 
of the nuclei involved. The difference of these masses is equal, in the case 
of a or /^-transition, to the sum of the masses of the emitted leptons, 
plus their total kinetic energy, which is given by the maximum energy 
of the electron spectrum. From the study of the intensity distribution of 
this spectrum near the maximum energy, it can be concluded that the mass 
of the neutrino is very probably zero. Denoting by M(A,Z) the mass of 
the nucleus of mass number A and charge number Z> by m the rest mass 
of the electron and by K& the limiting kinetic energy of the /ff-spectrum, 
the energy balance may thus be written 

M{A t Z)—M{A,Z± l) = m + K i s. (1) 

Likewise, the balance of the /C- capture process takes the form 

M(A, Z)—M(A , Z— l) = ~m + K y . (2) 

K v denoting the energy of the emitted neutrino; strictly speaking, one 
should add to this the binding energy (in absolute value) of the electron 
in the iC-shell, but in comparison with the orders of magnitude involved in 
nuclear processes, such atomic binding energies are (except for very high 
atomic numbers) quite negligible quantities. 

1*131* Stability with respect to /?- transitions . It must be observed that 
except in the region of the heaviest nuclei, where the possibility of emission 
of a-particles has also to be envisaged, it is just the /?-decay that conditions 
the distribution of stable nuclei along the whole range of mass numbers. 
Hence the importance of the above energy balances in allowing us to 
formulate the condition of stability of any nucleus with respect to /8- 
transitions. This condition takes an especially simple form if the energy 
balances are written in terms of the atomic weights , i.e. the masses of the 
neutral atoms, instead of the masses of the nuclei. If the atomic weights are 
denoted by W{A t Z), we have: 

(A,Z)^y(A,Z+ 1) : W (A, Z)—W (A, Z+\) = Kp (3) 

(A,Z)-?X(A,Z-l) : W{A,Z)-W(A,Z-l) = 2m+K? (4) 
(A, Z) (A, Z — 1) : W (A, Z)—W (A, Z-1) = K*. (5) 
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We thus see that the most stringent stability condition is derived from 
the consideration of /3~-decay and j£-capture and can be enunciated as 
follows: For a nucleus to be stable against /3-transitions, its atomic weight 
must be lower than those of the neighbouring nuclei of the same mass 
number, but with charge numbers larger or smaller by one. 

1*1 32* Existence of the neutrino . Interesting evidence in support of 
the existence of the neutrino has recently arisen from various sides* CRANE 

and Halpern [38, 39] observed the /J-decay of ffCl in the cloud chamber 
by photographing the tracks a short time after the end of the expansion: 
the (diffuse) /3-ray track yielded, by magnetic deflection, the momentum 
of the emitted electron, while a measure for that of the recoiling nucleus 
was obtained by counting the condensation droplets clustering around the 
spot where the disintegration had taken place. It appears that the con- 
servation laws are not satisfied for the system consisting of /3-ray and 
product nucleus only, the momentum taken up by the nucleus being in all 
cases too large. 

Another method of detecting recoil atoms (or rather ions) consists in 
accelerating them by a controllable electrostatic potential towards some 
suitable collecting device. This method thus allows in principle of a 
determination of the energy distribution of the recoil atoms, but it is beset 
with considerable experimental difficulties. It has been tried for the first 
time by LEIPUNSKI [36a], who investigated the positon emitter ^C; in other 
forms, it has more recently been used by JACOBSEN and KOFOED Hansen 
[45] with 88 Kr originating from Uranium fission, and by Allen [42] with 
7 Be. This last instance is interesting inasmuch as one has to do with a 
K ~ capture transmutation, so that there is no complication due to emitted 
electrons and the evidence from the recoil nuclei is very direct indeed. The 
results of the last two experiments, although far from perfect, are in quite 
satisfactory agreement with the neutrino hypothesis. 

Evidence on the emission of a neutrino in meson decay, which will be 
mentioned later (1332), has also — when combined with the meson theory 
of /8-activity ( OJ , 1322) — a bearing on the question and should accor- 
dingly be put on record here. 


1.2* Nucleons 

1*21+ The proton . The proton being easily available as a hydrogen 
nucleus, its properties can be determined experimentally by the same 
methods as apply to the general investigation of nuclei. Thus it can be 
derived from the alternation of intensities in the band spectrum of the 
hydrogen molecule * that protons, like electrons, have a spin -J- and obey 
the exclusion principle. The conclusion as regards the value of the spin 
has been confirmed by the method of magnetic deflection of atomic and 
molecular rays, developed by RABI and his collaborators **, — a method 
which at the same time yields the value of the magnetic moment. 


* See, for instance, KOPFE'RMANN [39], Chapt. IV. 

** First determinations by RABI et ah [36], more refined measurements by RABI et at 
[39], MlLLMAjN and KUSCH [41]. A general account of the method has been given by 
Kellogg and Millman [46], 
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In view of these results, it is certainly tempting to assume for the proton 
a wave-equation of the same type as that established by Dirac for the 
electron, the only differences being the sign of the charge and the numerical 
value of the mass. Still, it must be admitted that such a procedure is not 
free from uncertainties. In fact, as has been pointed out by Bohr [34], 
Dirac's theory, being based on the idealisation of a point electron, may 
only be safely applied, for the treatment of proper relativistic effects (such 
as the spin properties), to particles of dimensions much smaller than the 
critical radius T?/M (M being the mass of the particle) of the domain within 
which relativity features become preponderant. Now, the electron radius, 
defined by the condition that outside a region of such dimensions the 
electromagnetic field created by the electron approximates to that of a 
point charge, is of the order 



e denoting the elementary charge; the condition just enunciated is then 
fulfilled owing to the smallness of the fine structure constant e 2 /h. But 
the proton radius, determined by its proper nuclear field, turns out to be 
again of the order of magnitude d t which due to the smallness of the mass- 
ratio m/Mp (where M p denotes the proton mass) is actually larger than 

W P . 

From this point of view, it might be taken as an indication of the 
insufficiency of Dirac's theory for the proton that the value of the 
magnetic moment of the free proton (at rest) which follows from Rabi's 
measurements, mentioned above, is not that of a nuclear magneton 

_ be . 

predicted by the theory, but ju p • ju 0 with 

ju p = 2,7896 ±z 0,0008. (3) 

It is true that this anomalous value of the magnetic moment can in 
principle be understood when it is realised that any nucleon, as the ultimate 
source of the lepton field responsible for the phenomena of ^-decay, must 
be surrounded by a certain distribution of electricity. For instance, if we 
assume the lepton field to be directly produced by the nucleon, this 
field itself will obviously carry electric charge; we may, on the other 
hand, be led to assume the nucleon to be the source of some intermediate 
field, which in its turn gives rise to the lepton field — the meson field, 
as we shall see, affords an example of such an intermediate agent — ; 
then, the intermediate field will also have to be charged. Provided the 
production of the field is assumed to depend on the spin of the nucleon, 
its distribution of electric current will be liable to give rise, on the average, 
to a magnetic moment in the direction of the spin. Such a magnetic moment 
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will be inseparably connected with the nucleon and will thus be attributed 
to it. On this picture, the total magnetic moment of the proton, directed 
along the spin axis, will in fact turn out to be larger than the normal value 
of one nuclear magneton by the amount t u p — 1. But this explanation of 
the magnetic anomaly makes it clear that a treatment based on Dirac’s 
equation must at any rate be completed by the consideration of the effects 
of the proper (lepton or meson) field; and it may well be that this 
modification is nothing more than some convenient approximation to a 
more adequate description. 

1+22 ♦ The neutron . The properties of neutrons are much more 
difficult of access than those of protons. Thus no direct determination of 
neutron spin or statistics can be obtained; but the indirect evidence on 
these points, resulting from the neutron-proton picture of nuclear consti- 
tution and well-established principles of quantum theory, is very strong 
indeed. In fact, if we assume the neutron also having a spin -J- and obeying 
the exclusion principle, it follows from general theorems of quantum 
mechanics that any system of an odd number of nucleons must have a 
half-integral angular momentum and obey Fermi statistics, while any 
system of an even number of nucleons has an integral angular momentum 
and obeys Bose statistics (meaning that the wave function of such a system 
is symmetrical in the sets of coordinates pertaining to the constituent nucle- 
ons); and this rule actually holds good without exception for the numerous 
nuclei which have been investigated *. In particular, the deuteron, a nucleus 
consisting of a proton and a neutron, has been found (MURPHY and 
JOHNSTON «[34]) to have an angular momentum 1 and to follow Bose 
statistics. 

A precise value of the neutron mass M n can be derived ** from a mass- 
spectrographic comparison (Mattauch [38]) of the hydrogen molecule 
with the deuterium atom, combined with the accurate determination of 
the binding energy of the deuteron (6J1— 1). The previously mentioned 
mass difference is found to correspond to an energy of 1,434 dr 0,002 MeV, 
while the deuteron binding energy amounts to 2,185 dr 0,006 MeV. If the 
deuteron mass is denoted by Md* we therefore have 

2M p — M d + m— 1,434 
M n + M p -M d = 2,185, 
whence (since m = 0,51 MeV) 


M n —M p = 1,26 MeV 

( 4 ) 

Mn — Mp = 2,47 m. 

( 5 ) 


* For the spins, see A2.2L For the statistics, see KOPFERMANN [39], p. 226. 

** A critical survey of the complete evidence available on this point is given by 

Stephens [47]. 



8 


L PROPERTIES OF ELEMENTARY PARTICLES 


1.23 


In consequence of this large value of its mass, the neutron must be 
expected to be /3-active. In fact, its spontaneous /5-decay is energetically 
possible even if the mass of the neutrino should be as large as that of the 
electron. Applying to this case the general theory of /^disintegration of 
light nuclei, the life-time of the neutron can be estimated ( A1.211 ) at 
about half an hour. This suffices to make it clear that the /S-decay of the 
free neutron cannot be observed under the ordinary experimental conditions 
of production and detection of these particles *• 

The fact that the neutron possesses a magnetic moment is perhaps even 
stranger, in view of the absence of electric charge, than the anomalous value 
of the proton magnetic moment. It can, however, be accounted for exactly 
in the same way, at least in principle. It may even be seen that the simplest 
assumptions as regards the interaction between a -nucleon and its charged 
field lead, in a first approximation, to magnetic moments of the same 
absolute value, but opposite signs, for a proton and a neutron state -not 
differing in other respects. The neutron will therefore be expected to 
exhibit a magnetic moment in the direction opposite to that of the spin, 
and approximately equal in absolute value to fM P — 1 nuclear magnetons. 
The first direct measurement, performed by Alvarez and Bloch [40a], 
gave for the neutron magnetic moment jun — — 1 ,935 dz 0,02 nuclear 
magnetons, the minus sign indicating that its direction is opposite to that 
of the spin. This value is now superseded by the much more accurate one, 

ju n = — 1 ,9103 zb 0,0012, (6) 

obtained in the Argonne laboratory (Arnold and Roberts [46]). 
Comparing with (3), we find so far a satisfactory agreement with the 
theoretical predictions; the remaining small asymmetry can be ascribed to 
higher order effects. Unfortunately, in the present state of quantum field 
theory, it is impossible to give a more quantitative treatment of the whole 
effect, leading to a determination of the numerical values of ju P and jun , 
without making use of some hazardous procedure to secure a convergent 
result. 


l + 23* The anti-proton . If we are to take the application of Dirac's 
theory to nucleons seriously, we have to accept the existence of an£z- 
nucleons , in particular of anti~pvotons t i.e. protons of negative charge. Of 
course, anti-protons cannot co-exist with ordinary protons in stable con- 
figurations, owing to the tendency of proton pairs to annihilation, e.g. with 
emission of light quanta (like electrons). But they might penetrate the 
earth's atmosphere as a part of cosmic radiation or be produced in the 
atmosphere by other energetic particles of this radiation. 

The production of a pair of protons in any process involving electro- 
magnetic interactions will have a probability roughly ( m/M P ) 2 3 * 10” 7 

* Negative experimental evidence on this point is afforded by GILBERT, SMITH and 
Fremlin [37]. 
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times smaller than the analogous production of an electron pair (of the 
same velocities); but there are other possibilities of proton pair production 
due to the nuclear field, especially if the latter is identified with the meson 
field observed in cosmic radiation ( 0 . 1 ). From a careful discussion by 
McConnell [45] * it results that the cross-section for proton pair pro- 
duction by fast mesons, although of a larger order of magnitude than 
those of electromagnetic processes, always remains very small indeed* On 
the other hand, the annihilation in matter of anti-protons with emission 
of mesons or photons has also a quite small probability, unless the annihi- 
lating protons are very slow; so that more prolonged observations than 
hitherto performed of the proton component of cosmic radiation at low 
altitude should at length reveal the existence of anti-protons produced at 
higher levels* However, the difficulty of detecting these anti-protons is 
considerably increased by the occurrence of another process of relatively 
large probability, viz. that by which a proton, — negative as well as 
positive — , in traversing matter, loses its charge by emitting a meson* 
It is interesting to note that for very slow protons and anti-protons, the 
annihilation to the form of photons will become predominant; the resulting 
life-time of an anti-proton at rest being estimated at about 10 -4 sec* 

As to the occurrence of anti-protons in the primary cosmic radiation, a 
case has been presented by Arley [45, 46a, 466] in favour of this 
eventuality. By annihilation in the atmosphere, the anti-protons would 
ultimately give rise to the soft component of the cosmic radiation, while 
the ordinary protons are the origin of the hard component. Again, it should 
be possible to observe at sea level some of the primary anti-protons. 
However, Arley does not pay sufficient attention to the process of meson 
production by the negative protons, the consideration of which would seem 
to upset his argument **. 

The primary cosmic radiation itself has recently been the subject of an 
interesting hypothesis, put forward by Klein [45] ***. He observes that part 
of the galaxies may well consist of "reversed matter", i.e* of atoms built 
up of anti-nucleons and anti-electrons; such atoms could in any case not 
be distinguished from ordinary ones by spectroscopic properties* In the 
intergalactic regions, collisions may then occur between ordinary and 
reversed atoms, strayed from their respective galaxies* If the two atoms 
have the same number of constituent particles, their complete annihilation 
will result in a radiation composed of mesons, photons and leptons; if they 
have different constitutions, part of the annihilation energy will also 
liberate nucleons and anti-nucleons (the neutrons and anti-neutrons soon 
transforming, owing to theiir ^-radioactivity, into protons and anti-protons). 
In this way, the composition of the primary cosmic radiation would at least 


* See further MCCONNELL and JANOSSY [47]. 

** This has kindly been pointed out to me by Prof* HEITLER. 

*** See also ARLEY’s [45] criticism. 
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qualitatively (also as regards the order of magnitude of the energies of the 
different kinds of particles) be accounted for. 

However this may be, we have, in the treatment of nuclear systems, only 
to do with an approximation involving at most effects of the first order 
in the nucleon velocities *; in these cases, the uncertainties connected with 
the use of Dirac's equation in the proper relativistic domain do not occur. 

1*231* The anti-neutron . At first sight, it might be thought that the 
anti-neutron is undistmguishable from the ordinary neutron. But it must 
not be forgotten that its proper nuclear field manifests itself by a magnetic 
moment, which (for the simple forms of nuclear fields usually adopted) 
turns out to have opposite signs for neutron and anti-neutron. The theory 
thus provides for the creation and annihilation of pairs of neutrons of 
opposite magnetic moments through the interaction with the nuclear 
(meson) field. 


1*3* Mesons 

1*31* The field concept . The use of the field concept to account for 
the interaction between particles will most conveniently be explained with 
the help of the classical example of electrodynamics. It is well-known how, 
according to Faraday's and Maxwell's ideas, forces acting between 
electric charges or the Ampere force between elements of current, are 
derived from a process of transmission of force by means of an electro- 
magnetic field , produced by the charges or elements of current and acting 
on them. A convenient formal representation of this process is afforded by 
the electromagnetic potentials This is a four-vector At, the components of 
which satisfy the differential equations 

UAi — — : (1) 

where s t denotes the four-vector density of current and charge. Limiting 
ourselves to the stationary case, we have to do with a set of Poisson 
equations 


A Ai — — 4nst f (2) 

and we can express the solutions we want with the help of the corresponding 
Green $ function . This function is a solution cp 0 of the homogeneous 
equation 


A<p o = 0 . (3) 

with, a point singularity, i.e. representing physically the potential of a 
point source. In our case (boundary condition: potential vanishing at 


* By this abbreviated expression we mean; here and in the following, the order of 
magnitude of the ratio between the mean value of the velocities of nucleons in the system 
considered and the velocity of light. 
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infinity) we have simply 

= (4) 

if r denotes the distance between the point P and the point P' where the 
singularity is situated. The solutions of the Poisson equations ( 2 ) are 
then given by 

A l (P)=js i (P')<p 0 (P';P)d„ pi , (5) 

expressing how each volume-element in which a source of strength 
Si{P')dv p , is located yields an additive contribution to the potential at 
point P. 

Now, the interaction energy between the sources and the field defined 
by the potential is given by 

Vd. magn. = — * / A, (P) S* (P) dv p . ( 6 ) 

Eliminating the potential, we get 

Vd. * agn = — i / S, (PO dv pt <p 0 (P' ; P) dv p S l (P), (7) 

i.e. just the usual expression of the potential energy of the above-mentioned 
forces acting directly between distant sources. The field has served as an 
intermediary to connect the sources at different points P, P' and has then 
disappeared from the final result. 

132* The meson field . As we shall see presently, a fundamental 
property of the nuclear forces, contrasting with those of electromagnetic 
interactions, is their limited range . The representation of short range forces 
by means of a field can of course be achieved in many ways, but one of 
the simplest is the following. Instead of the Laplace equation ( 3 ) for the 
determination of Green's function, let us consider the equation 

A 9 — x 2 <p = 0 ; ( 8 ) 

the corresponding Green's function is 

< P == ~ e~ rr > (9) 

which is just suited to represent a force not extending appreciably beyond 
distances of the order x-L Now, the differential equations for the potential 
components of the most general field of this type are easily set up: they 
will clearly be of the form 

□y — x 2 yj = — 4 7i s* (10) 

Here the covariance properties of the potential yj and the source density s 
are left entirely open; an equation of the type ( 10 ) must be understood to 
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hold separately for each component of <\p and the corresponding component 
of s* 

The remarkable property of this particular form of field of finite range 
is that the homogeneous field equations 


□yj — x 2 yj — 0, 


( 11 ) 


which describe the pure field in absence of any source, are formally 
identical with the wave-equations of a particle of mass Mm, this last 
quantity being connected with the range constant x by the relation 


x — 


M m 
ft * 


( 12 ) 


In other words, the field of limited range here considered is associated, 
according to the principles of quantum mechanics, with a certain kind of 
particle, whose mass is related to the range of the field by equation (12). 
This is the essential point stressed by Yukawa [35]. 

The range of the nuclear forces being of the same order of magnitude 
as the fundamental length d , defined by (1.21-1 ), the mass of the particles 
associated with the nuclear field should, by (12), be of the order of 
ft/e 2 ^137 times that of the electron, thus intermediate between the masses 
of electron and nucleon: hence the name meson proposed for such particles, 
and the corresponding denomination of “meson field” for the wave aspect 
defined by equations (11). The covariance properties of the meson field 
determine the intrinsic angular momentum, or spin, of the meson; apart 
from a spinor field (like that of the electron), corresponding to a spin -J, 
the simplest possibilities are the scalar and pseudoscalar * fields of spin 0 
and the vector and pseudovector fields of spin 1. 


1321* The mass^range relation , In consideration of its importance, it 
will be worth while discussing Yukawa’s relation (12) between particle 
mass and field range from a less formal point of view. It will appear that 
this universal relation is deeply rooted in the fundamental principles of 
quantum theory. For this purpose it will be convenient to introduce the 
concept of virtual transition . This we can again do by starting from the 
case of electrodynamics. 

The particles associated with the electromagnetic field are the photons . 
We can try to describe the mechanism of transmission of force by the 
electromagnetic field in corpuscular language, by making use of the photon 
concept. We should then like to say that the sources located in one 
definite volume-element emit photons, which are subsequently absorbed by 
the charges and currents contained in another volume-element and in this 


* The prefix pseudo indicates a difference of behaviour of the quantity considered 
under symmetry transformations (reflexions) with respect to a point (or plane). While a 
scalar remains invariant under such transformations, a pseudoscalar changes sign; more 
generally, a pseudotensor transforms like the product of a tensor and a pseudoscalar. 
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way transport momentum and energy from the first volume-element to the 
second. But we must be very careful with such a picture. There can be no 
question of actual emission and absorption processes, because such pro- 
cesses are in this case not permitted by the precision with which the 
energies and times involved can be defined. Indeed, in order to disclose 
an actual transition of a photon between two volume-elements at a distance 
r from each other, we should need to be able to capture such a photon on its 
way and to identify it as such, i.e. to attribute to it a definite frequency. 
However, this is impossible: since the time at our disposal for the capture 
and identification of the photon is at most r/c, we cannot define its energy 
better than with a latitude AE given, on account of the uncertainty relation 
AE • A (ct) ^ h, by 

AE ^ b/r, 

which means for the (circular) wave-number v an uncertainty 

Av ~ 1/r. 

If, nevertheless, we wish to use the corpuscular language, we must there- 
fore not lose sight of the symbolical character of the imagined transport 
of energy by photons; and of this we are reminded by the phrase “virtual 
photon transition". Such virtual transitions are to be sharply distinguished 
from the actual ones; the latter must always, in contrast to the former, be 
compatible with the law of energy conservation. 

Let us now consider the transmission of force by a field associated with 
particles of mass M m . We can describe this transmission process, in the 
corpuscular language, as a sequence of virtual emissions and absorptions 
of particles by the sources. But there is a condition to be fulfilled for the 
consistency of this picture. We have to express the fact that it must be 
impossible to identify the particle on its way in the time between the 
emission and the absorption. This time is here rjv ( v being the velocity of 
the particle) and the corresponding uncertainty in the definition of the 
particle energy, hv/rc, must be larger than Mm: 

or, since v < c, 

. h 

r < M m ' 

The meaning of this inequality is that our transmission mechanism cannot 
extend beyond a distance h/Mm. The relation between range of the force 
and mass of the particle is thus seen to be a rather direct consequence of 
the fundamental uncertainty relation for energy and time *. 

We here meet — as emphasized by the concept of virtual transition — 
with a “non-visualizable" feature of quantum theory of exactly the same 


* 


This argument is due to WlCK [38]. 
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kind as the fact that no mechanical orbit can be attributed to an electron 
in a stationary state of an atom. And this particular instance just affords 
a striking confirmation of the contention that the limitation of applicability 
of classical concepts, expressed by the uncertainty relations, in reality gives 
us a greater freedom to introduce new conceptions, which would not be 
possible from the classical point of view. We see, in particular, what a 
considerable extension the field idea gets in quantum theory, where every 
kind of particle is automatically associated with a field and thereby provides 
new possibilities of transmission of force, i.e. of interaction *. 

1322 ♦ Interaction of meson field with leptons ♦ The description of 
nuclear interaction provided by the meson field can, as pointed out by 
Yukawa [35], be completed so as to include the various kinds of ^-pro- 
cesses. The meson field will in fact transmit an interaction also between 
nucleons and leptons, provided a direct coupling of this field with the 
leptons is introduced. The latter coupling can be chosen in such a way 
that the interaction between nucleons and leptons to which it gives rise 
will imply the occurrence of the /3-transitions. The emission of a lepton 
pair by a nucleon, for instance, is on this view conceived as a virtual 
emission of a charged meson by the nucleon, followed by the virtual trans- 
mutation of the meson into a lepton pair. 

It must now be observed that besides the virtual processes involved in 
the interpretation of nuclear forces and /?-decay, the meson field theory 
predicts the occurrence of the corresponding actual processes as soon as 
the energy eventually required is available. If this theory has any physical 
reality, we should e.g. expect mesons to be emitted by nuclei in states of 
sufficient excitation. The interaction between mesons and leptons further 
implies that such mesons should spontaneously disintegrate mto a pair of 
leptons, consisting of an electron and a neutrino. 

133 «. The mesons of cosmic radiation . It was therefore a triumph of 
Yukawa’s theory when charged particles of intermediate mass were actu- 
ally discovered in cosmic radiation. The remarkable agreement between 
the general properties of these particles and those required in meson theory 
was further enhanced by conclusive evidence as to the spontaneous decay 
of the cosmic particles. It is true that as soon as we try to go into a more 
detailed specification of meson properties, especially as regards their 
charge and spin, in order to account for a larger number of peculiarities 
of nuclear structure, the apparent simplicity of the meson field conception 


* The application of the extended field conception of quantum theory to types of 
quantum interactions already known, such as the chemical valency forces and the peculiar 
interactions connected with creation and annihilation of electron pairs, has been discussed 
by HUND [39, 40] (see also BLASS [44]). In this connexion it must be observed that in 
contrast with the case of stationary fields, discussed here, non-stationary fields will have 
longer ranges than It is easy to see that a field of angular frequency cv has a range 
(*2 — r 2 )-*/ a : an example is given by the chemical forces (HUND [39]). 
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disappears and it becomes increasingly difficult to secure complete harmony 
with the empirical data derived from cosmic radiation. Still, from the point 
of view of field theory, as outlined above, we may state that the new cosmic 
particles must at least partly be responsible, through their field properties, 
for the nuclear interactions and ^-processes, and in this sense we are fully 
entitled to identify them with the mesons theoretically introduced by 
Yukawa. We must of course be prepared for the eventuality that other 
kinds of mesons, which for some reason escape observation under present 
conditions, may also play a part, perhaps even the main part, in bringing 
about the interactions which govern the behaviour of nucleons and 
leptons. 

Leaving such matters for later discussion, we shall now, from the rather 
scanty evidence on cosmic ray mesons, only discuss the most firmly 
established features. We shall be concerned exclusively with charged 
mesons ; charges of both signs being about equally represented * ** . 

1*331+ The meson mass . The determination of the meson mass from 
cloud chamber photographs of meson tracks curved in a magnetic field is a 
precarious affair, owing both to the errors of difficult estimation to which 
the measurement of the curvature of the track is subject and to the large 
uncertainties affecting the different methods of determination of the velo- 
city of the particle. The latter quantity may be derived from an estimate 
of the ion density in the track, from a measurement of the range of the 
meson or of its velocity loss on traversing a dense screen in the cloud 
chamber, or finally from the analysis of an elastic collision of a meson 
with an atom, resulting in the expulsion of an electron from the atom. A 
critical discussion of these various methods (Gorodetzky [42, 46], 
RlCHARD-FoY [45], Hughes [46]) reveals that the best precision to be 
hoped for without spending an undue amount of time in waiting for a 
larger number of suitable photographs to accumulate would not exceed 
10 % and that the error of the mass determination is in most cases far 
greater. 

It is therefore not surprising that the results so far obtained exhibit a 
very wide spread* In fact, critical surveys of older measurements, carried 
out by Wheeler and Ladenburg [41c] and by Bethe [46], as well as 
the latest measurements by Hughes [46] and Fretter [46], all lend 
strong support to the conclusion that this spread is not due to an actual 
spectrum of meson ‘masses, but can be wholly ascribed to experimental 
uncertainties. As regards the probable value of the unique meson mass, 
estimates differ somewhat: Bethe favours a value of 200 m; for 26 
determinations spread between 142 m and 264 m , Fretter indicates a 


* The evidence establishing that cosmic ray mesons carry one elementary charge is 
discussed by GORODETZKY [45]. 

** Bethe [46] has especially emphasized the large influence of multiple scattering on 
the curvature of the track. 
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weighted average of 202 m f while 10 tracks obtained by Hughes yield an 
average of 229 m t with a spread extending from 140 to 340 m. One of 
the most reliable determinations seems to be that based on a remarkable 
photograph obtained by Leprince— Ringuet and his collaborators (plate I), 
and showing both an elastic collision with an atom and the energy loss on 
traversing a lead plate; the discussion of this case leads to a value 

Mm — (240 ±: 40) m, (13) 

which, as long as no definite evidence to the contrary is forthcoming, we 
may assume as the unique mass value of all charged mesons observed at 
sea level . 

Leprince-Ringuet and Lheritier [46a] have obtained an elastic 
collision photograph, taken at 1000 m altitude, from which a particle mass 
of (990 zfc 120) m is deduced *. They later [466] found some indirect 
confirmation of this result in four cloud chamber tracks of abnormal 
ionizing power, indicating a mass intermediate between those of the proton 
and the “ordinary" meson. Such “heavy mesons", if they exist, would give 
rise to nuclear interactions of correspondingly short range, which would 
probably not be disclosed by the evidence at present available, 

1332* The meson decay. Owing to their finite life-time, the mesons 
observed at sea level cannot be part of the primary cosmic radiation. But 
the minimum energy, of about 120 MeV, required for the creation of 
such a meson, is of the order of magnitude met with in the primary 
radiation, and there is no difficulty in accounting for the production of 
the observed mesons in the atmosphere. The life-time of the mesons 
reaching sea-level can be accurately measured by a remarkable method, 
utilizing to the extreme limit of their efficiency the present resources of 
experimental technique. 

By a system of coincidence and anti-coincidence registrations of counters 
placed above and below a block of light material, the behaviour of slow 
mesons, penetrating into this “absorber" but not traversing it entirely, can 
be studied. A series of counters disposed along the sides of the absorber 
can record any electron emitted in the course of an eventual decay of the 
meson, following its entry into the absorber. It is now possible to connect 
the side counters with the top- and bottom counters in such a way that 
“retarded coincidences" between the arrival of the slow meson and the 
emission of the decay electron are recorded; i.e., in order to be recorded, 
the two events mentioned must be separated by a time interval not larger 
than a certain time, which can be fixed with great accuracy. From measu- 
rements performed for different values of this retardation time (of the 
order of the microsecond), a decay curve can clearly be derived, giving 
the mean life-time of the slow mesons. This method has been developed 
independently by Rasetti [41] and by Maze, ChaminAde and Fr£on 
[45]; it has also been applied by CONVERSI and PiCClONi [44, 46a]. A still 

* BETHE [46] argues, however, that this particle could be a proton. 






Fig. 1 . 332 . Cloud chamber photograph of a meson decaying with emission of an 
electron (WILLIAMS and ROBERTS [40a]). 
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more refined variant of it is due to Nereson and Rossi [42, 43]: in their 
apparatus, a special device permits measuring in each case the time-interval 
separating the recorded events* In this way, a large number of points on 
the decay curve is obtained and the accuracy of the life-time determination 
accordingly increased. The results of these difficult measurements are 
remarkably concordant: the mean life-time of a charged meson at rest (of 
the kind observed at sea level) is (2,15 zL 0,07) • 10- 6 sec. 

An interesting feature of these experiments is that only about one half of 
the mesons stopped in the absorber are found to decay with emission of an 
electron (see especially Conversi and PlCClONl [466]). This result is 
interpreted by noting that negatively charged mesons have a larger pro- 
bability of being captured by nuclei in the absorber. However, further 
investigation of this aspect of the question has quite recently brought to 
light a very puzzling phenomenon. Studying the behaviour of slow mesons 
of both signs, separated by passage through magnetized iron plates, 
CONVERSI, Pancini and Piccioni [47] could detect no decay of the negative 
mesons when they were stopped in an iron absorber, but did record a 
production of a number of electrons nearly equal to that of the jjiesons 
slowed down, when the absorbing material was carbon. Preliminary experi- 
ments of Sigurgeirsson and YAMAKAWA [47] seem to disclose a similar 
anomaly for Be in contrast to a “normal” behaviour of S. According to a 
suggestion of BOHR, this effect would be due to a quite unusual mechanism 
of capture of the slow negative meson by atoms of small charge number: 
there would in fact be a large probability of its being retained on an 
“orbit” of large angular momentum (and consequently with small chance 
of capture by the nucleus) during a time sufficiently long to permit its 
decay into leptons. 

An immediate consequence of the finite life of the meson is the 
dependence of the rate of absorption in the atmosphere of the hard 
component of cosmic radiation on the actual distance of air traversed. On 
this property, from which the first experimental evidence of meson decay 
was derived, various methods of estimating the order of magnitude of 
the meson life-time are based. Since we deal here with mesons of given 
momentum, the quantity which can be inferred from all such measurements 
is not the life-time t 0 of the meson at rest, but the quotient of this constant 
by the meson mass. Critical discussions of the relevant evidence have been 
given by Freon [45] and Opechowski [43a,6]; they must be supple- 
mented by the recen^ work of COCCONI and TONGIORGI [44, 46] , which 
would seem to dispell any doubt as to the constancy of f 0 jMm when 
the distance traversed by the mesons varies. This means that so far as this 
evidence goes, it is concerned with only one kind of mesons, for which, 
according to the last named authors, 

to/ M m = (2,6 db 0,3) * 10- 6 sec/ 100 MeV. 

Such a result is in fair agreement with the direct measurements of t 0 
and Mm. It is interesting to note that the indirect life-time determinations 
have furnished the first direct verification of the relativistic law of time 
dilatation. 


2 
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Cloud chamber photographs of decaying mesons, first obtained by 
Williams et al. [40a,6] * (plate I), afford very strong evidence for the 
emission of a -neutrino together with the electron. It should be emphasized, 
however, that this evidence is as yet only of a qualitative character; it has 
not been proved that the energy and momentum balance can always be 
restored by the assumption of the emission of a particle with specified 
properties. For this purpose, a more systematic study is required. 

1333* The meson spin . It has been possible to derive the value of the 
spin of the mesons observed at sea level from the study of the cascade 
showers produced by such mesons in a layer of lead. Mesons can initiate 
showers either by accelerating an electron in a collision or by emitting 
photons ( “Bremsstrahlung M ) in passing near a nucleus. The yield of these, 
processes turns out (CHRISTY and KUSAKA [41], KUSAKA [43]) to be quite 
sensitive to the value of the meson spin. Mesons of spin 1 would, according 
to the theory, produce many more soft secondaries than actually found in 
experiment. The evidence (Lapp [43,46], GEORGE [46]) definitely points 
to the value 0 for the spin of sea-level mesons. 

It must, however, be mentioned that neither the measurements nor the 
theoretical calculations have as yet attained such a degree of accuracy as 
to exclude completely the possibility of a spin -J. If the mesons had spin 
they could transmit interactions between nucleons without violating con- 
servation of angular momentum only if they were emitted and absorbed in 
pairs. Pair field theories, however, have not been successful in accounting 
for detailed features of nuclear forces; they will not be considered in this 
book* 


134* Many '-body forces * It is clear that the mechanism of transmission 
of forces provided by the meson field will not only lead, as explained 
above, to an action at a distance between a pair of particles, but also to 
such direct interactions between groups of more than two particles. Take, 
for example, a system of three nucleons. In first approximation the inter- 
action energy will be the sum of the interactions between the nucleon pairs 
( 1 ) — (2), (2)— (3), (3)— (1). These interactions involve virtual processes 
of the type: nucleon (1) emits (virtually) a meson, which is absorbed by 
nucleon (2). The next approximation will first of all bring corrections to 
these pair interactions, arising from virtual processes such as: nucleon ( 1 ) 
emits two mesons which are both absorbed by nucleon (2) , But in addition, 
it will also involve terms corresponding to the following kinds of virtual 
processes: 

(a) nucleon (1 ) emits two mesons, the one of which is absorbed by nucleon 
(2), the other by nucleon (3); 

( b ) nucleon (2) and nucleon (3) each emit one meson; both mesons are 
absorbed by nucleon ( 1 ) * 


* Another example has been published by SHUTT et aU [42]. 
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Such terms will be typical three-body interactions, depending on the mutual 
distances (1)— (2) and (l)-(3). 

A detailed discussion of these many-body interactions unfortunately lies 
outside the range of well-established validity of present field theory: like 
other effects of higher approximation they cannot be unambiguously 
separated from the divergencies occurring in these higher approximations. 
Nevertheless, if one disregards this fundamental objection, it is possible, 
on meson theory, to set up the analytical expression of the three-body 
interactions and to estimate their order of magnitude in stationary states 
of nuclear systems (Primakoff and Holstein [39], Janossy [39]); 
compared with the static pair interactions they are found to be at most of 
the first order in the nucleon velocities. While showing that the many- 
body forces are in general of secondary importance, this result at the 
same time warns us that we should not lose sight of them when discussing 
finer details of nuclear systems of more than two nucleons. 

1+35* Excited states of nucleons . As already explained, a nucleon is 
always inseparably bound with its proper meson field, which may carry a 
certain quantized amount of angular momentum or electric charge, with a 
correspondingly large amount of energy. This means that the nucleon is 
in principle susceptible of a whole set of stationary states of different 
excitation, in which it exhibits values of spin and charge differing from 
those of its normal’ or ground state. The possibility of spontaneous emission 
of mesons from such a state sets an upper limit to the possible number of 
stable excited states. Naturally, the minimum excitation energy, or, more 
generally, the energy difference between successive excited states will be 
the smaller, the more strongly the meson field is coupled with the nucleon. 
In the case of very strong coupling, therefore, the excitation energies being 
much smaller than the rest energy of the nucleon, the excited states of 
this nucleon will appear as isobars of the ground state, with anomalous 
values of the spin and charge. In the opposite limit of very weak coupling, 
the minimum excitation energy will eventually be so large that the occur- 
rence of excited states of the nucleons could only make itself felt in pro- 
cesses involving much higher energies than those hitherto studied. The 
nucleons may then for all practical purposes be treated as particles with 
just the normal, invariable values of spin and charge. 

From the magnitude of the nuclear forces, it is immediately apparent 
that the nuclear field is at any rate much more strongly coupled to its 
sources than the electromagnetic field, so that the perturbation method 
developed in connexion with the latter cannot be applied to this case with 
the same confidence. Accordingly, special procedures have been developed 
to attack the problem from the strong coupling side; a rigorous treatment 
based on this assumption is, however, just as impossible as the ordinary 
one using perturbation theory, on account of the difficulties arising from 
the idealization of point sources. One is therefore obliged to introduce a 
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model of extended nucleon, which is necessarily unrelativistic and to a 
large extent arbitrary. In the same way as, in the theory of the extended 
electron, the field energy contributes to the inertia of the particle, the 
proper nuclear field gives rise to ‘"moments of inertia” governing the rate 
of change of spin and charge. In fact, the excitation energy of the nucleon 
has just the form of a kinetic energy of rotation; the spin and charge 
variations can be compared to a “gyroscopic motion”, the exact type of 
which depends on the specific assumptions made on the kinds of meson 
fields created by the nucleon. 

Let us choose some arbitrary function D(P), with j D(P)dv = 1, to 
denote the spatial distribution of the sources of meson fields of the nucleon, 
and define by 


a 



— D (P') dv dv' 

t 


(H) 


the "radius” a of the nucleon; it must, of course, be assumed to be much 
smaller than the range of the meson field: 


a*<l. (15) 

If g represents the constant (or some average of the different constants), 
analogous to the elementary electric charge, which determines the inten- 
sity of the coupling of the meson field with the nucleons, the moment of 
inertia of spin and charge is of the order of magnitude , 


1 = 



a 



(16) 


corresponding to a “radius of gyration” of the order of the range and a 
“mass” defined by the average self-energy of the proper meson field; with 
the expression (9) for the potential energy and the definition (14), this 
self-energy is indeed g 2 ja on account of (15). The minimum excitation 
energy will be of the order and there will be isobars stable against 
emission of mesons as long as this quantity is smaller than Mm ; using (12) 
and (16), this gives for the dimensionless constant g 2 fl} t analogous to the 
fine structure constant of electrodynamics, the critical value a%, such that 
the condition for strong coupling is 


f (17) 

Now, the roughest comparison of orders of magnitude of binding ener- 
gies in atomic and nuclear systems suffices to show that g 2 [h must be 
expected to be rather more than 10 times larger than the corresponding 
e 2 /h. Since the parameter a is not restricted otherwise than by the inequality 
(15), it is therefore not clear from condition (17) whether with such a 
value of g 2 j¥) we have actually to do with a ca§e of strong coupling, or 
whether we should rather describe it as one of “intermediate coupling”. In 
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other words, it is not certain from general considerations which one of the 
two opposite lines of approach, characterized by the assumption of strong 
or weak coupling, will prove better adapted to the actual situation. Ulti- 
mately, of course, a decision as to the existence of (stable or unstable) 
excited states of nucleons might be reached by direct experiments in the 
energy region in which these states may be expected to have a marked 
effect on various phenomena. But even at the present stage, quite definite 
indications in this respect can be derived from certain consequences of the 
strong coupling theory concerning properties of nucleons or nuclear systems. 

It must be emphasized that even in its ground state, in which its angular 
momentum is -J and its charge 0 or 1, the nucleon has very different pro- 
perties according as the coupling with its proper field is treated as strong 
or weak. For in the first case the degrees of freedom corresponding to spin 
and charge, which on weak coupling are quite independent from each 
other, can no longer be separated, so that we cannot associate a definite 
spin orientation with a definite value of the charge. The result is that the 
magnetic moment of the “bare” proton or neutron (i.e. without the contri- 
bution due to the current distribution of the proper meson field) no longer 
has the “normal” value ju 0 or 0 : instead, its expectation value becomes 
entirely symmetrical with respect to the proton and neutron states. Since 
the same is true of the contribution from the proper nuclear field to the 
total magnetic moment, the latter quantity turns out to have exactly equal 
and opposite values for proton and neutron. 

This is not the only prediction of the strong coupling theory which is 
flatly contradicted by experiment. In particular, the properties of the 
deuteron prove irreconcilable with the assumption of a large spin inertia of 
the nucleon. We are therefore amply justified in consistently adopting for 
all theoretical considerations in this book the point of view of weak coupling 
theory . This implies above, all that we completely disregard the possible 
existence of excited states of the nucleons or of any coupling between spin 
and charge in the normal state, but keep to the usual conception as 
summarized in the preceding section (13). However, in view of the 
numerous and far-reaching modifications which would be necessitated by 
any departure from these assumptions, a brief account of the main lines of 
argument of strong coupling theory will be given by Appendix A3. 



CHAPTER II 


NUCLEAR RADII AND MASS-DEFECTS 

2*0* The general character of the law of nuclear force can be inferred 
from the remarkable regularities exhibited by the nuclear radii on the one 
hcind, and the mass-defects of the stable nuclei on the other* Of course, 
we are dealing here with strongly schematized features intended only to 
represent a kind of average behaviour, from which individual nuclei will 
deviate to some extent* The resulting information on nuclear interactions 
will accordingly be of qualitative, or at most roughly quantitative character* 

2*1* Nuclear radius and range of nuclear forces 
Already in 1911 Rutherford's celebrated experiments on the scattering 
of a-rays by matter revealed in a striking manner that nuclear forces, 
in contrast to the electrostatic ones, are of very limited range . It was in 
fact observed that the scattering followed the law derived from the 
assumption of simple Coulomb repulsion between a-ray and nucleus up to 
closest distances of approach of the order of 10~ 12 cm (for heavy nuclei). 
The nuclear radius could be defined as the critical distance from the centre 
at which the law of interaction with the a-particle ceases to be the electro- 
static repulsion, but begins to vary rapidly with distance, the structure of 
the nucleus coming into play (see Rutherford et aL [30] , § 45)* 

More generally, any process involving a close interaction between a 
nucleus and a charged particle, such as a proton or an a-particle, will 
essentially depend on the nuclear radius* For in all such processes, the 
charged particle, in order to penetrate into the nucleus or to escape from 
it, must traverse the barrier of potential formed by the Coulomb repulsion 
acting at large distances and the average attraction exerted by the 
nuclear forces on the particle at distances smaller than the nuclear radius. 
The probabilities of occurrence of the processes in question will involve 
as a factor the transmission coefficient or penetrability of the barrier, which 
will depend, not only on the energy and charge of the particle considered, 
but also on the nuclear radius. 

From a study of such interactions of nuclei with charged particles 
numerous estimates of nuclear radii can therefore be obtained* For nuclei 
of the radioactive families, we dispose of the data of the natural a-decay; 
for lighter nuclei, we can use not only the experiments on scattering of 
protons or a-particles of high energy, but also those on the disintegration 
of such nuclei by charged particles. All the evidence (see M & F, p* 58 sq*, 
p* 72 sq*, and also Present [41]) is found to be compatible with the 
simple assumption of an approximately constant density of " nuclear matter * 
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for all nuclei* In other words, the nuclear radius is approximately propor- 
tional to the cubic root of the mass number: 

R = r 0 Ah (1) 

the “nucleon radius " r 0 being numerically given by 

r 0 = 1,42 • 10~ 13 cm. (2) 

The significance of this remarkable result will presently (222) appear 
when it will be combined with the limited binding power of the nuclear 
forces* 

Another possibility of estimating nuclear radii of light nuclei, which leads 
to results entirely in accordance with the above, is based on the con- 
sideration of ^8+ -active nuclei with neutron excess — 1* It will be discussed 
later (33) in another connexion* 


2*2* Mass-defects and saturation of nuclear forces 


2*21*. Mass~defects . If we except the lightest and the heaviest nuclei, 
we may say that, disregarding small individual fluctuations, the mass- 
defects of stable nuclei vary linearly with the mass number, i*e* with the 
total number of constituent nucleons *. The average binding energy per 
nucleon amounts to about 8 MeV* 

The deviation from linearity for heavy nuclei is completely accounted 
for by the Coulomb repulsion of the protons* Assuming a homogeneous 
distribution of the charge Ze within a sphere of radius R f the Coulomb 


energy is given by 
would be 


3Z 2 < 


5 R 


a somewhat more accurate estimate for small Z 


G: 


3 ^ 
5 R 


Z(Z- 1)* 


a) 


The Coulomb energy has a marked effect on the relative proportion of 
neutrons in stable nuclei. There is in fact a general tendency for such 
nuclei to contain equal numbers of protons and neutrons; but owing to the 
Coulomb repulsion, the equilibrium, for heavier nuclei, is displaced towards 
a larger proportion of neutrons* This means that the average binding 
energy of a given assembly of Z protons and TV — A — Z neutrons will 
depend on the neutron excess 

n=N-Z=A — 2Z (2) 

in such a way that, for given A t a minimum of the atomic weight ( 1J31 ) 
will occur for a certain value of n. The corresponding value Z A of Z will in 
general not be an integer; stable nuclei may then exist with the nearest 
integral numbers of protons (3*22). 

* See the graphical representation on fig. 221 (at the end of the book), based on the 
numerical data collected by M & F, & F*. 
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Besides a ‘ volume’’ contribution to the proper nuclear energy, pro- 
portional to A, a “surface” effect, comparable to the influence of a surface 
tension, must also be taken into account. This effect will be most important 
for lighter nuclei and the considerable irregularities presented by very light 
nuclei may be attributed to its preponderance. 

Summing up, the average binding energy per nucleon can be put into 
the form 


e 


*1 



, AztlPO , 3Z 2 e 2 
+ A + 5 AR' 


(3) 


in which the second and third terms express the surface energy (with a 
surface tension O) and the Coulomb repulsion, respectively* The first 
term, representing the volume effect, exhibits a parabolic dependence on 
the relative neutron excess. Inserting in this formula the law (2J-1 ) of 
nuclear radii, we get 


1—7 


A — 2Z 


+ 4 Ttrl OA~ 


3 e 2 

+f— 

5 r 0 


Z 2 A-‘. 


(4) 


Numerical values of the parameters e lt y, O and r 0 can be found to fit 
the empirical mass-defect curve (M & F, p. 91 — 92): 


«!= 14,66 MeV, y = l,40, 
4jrr£0=15,4 MeV, r 0 = 1,42- 10 -13 cm. 


(5) 


the value of r 0 being in excellent agreement with the independent evidence 
from nuclear reactions {2.1— 2). It is useful also to note the value 

| — = 0,602 MeV. (6) 

D Tq 

Equation (4) thus gives a semi-empirical representation of remarkable 
accuracy of the nuclear binding energies. 

An idea of the relative importance of the different terms of (4), as well 
as of the accuacy to be expected, is afforded by the following examples: 


Element 

Z 

A 

Volume 

energy 

Surface 

energy 

Coulomb 

energy 

Total bine 

calculated 

mg energy 
experimental 
(M8F*) 

A1 

13 

27 

— 14,63 

5,13 

1,25 

— 8,25 

— 8,32 

Ag 

47 

109 

— 14,26 

3,23 

2,55 

— 8,48 

— 8,47 

Pb 

82 

208 

— 13,74 

2,60 

3,28 

— 7,86 

— 7,83 

Energies expressed in MeV 


2+22+ Saturation properties of nuclear forces . The linear variation 
with mass number of that part of the binding energy due to the proper 
nuclear forces brings out the fundamental saturation property of these 
forces: it implies in fact that each nucleon is only capable of binding a 
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fixed number of other nucleons. Considering the short range of the forces, 
this property throws full light on the law of constant density of nuclear 
matter (2.1). Indeed, as every nucleon interacts only with its nearest 
neighbours, the structure of a nucleus will be comparable (apart from the 
scale) with that of ordinary matter in a state (solid or liquid) of high 
density. The constituent nucleons will on an average be kept apart at a 
fixed distance, of the order of the range of the force. This is just the law 
of constant density, which thus yields a value of about 2 r 0 for the order 
of magnitude of the range . 

This last inference, as we shall see, is fully confirmed by the detailed 
analysis of the most direct exploration of the nuclear field which can be 
carried out, viz. by studying the scattering of protons and neutrons by 
protons. It is a remarkable fact that the distance 2r 0 , according to {2.1- 2), 
nearly coincides with the fundamental length d (121-1 ) of electron theory. 
The significance of this coincidence cannot be understood as long as we 
have no theory of the ratio of the masses of electron and nucleon. But it is 
at any rate convenient to make use of it, especially in rapid estimations of 
orders of magnitude; we shall often avail ourselves of the numerical relation 

r 0 ^icf. * (7) 

When we now come to ask which kinds of interaction operators are 
liable to give rise to binding energies exhibiting the saturation property, 
i.e. increasing — at least in a rough approximation, for a great number 
of interacting particles — proportionally to this number, we have the 
choice between two essentially distinct possibilities. In analogy with the 
case of a liquid, in which the saturation of the atomic binding forces is 
brought about by the occurrence of a very strong repulsion between two 
atoms at some critical distance of approach, we might imagine the 
attractive force between two nucleons at distances of the order of the 
range to go over, at some smaller distance, into a practically infinite 
repulsion * (fig. 222). 


* The analogy with a liquid might be deemed imperfect inasmuch as in the case of 
atoms the complicated distance dependence of the interaction is a consequence of the 
interplay of simpler forces between the atomic constituents, while in the nuclear case we 
would have to do with a fundamental law of interaction of complicated form. It must not 
be overlooked, however, that a relatively simple law of field interaction can give rise to a 
superposition of attractive and repulsive potentials of different ranges- an example of 
such a meson field theory will be mentioned on a later occasion (17.1). 

In particular, it has been pointed out by SVARTHOLM [45], Chapter VI, that the 
many-body interactions occurring in any field theory (134) might, under suitable conditions, 
bring about the observed saturation of the nuclear bonds. Although Svartholm's 
assumptions are admittedly quite arbitrary and over-simplified, his argument may 
appropriately serve to illustrate the point under discussion. While the two-body attractions 

will ' give a nuclear binding proportional to , he assumes that the n-body forces will 

alternatively produce a repulsion or an attraction proportional to — ( — y ) n ~ 2 The 
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The well-known quantum theory of chemical valency suggests, on the 
other hand, a mechanism of interaction, the so-called exchange interaction , 
capable of giving saturation effects without involving any explicit assumption 
of a change of sign of the interaction operator with distance. As a 
consequence of the exclusion principle, the expectation value of any inter- 



Fig. 2.22. Schematic representation of 
ordinary potential giving rise to 
saturation. Interaction energy V (r) 
between two nucleons in terms of mutual 
distance r. 


action operator in a stationary state of a system of identical particles, 
besides “ordinary” terms corresponding to classical effects, involves 
additional “exchange” terms without classical analogy. It may be seen, 
quite generally, that for systems of a large number of particles, the ex- 
change terms, in contrast to the ordinary ones, possess the property of 
saturation. 

Let us consider a system of two particles obeying the exclusion principle 
and suppose that the coupling between them is so weak that it is possible 
to define individual stationary states <p n {Q) for each particle. The eigen- 
functions of the stationary states of the system will then be of the 
approximate form 

’/WQ (1 >. Q (2) ) = i Vn t (Q»>) <Pn 2 {Q t2] ) — (Pn, (Q<‘>) <p„ x (Q®)l- 

The expectation valued of the interaction operator V {Q^K Q te)) in this 
state becomes, when account is taken of the symmetry of the function V 
with respect to QC 1 ) and Qte), 

V yj nin =Jcp* ni (Q<*>) cp\ (Q< 2 >) V (Q<», Q») t Pn 1 (Q (1) ) <Pn 2 (Q< 2 ») 
~ ^ fVn. (Q (1) ) (Q <2 >) V (Q<». Q (2) ) <Pn t (Q (1) ) <p ni (Q< 2 >). 

resulting binding energy per nucleon is 

l+Ay . 

1 Ar 2 

if y is not too small and A is large, the term (1 — y)^ may be neglected, and 



This expression exhibits both saturation for large A and increase with A for small A; 
with = 4,35 MeV, y = 0,484, it shows a remarkable (though doubtless fortuitous) 
agreement with the figures derived from the observed mass-defects. 
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clearly showing the occurrence of an ordinary and an exchange energy* 
The saturation properties of the exchange interactions will be extensively 
discussed in Chapter XL 

For the moment, it will be sufficient to mention the two possibilities of 
accounting for saturation effects* Later (17 J) we shall see how the 
decision between them is related to the question of the relative importance 
of non-central couplings in the total nuclear interaction. 

23* Kinetic effects 

The limited range of the nuclear forces implies the occurrence of quite 
considerable kinetic energies of the constituent particles of a nucleus. In 
fact, under the influence of the short-range interaction with its neighbours, 
any nucleon will on the average remain confined to a region, the radius 
of which will be of the order of the range, or somewhat larger; in other 
words, it will be represented by a wave-packet of linear dimensions l > 2d . 
It will then acquire a kinetic energy of the order of magnitude * 

1 (27 zT]\ 2 

6k “~2M\ l ) W 

(this being the smallest eigenvalue of the wave-equation of a particle of 
mass M with an eigenfunction vanishing on the surface of a sphere of 
diameter l); for l == 2d, we get 

'- = T(^) > S m:=25MeV - < 2 > 

and the actual value will perhaps be of the order of 20 MeV. 

In spite of this high value of the kinetic energy, the mean velocity of a 
nucleon, owing to its large mass, is relatively small; in fact, we have, on 
account of (2), 

£_\ 2 ^ € km m 2e km ^ 1 

c ) ~ M ~ M m ~ 23* [ ) 

It thus appears that relativistic effects should in general not amount to 
more than a few percent, and that we are justified in basing the discussion 
of nuclear structure on a non-relativistic treatment of the constituent 
nucleons* On the other hand, the motions of the nucleons are sufficiently 
large to suggest that a nucleus should resemble a liquid droplet rather 
than a piece of crystal; as a matter of fact, the liquid phase of Helium at 
the lowest temperatures (the so-called He II) offers an example of a 
condensed state of ordinary matter, which is prevented from solidifying 
(at not too high pressures) by the “zero-point” motion of the atoms* 

From another point of view, the kinetic energies of the nucleons are 
of importance in helping us to picture the interplay of the nuclear energies* 


* Here M denotes the mass of a nucleon, disregarding the small difference M n — M p * 
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Comparing the average value of 20 MeV of the kinetic energy with 
that of the mean binding energy of a nucleon, viz. (discounting the 
Coulomb repulsion) about 10 MeV, we see that the potential energy of 
the proper nuclear forces must average about 30 MeV per nucleon (a 
quantity 60 times larger than the Coulomb energy between two protons 
at distance d ). The binding energy is therefore the outcome of a balance 
between much larger kinetic and potential energies. 

This is especially apparent, as pointed out by WlGNER [33a], in the 
case of the deuteron. In order to keep the kinetic energy lower than the 
attractive potential, the system, according to ( 1 ) , has to expand; but, owing 
to the rapid decrease of the potential for distances larger than the range, 
this means that the resulting binding energy is very much lowered. It is 
actually only about 2 MeV, thus really quite small compared to either 
kinetic or potential energy. As soon, however, as the number of constituent 
nucleons increases, the situation is considerably altered in favour of the 
potential energy. Already for the a-particle, the latter energy becomes 
roughly four or six times * that occurring in the deuteron, while the kinetic 
energy is only doubled. The particles are then able to settle nearer to each 
other, letting the nuclear potential, so to speak, display its full strength. 
The average binding energy per nucleon accordingly rises to a constant 
value of about 10 MeV. 


* According as we assume no forces between nucleons of the same charge, or equal 
forces between all pairs of nucleons. 
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CHARGE DEPENDENCE: OF NUCLEAR FORCES 

3*0* After the general survey of the preceding Chapter, we go a step 
further in the analysis of nuclear properties by looking more closely into 
the distribution of the stable nuclei according to mass and charge number, 
and their relation to the neighbouring /^-active nuclei* This, combined with 
the general stability condition 1.131 , will give us important information on 
the charge dependence of the nuclear forces* 

3.1* Proton and neutron pairing 

3*1 1* Classification of nuclei . If we classify the stable nuclei according 
to their mass and charge numbers, we are at once struck by the difference 
in behaviour between those of even and odd mass number* While the 
latter are about equally distributed as regards even or odd charge number, 
the former are divided into two classes of very unequal population: most 
of them are even, i.e. have even numbers both of protons and neutrons; 
the only odd nuclei (i.e* nuclei with odd numbers of protons and neutrons) 
which are stable are the four lightest of that type, ^H, |Li, 1 ®B, ^N. 

A nucleus of mass number A and charge number Z , which therefore 
contains N — A — Z neutrons, will be denoted either by (A, Z) or by 
[N t Z\. The following table presents the classification just discussed, with 
the numbers of nuclei of each class, including the a~active ones, according 
to recent data ( M & F ) : 


Class of nuclei 

Z 

N 

Total 
number * 

( even nuclei 

Even mass nuclei ( odd nuclei 

even 

odd 

even 

odd 

177 (15) 

4 

Odd mass nuclei 

even 

odd 

odd 

even 

60 (8) 

52 (1) 

* This number includes both stable and a -active nuclei, the number of the 
latter being indicated between brackets. 


3*12* Proton and neutron pairing. Apart from the exceptional case of 
the light odd nuclei, it therefore appears that the successive binding of 
two nucleons of the same kind (protons or neutrons) sets free a greater 
amount of energy than that of a proton and a neutron; in other words, 
there is a tendency for the building up of stable nuclei by successive 
addition of nucleons to proceed by completion of pairs of protons or 
neutrons. The further empirical fact that all even nuclei have zero angular 
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momentum receives a simple interpretation by assuming that the two 
nucleons forming a pair have opposite spins . On this view, the "pairing” 
of like nucleons is thus related to a " saturation ” of their spins. 

If we supposed that individual stationary states could be attributed to 
the constituent nucleons (9.2/), we should actually expect a grouping of 
these states into pairs corresponding to the same specification of all 
"quantum numbers” (including charge) but to different spin orientations. 
The structure of a stable nucleus in its ground state would then be 
visualized by filling up the successive pairs of individual states with 
saturated spins by the available protons and neutrons. In general, the 
"last” pair of neutron states occupied would, on account of the neutron 
excess, be very different from the last pair of proton states. 

3.2. Stability of isobars 

3.21. Stable isobars . There is another important difference between 
nuclei of odd and even mass number: while for any odd value of the mass 
number there is just one stable nucleus, we meet among the even nuclei 
with a large number of pairs of stable isobars (i.e. nuclei of the same mass 
number). There are in fact 56 pairs and 4 trebles of such isobaric nuclei. In 
every case, the charge numbers of neighbouring stable isobars differ by 
two units. 

Now, the existence of such isobars cannot be understood solely on the 
basis of nucleon pairing *. For if two paired nucleons were subject to 
exactly the same forces (apart from the Coulomb interaction), there could 
only be one stable nucleus for any even value of the mass number. In fact, 
if we start from the even nucleus (2a, 2z) and suppose that the stable 
nucleus of mass 2a + 1 is obtained by adding a neutron, the next stable 
nucleus would necessarily be obtained by completing the neutron pair, 
which gives the nucleus (2a + 2, 2 z): the odd isobar (2a + 2, 2z + 1 ) 
would have a higher atomic weight, but the even isobar (2a + 2, 2z + 2) 
a still higher one (fig. 321). In order to reconcile the pairing conception 
with the empirical evidence, we must therefore, in the first place, assume 
that two nucleons forming a pair attract each other, so that the atomic 
weight of the unstable even isobar (2a + 2, 2z + 2) can eventually be 
sufficiently depressed to reverse the stability relation of this nucleus to the 
intermediate odd isobar (2a + 2, 2z + 1 ) . This result will only be achieved, 
however, if it is further assumed that, in the latter isobar, the odd proton 
and the odd neutron have a much smaller interaction (fig, 321). 

The last assumption appears to be generally fulfilled, with the notable 
exception of the four lightest nuclei of the odd type, which have exactly 
as many neutrons as protons. In the latter case, the odd proton and the 
odd neutron are in much the same situation with respect to the other 
constituent nucleons and may consequently be thought to form a pair 
entirely comparable to the spin-saturated pairs of nucleons of like charge 


* The fallowing argument is taken from B5B, § 10. 
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discussed above. The roles of spin and charge variables would simply be 
interchanged. (The angular momenta of the odd nuclei in question * have 



Fig, 3.21. Atomic weight of isobaric 
nuclei, before and after ( — ) 

taking account of the interaction between 
the two last nucleons added m the 
successive building up of the nuclei. 


indeed the value 1, in conformity with the idea that the odd nucleons would 
have the same spin orientation ) . We are thus led to assume that such 
pairs of nucleons also exert a strong attraction on each other, so that the 
odd isobar then becomes more stable than the neighbouring even nuclei. 

Using the more definite picture of 3.12, based on the conception of 
individual states of the constituent nucleons, we may express the difference 
between the light and the heavier odd nuclei by stating that the odd 
nucleons experience a strong mutual attraction when they belong to states 
of identical specification except for the charge variable, whereas they do 
not interact appreciably when, owing to the neutron excess, they occupy 
different states. 

On the whole, we thus arrive, at least qualitatively, at a complete 
account of the main features of the distribution of stable nuclei; and the 
analysis has disclosed that besides the proton-neutron forces, there are also 
forces between like particles , which are attractive for “paired” nucleons . 

3*22* Atomic weights of isobars . To get some idea of the order of 
magnitude of the energies involved in the preceding considerations on 
isobar stability, we first observe that our general formula (2.21—4) must 
be made more precise in order to take account of the differences between 
odd and "even mass and charge numbers. Consider an even nucleus (A,Z); 
according to formula (2.21-4), its atomic weight maybe written in the form 

W(A t Z) — W A + iu A (Z-Z A )\ (1) 

with 

Z *«r+W.-M l= m) laz + 3 5 i A . ! 

A 2w a a A 5 r 0 

the points representing stable isobars of mass number A and even Z in a 
graph like fig. 3.21 with coordinates Z, W lie on a parabola defined by 


* The angular momentum of 'jB is not known. 
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equation (1). The odd isobars of the same mass number, however, cor- 
respond to another parabola, given by 

W(A,Z+ 1) = W a + 6 a + w a (Z+ \-Z A f (3) 

with a suitably chosen additive constant d A > The difference 

t = Z+l-Z A (4) 

between the charge number of the odd isobar and the abcissa Z A of the 
apices of the parabolas is obviously comprised between + 1 and — 1 ; with 
this notation, we have 


W(A f Z) =W A + w A (C-l) 2 

W(A,Z+ 1 )=W A + d A + w A C 2 (5) 

W(A t Z + 2)=W A +w A (C+l) 2 . 

Now, if there were no like-particle forces, W(A>Z 4- 1) would be just 
midway between W (A, Z) and W (A, Z + 2), i.e. d A would be equal to 
w A . The effect of the like-particle forces is therefore expressed by 
6 a — w A . The conditions for the odd isobar to be unstable with respect 
to both even isobars can be put into the form 

d A~ W A> 2tV A If I- (6) 

This inequality defines a critical value 



(7) 


such that there is more than one stable isobar of mass number A if and 
only if 


|f| < tent- (8) 

If we assume that the values of f are distributed at random along the 
whole range of even mass numbers, the statistics of isobaric pairs (or 
trebles) will immediately give us an estimate of some average value ~f cnt . 
Since we encounter 60 isobaric pairs or trebles among the 97 even mass 
numbers between 16 and 208, we may take 

Cent ~ 0.6. (9) 

With the numerical values (2.21—5,6), giving 




82,1 . 0,6 


+ 3 ?) MeV, 


we accordingly find 


( 10 ) 


^ A ' 2 ^ A Cent ' — ■ 1 > 2 tV £ * 


(ID 



PLATE II 



Addition of Fig. 3.221-4. Mass-spectrogram, pertaining to 

first second mass-number 20, showing binding energies of 

neutron-proton pair various aggregates of protons and neutrons 

(MATTAUCH [39]). 

Fig. 3.221-3. Mass-spectrograms showing the suc- 
cessive addition of two neutron-proton pairs to the 
:t -C nucleus (MATTAUCH [37]). 
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This gives, e.g*: 


A 

W A 

MeV 

d A~ w A 

MeV 

*A 

MeV 

64 

1,4 

1,7 

3,1 

125 

0,8 

0,9 

1,7 

216 

0,5 

0,6 

1,1 


3*221 ♦ Comparison with measurements of mass-cfefects * Our know- 
ledge of accurate atomic weights is still so fragmentary that there is as yet 
only one instance of isobaric nuclei for which the relations between atomic 
weights embodied in fig* 3,21 can be checked with reasonable accuracy* 
It concerns the mass-number A = 64, for which we have (M & F*, table I): 


Z 


W—A 



10~ 4 MU 

28 

Ni (stable) 

— 525,6 ±5,6 

29 

Cu (unstable)* 

— 507,4 ±5,6 

30 

Zn (stable) 

— 513,6 ±5,6 


(The relative accuracy of these three figures is better than the indicated 
absolute uncertainty) * 

As to the atomic weights of lighter nuclei (up to i°A), which have 
been determined with high accuracy for almost all unstable as well as stable 
isotopes, they exhibit such large individual fluctuations that it is not 
possible at this stage to draw from them other than qualitative conclusions* 
The mass-defects of the stable nuclei strikingly bring out the successive 
completion of neutron and proton pairs, with the resulting periodic 
occurrence of nuclei of maximum binding energy, composed of equal even 
numbers of protons and neutrons* 

We may further consider sequences of (stable and unstable) isotopes 
(i.e* nuclei with the same number of protons) or isotones (Le* nuclei with 
the same number of neutrons) and derive from the comparison of their 
mass-defects the binding energy of the "last” nucleon serving to build up 
any one of these nuclei from the preceding one of the sequence* The result 
is given (at the end of the book) in fig* 3,221— 1 , taken from M&F*, and 
further illustrated by a diagram (fig* 3,221—2 )* Both directly show how in 
all cases the second nucleon of a given pair is more tightly bound than 
the first **. 


3*3* Charge symmetry of nuclear forces 

A further feature of nuclear interaction which can be established with 
fair accuracy is the following: the proper nuclear forces are symmetrical 
with respect to the charges of the interacting nucleons . This property can 

* ^Cu tr ans mutes as well into 6 *Ni (with positon emission) as into 64 Zn (with 
negaton emission}* 

** Plate II reproduces some beautiful mass-spectrograms, obtained by MATTAUCH 
[37, 39], to the same effect* A more detailed discussion of this and other general evidence 
is given by JENSEN [39]* 
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be inferred, in the first place, from the tendency of stable nuclei toward 
equality of proton and neutron numbers, especially apparent in the light 
nuclei from *He to where it is not yet disturbed by the influence of 
the Coulomb force. The nuclei in question are formed by alternate addition 
of a neutron and a proton, which corresponds to an alternation of the two 
types of nucleon pairing discussed above {321). The only effect of the 
Coulomb repulsion is here to give the binding of a neutron to an even 
nucleus a slight preference over that of a proton. 

Still more definite evidence for the symmetry property under consideration 
is provided by the light nuclei with a neutron excess — 1, which transmute 
with positon emission into isobaric nuclei of neutron excess + 1; there 
is a long sequence of known instances of this type of /5-transitions, begin- 
ning with U 6 C -+ l *N *|C, etc. and extending up to |*Sc -> ^JCa. 
In fact (Fowler, Delsasso and Lauritsen [36]), if we assume the 
symmetry of the nuclear forces with respect to the charges of the nucleons, 
the binding energies of isobaric nuclei such that the number of protons of 
the one is the number of neutrons of the other will differ only by the 
electrostatic contributions, which may easily be estimated; and in the special 
case of the above mentioned isobaric pairs with neutron excesses dz 1, this 
energy difference can directly be deduced from the maximum kinetic 
energy Kp of the emitted positons. If we take for the Coulomb energy the 
expression (2.22-1), equation (7. 73-1) for the mass difference of the 
isobaric pair takes the form 

~(A-l) = Kp + (M n -M P + m). (1) 

We can use this equation either in connexion with the expression (2.7— 1, 2) 
for the nuclear radius to predict the limiting energy Kp of the positon 
spectrum, or conversely to calculate the nuclear radius with the help of 
the observed Kp values. In any case, the remarkable consistency of the 
results * affords strong support to the underlying assumption about the 
symmetry of the nuclear forces. 

The same argument also applies to the pairs ** 

iHe *~?H, 9 5 B~ ?Be, 

in which the unstable partner is not a positon emitter; the mass differences 
can in these cases be determined by other methods. However, a more 
precise calculation of the Coulomb energy is required in these cases to 
account for fluctuations in the observed mass differences with the parity 
of Z : these may be due, partly to a contribution from the exchange term 

* The available evidence, including the comparison with formula (1) is collected in 
table A L2L Systematic investigations on this point are due, above all, to WHITE ef aL 
[39, 41]; see also ELLIOT and KING [41], 

** The nucleus 5B disintegrates into two a-particles and a proton. 



3.40, 3.41 


BUILDING UP OF STABLE NUCLEI 


35 


(2*22) of Coulomb energy, which, according to the parity of Z> enhances 
or counteracts the ordinary term (PHILLIPS and FEENBERG [41]) partly 
to variations of nuclear dimensions according to the more or less loose 
binding of the “last” nucleon (BETHE [38a], ELLIOT and King [41]). 
When account is taken of these corrections, a further confirmation of the 
above conclusion is obtained* It is interesting to note that, apart from the 
mentioned fluctuations, the nuclear radius is assumed to satisfy the law 
{2.1-1 ) of constant nuclear density, implying that there is no “blowing 
up” of the nucleus by Coulomb repulsion* 

We must finally mention the pair of unstable isobars 10 C— 10 Be 
(which both go over by or /S+-decay into the stable odd nucleus 10 B) 
as the one known example of a pair of isobars with neutron excesses — 2 
and + 2, for which it could be verified that the energy difference is entirely 
accounted for by electrostatic interactions (White et at [40]). In this 
case, the mass of 10 C is deduced from that of 10 B and the maximum 
energy of the positon spectrum, while that of 10 Be is brought back to that 
of 9 Be by the study of the reaction 9 Be (c?, p) 10 Be* 

Summing up, we are led to a precise formulation of the symmetry of 
proper nuclear forces with respect to charge: the neutron-neutron inter- 
action operator is the same as that for two protons ( exclusive of the Cou- 
lomb force). This conclusion is important inasmuch as there is as yet no 
more direct approach to the force between two neutrons {14.0). 

3*4* Building up of stable nuclei 

3.40* It is a remarkable fact, especially stressed by FUCHS [39], that 
the mainly qualitative considerations developed in this first Part are 
already sufficient to convey a general understanding of the apparently 
capricious order in which stable nuclei of the different classes — even 
nuclei, odd nuclei, odd mass nuclei — successively appear when the 
numbers of constituent protons and neutrons are increased. In this section, 
we shall analyse the distribution of the known stable nuclei from the point 
of view put forward in Fuchs' paper. 

3 . 41 * The energy surface. As already pointed out in the case of even 
and odd nuclei (3*22), the atomic weights, and therefore also the binding 
energies 8 ( N , Z) (<C 0), of the nuclei of the three classes are quite distinct 
functions of the numbers N, Z of neutrons and protons. In a graphical 
representation of the binding energy in terms of N and Z, the points 
pertaining to nuclei of these various classes accordingly lie on three distinct 
surfaces, which may be regarded as three sheets of the energy surface 
8{N,Z). The sheet corresponding to odd nuclei lies above that for even 
nuclei, except in the region of the lightest nuclei, where a crossing over 
of the two sheets occurs. The sheet pertaining to odd mass nuclei lies 
somewhere in between the other two. 

* A more general discussion of this effect will be given in 1034 . 
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We shall restrict the following discussion to the region in which the 
neutron excess of the stable nuclei is larger than 2, thus excluding the 
region of the lightest nuclei, for the treatment of which we refer the reader 
to Fuchs' paper. In the region of heavier nuclei, all three sheets of the 
energy surface (see fig. 3A1 at the end of the book) have similar pro* 
perties: each one is moulded into a ‘Valley", sloping down from the Jtigi 
mass number values, and in or near the bottom of which lie the stable 
nuclei. The projection of the bottom of the valley on the (N, Z ) -plane 
— the line of maximum binding — is (as first noted by Gamow [34] ) a 
rather winding line. An explanation of such irregularities would necessitate 
a much closer investigation of nuclear structure than is at present possible 
Here, however, we shall only be concerned with the general orientation 
of this line, defined by an angular coefficient 


dN 

dZ 


1.5 


(i) 


(dN, dZ denoting the increments of N and Z along the line). 

Cross-sections of the energy surface by planes N + Z ~ const, i.e. loci 
of isobaric nuclei, are curves turning their concavity upward; their lowest 
parts are approximated by parabolas similar to those of 3.22 (which 
referred to atomic weights instead of binding energies). At the lowest 
point, projecting on the line of maximum binding, one has 

dS_dS V8_ m ,d 2 S. 

dZ dN’ dN 2 z dZ dN ' dZ 2 ^ v ‘ { ) 


Now, the saturation character of the nuclear bonds conditions further 
general features of the sheets of the energy surface. First, the slope of the 
valley will be nearly uniform along the whole line of maximum binding (in 
the region of heavy nuclei we are considering), so that 


d 2 <S 

dN 2 


dN + 


d z 8 ' 
dN dZ 


dZ — 0 


b2a --dN+^dZ= 0. (3) 


dZ dN 


dZ 2 


Combined with the inequality (2), this shows, in particular, that 


d 2 8 

dN 2 


>0 


d 2 <3 

dZ 2 


>0 


d 2 S 

dNdZ 


<0 


(4) 


along the line of maximum binding. Secondly, since the relative increase 
of the binding of a neutron (say) when another nucleon is added to the 
nucleus is very small, 


d 2 <S 

dN 2 


< 


dS 


d 2 8 

\< 

d8 

dN 

t 

dNdZ 1 

dN 


(5) 


As a matter of fact, the rough estimate allowed by the experimental data 
yields 


d 2 <§ 

dN 2 


0.5 ... 1 MeV, 


«5> 
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while according to (3), (1), 

| 3 2 3 4 cS 3 2 <§ 

1 dZ diV ~ 1,!> 3iV 2 ' 


( 7 ) 


these values are to be compared with \dS/dN | ~ 8 MeV. 


3*42* Stability conditions . We now go over, following Fuchs, to a 
closer discussion of the stability condition 1.131* Fuchs’ argument is 
essentially based on the consideration of the amounts of energy released 
when a specified nucleon is added to the nucleus. "We have to distinguish 
four such energy quantities, according as the added nucleon is a neutron 
or a proton and according as it is the first or the second of the pair which 
is being formed; for an initial nucleus [N,Z] containing N neutrons and 


Z protons, we use the self-explanatory notations dd (N,Z), dV (N, Z), 
3^ (iV. Z), 3 z (N,Z) f with the convention that the 3 z ’s do not include the 
change in Coulomb energy. Just as we did with <§ (N,Z), we regard 
the 3’s as continuous functions defined for all real values of their argu- 
ments. We list here some general properties of the 3*s: 

(1) On account of (5), 3^ is not very different from — 3<§/3iV and 
consequently, by (4), decreases with increasing N when Z remains un- 
changed. Similarly, 3 Z is found to vary in the opposite direction; summing 
up: 


for fixed Z, 


3 N {N t Z) decreases 
3 Z {N t Z) increases 


with increasing N (or n ). (8) 


(2) The attraction between paired nucleons implies 

, df >d|>. (9) 

(3) Considering that the attraction just mentioned will mainly depend 
on the distance of the two interacting nucleons and that this distance will 
on the average remain constant whatever the total number of constituent 
nucleons, the differences d$ — d$, d® — will have the same property: 


d$ — d$ , are practically independent of N,Z. (10) 

(4) On account of the symmetry of nuclear forces with respect to 
charge, one has moreover 

d$-d$~d ( # — d§>. (11) 

For 'the order of magnitude, we may roughly take 

d® — 6^5MeV. (12) 

With the help of the d's, the stability condition 1.131 is readily brought 
into the following form: the former or the latter of the nuclei [2V, 2] , 
[JV — 1, Z+ 1] is stable against ^-transitions according as the difference 
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d z (N — 1, Z) — d N {N — 1. Z) is smaller^than a critical value defined by 
the equation 

d* (N— 1. Z)-d„(N- 1. Z) = | ^ (13) 

If we regard the charge number 2 as given, this equation defines a cor- 
responding critical value (generally not integral) of N, or of the neutron 
excess n. Choosing now even values for N and 2, and grouping together 
the nuclei of charge numbers 2, Z + 1 and mass numbers N + Z — 1 , 
N + Z t we thus get for each group * four critical values of the neutron 
excess, viz. 


n 2 [N—1,Z+1] , [iV — 2, Z + 2] 

n 2 separating the domains [iV — 1,2] , [AT — 2,2+1] 

n 3 of stability of the nuclei [iV — 2,2+1] , [N — 3, Z + 2] 

n 4 [AT. 2] , [2V- 1,2+1], 


left 


Because of (8), the nuclei in the ^ 
smaller 


neutron excess is 
presently see that 


larger 


column are stable when the actual 
than the corresponding critical n u and we shall 




(14) 


With increasing neutron excess, we therefore successively meet, for the 
charge numbers 2, 2+1, 2+2, the following types of stable nuclei: 


n 

i 

[N-l.Z] 

[N,Z] 

I 

I 


[N-l.Z] 

, [N. Z] 

— 

[N-2.Z+2] 

n 2 * 

[N.Z] 

[N — 2 , 2+1] 

[N-2.Z+2] 

n 3 * 

[N.Z] 

— 

[N-3.Z + 2] 
[N-2.Z+2] 

n* - 

— 

— 

[N—3.Z+2] 
[N-2.Z + 2] 


(Vertical columns contain isotopes, horizontal rows isobars,) A repre- 
sentation of all known stable (and a-active) nuclei, according to this 
scheme, will be found at the end of the book (fig, 3.42). 


* Equation (13) gives rise to positive critical values of n only when the Coulomb 
energy variation on the right becomes sufficiently large, i.e, when Z exceeds a certain 
limit. For this point, and the treatment of lighter nuclei, see Fuchs' paper* Our discussion 
remains restricted to the heavier nuclei. 
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3+43+ Properties of the critical values o[ the neutron excess . With a 

view to establishing the inequalities (14), we observe that the critical 

n -value resulting from an equation of the type (13) is larger, the smaller 
the left-hand side; on the other hand, the right-hand side is quite insensible 
to changes of Z or N + Z by one or two units: it will therefore suffice to 
order the left-hand side quantities 

| djvijV-2,Z+l ' ^2 — \ &Z &N^N—2,Z 

d 3 = {d$-d%} N _ 3tZ+l , a4 = |ag>-a»}^ liZt (15) 

corresponding to the various m’s . Comparing ( 11 ), ( 12 ) with ( 6 ), (7), 
we conclude that the sign of any difference di — d/ involving a difference 

dz — dz or djv — d at will be fixed by the sign of this last difference, accor- 
ding to (9), irrespective of other small differences of d fl,t s or d* 2) *s with 
different arguments. This yields immediately 

di > d 2 > d 4 , di > d 3 > d* + (16) 

In order to compare d 2 and d 3 , we first observe that 

d 2 ~ d 3 (N + 2 ), (17) 

where the notation d 3 (IV+ 2 ) is used to represent the value {dz — djv }z\r-i,z+i 
of the function d s (N) for the value N + 2 of its argument. Relation (17) 
follows from ( 10 ), ( 11 ) with the help of the identity 

d !! 1 {N—2.Z) + d& {N—2',Z + l) = d^ (N—2, Z) + d'i 1 (N—l. Z), (18) 

expressing that the energy change due to the addition of a proton and a 
neutron to the nucleus is independent of the order in which the particles 
are added. In virtue of ( 8 ), one gets from (17) the inequality 

d 2 >d 3 , (19) 

which, together with (16), leads to the inequalities (14). 

Moreover, using ( 10 ) and (11), one readily finds 

di — d 2 d 3 O 4 

d,-d «®2 d$-d$- • ( 20 ) 

From (17) and ( 20 ) estimates of the differences m — can readily be 
obtained, if one again disregards possible differences between the Coulomb 
energy changes occurring on the right-hand side of (13). One finds 


n 2 - 

-Hi S 

- n 4 

— n 3 




n 3 "" 

-n 2 ^ 

s2 







- 0 - 

80-a»- 

d 2 <§ 

dZ dN 

(21) 

~ 

~ n i - 


d 2 3 

+ 

d 2 <§ 





dN 2 

dZdN 
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with the help of (7), (6), the last approximate equality yields 





then, from the first two relations (21) and (23), 

n 2 — rii ~ — n 3 ~ 0,5 . * * 2,5, 


( 22 ) 

(23) 

(24) 


The difference n 3 — n 2 characterizes the "isotopic breadth” (number of 
stable isotopes of given Z) of nuclei of odd charge; n 4 — n 1 indicates, 
for any given Z , how many pairs of stable isobars of charge numbers Z , 
Z + 2 can exist. 

The relations (21), (23) , (24) are on the whole in good agreement with 
the empirical riiS , which can be determined from the table of known nuclei, 
for the different (even) values of Z f with a margin of 2 (or in some cases 
only 1) ** In particular, the number of stable isotopes of any odd charge 
number is always 1 or 2, corresponding to 2 n 3 — n 2 ^ 4, The difference 
is found to increase with Z up to 60, and then to decrease; 
the first trend may be understood from (22), while the explanation of the 
decrease at higher Z is not clear (cf. Fuchs' paper)* 


* The d/s can then be deduced in terms of Z from the equations (13)* Owing to the 

slowness of the variation of the right-hand sides of these equations with n, all four d/s 
come to lie practically on the same smooth curve, slowly rising with increasing 2 . The 
orders of magnitude range from ^ 3 MeV (Z ~ 10) to ~ 11 MeV (Z ~ SO). 



PART II 

TWO-NUCLEON SYSTEMS ON THE HYPOTHESIS OF 
CENTRAL INTERACTION 




CHAPTER IV 


DYNAMICAL VARIABLES AND FUNDAMENTAL EQUATIONS 


4.1. Dichotomic variables 

4.11. Definition and main properties. When we have to distinguish 
between two possible states of some system, such as, e.g., the two states 
of different charge (proton and neutron) of a nucleon, we may conveniently 
characterize them by the eigenvalues, say + 1 and — 1, of some quantal 
variable t. A discrimination between the two states in question then 
corresponds to a “measurement” of the variable t, such a measurement 
yielding the answer +1 or — 1 . In a matrix representation, such a 
dichotomic variable will appear as a Hermitian matrix with 2 rows and 
2 columns, and will satisfy the equation 


i 2 = L 


( 1 ) 


From these conditions, it is easily deduced that the most general form 
for i is * 


1 


n 



( 2 ) 


where a is a real number with | a | < 1, and e ±l ? represents an arbitrary 
phase factor. Putting a = cos #, we may also write 


/ cos $ sin & ■ 

\sin ft ■ e l 'r — cos d 

This form discloses a remarkable connexion between our dichotomic 
variables and the directions in ordinary space. In fact, we may interpret 
(#, <p) as the polar coordinates (with respect to an arbitrarily chosen 

system of reference) of a unit vector n, the cartesian components of which 
will thus be 



n x = sin # cos <p 
n y = sin & sin cp 
n z = cos 

Instead of (3) we may then write 

/ «z Tlx — iriy 

• \n x + in y —n z 


H) 

( 5 ) 


We exclude, of course, the unit matrix, which is also a solution of (1)* 
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Introducing now the matrices 


= o) ' o) ' T!= (o-?)' <6> 

we see from (5) that the special dichotomic variables which correspond to 
the directions o£ the y- and 2 -axis, respectively, and which we will 
denote by ? Xf x y > x z , are represented just by these matrices: 


further the relation 


: x 2t x z — r 3 ; 


: lx Hx fly + tz H z 


holds between the variable r and the unit vector n* 

*— >■ 

If we choose another system of reference to represent the unit vector n, 
the matrices x Xf x y , x z will no longer be given by (7); in fact, as is 
immediately apparent from the relation (8), they will transform like the 
components of a vector . The variable r, as expressed by (8), may thus be 

— y 

regarded as the projection of the fundamental vector t with components 

-> — >■ 

Tx> x y , x z on the direction n; as such, it will be denoted as x(n). For the 

product r(n) r(n') we derive from (5), by a straightforward calculation, 
the invariant relation 

z (n) x (n') = n ■ n' + i r (/i A n'). (9) 

from which it follows that 


[t (n), t (n')]+ = 2 n-n' (10) 

[r(n), z(n')]-=2ir{n A n'). * (11) 

Applied to the cartesian (orthogonal) components of the vector x f these 
relations become 

r x xy — ix z (cycl) (12)" 

t [x x ,xy]+ — 0 (cycl) (13) 

[i Xt tj ,]_ — 2ix z (cycl). (H) 

On account of the special representation (6), analogous formulae may be 
written down for the matrices x lf t 2 , x 3 ; they may of course, be directly 
verified with the help of the definitions (6). 

4+1 11* Spin* The correspondence here discussed between dichotomic 
variables and spatial directions is, in the general case, purely symbolical 
But it acquires a real significance in the theory of the spin , or intrinsic 
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angular momentum, of the electron or nucleon. For the establishment of 
this concept the existence of a set of dichotomic variables forming a vector, 
together with the relations (14) between them, is of essential importance. 
As is well-known, spectroscopic evidence showed the necessity of attri- 
buting to the electron an intrinsic angular momentum, such that its 
component in any direction can only have two values of equal magnitudes 
and opposite signs. This spin component must thus clearly be proportional 

— >■ — >■ 

to a dichotomic variable like t(n), which we shall call o(n). The co- 
efficient expressing its magnitude can further be determined by the con- 
dition that the commutation rules 

[S Xt S y ]. = ibS z (cycl.), ’ (15) 

characteristic for the components of any angular momentum, be satisfied. 
Comparing (15) with (14), we see that this is just the case for the 

—>■ 

components of any dichotomic vector r, apart from the factor The spin 
— >■ 

angular momentum S may thus be expressed as 


s = £ft°- ( 16 ) 

4.12. Transformation of eigenfunctions. When, the description of a 
system involves a dichotomic variable r, the wave-functions yj( x r ) depend 
on the eigenvalue t' of r; since t' is susceptible of the two values + 1 and 
— 1, we may conceive the wave-function as consisting of two “components" 

u = yj(+ 1) , v = yj{— 1), 

which, in connexion with the matrix representation of the dichotomic 
variables, are conveniently arranged as a matrix 



with two rows and one column. W^hen operators involving dichotomic 
variables are written as matrices, the result of their operating on yr is then 
obtained by applying the usual rule for matrix multiplication. The quantities 
i u [ 2 , | v j 2 give the relative probabilities for finding the state corresponding 
to t' = + 1 or t' = — 1, respectively (all other conditions being the same). 
The eigenfunctions of these states are therefore of the form 



respectively; the matrix % itself has the diagonal form denoted, according 
to (6), by t 3 . The functions u and v depend, of course, on the other 
variables of the system; in particular, there are many different eigen- 
functions of the type or y?-. 
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Since t has the form the operator which, applied to any wave-function 
if. 1 , transforms it into an eigenfunction is 

T + = i(l+r 3 ); (19) 

similarly. 


T- = i(l-T 3 ) 


( 20 ) 


transforms \p into an eigenfunction Especially, we have, by (18), 


TV xp- — 0 * T_ y>+ = 0, 


( 21 ) 


and conversely, these relations characterize the eigenfunctions of the states 
= + 1 and r' = — 1, respectively. Let now be the dichotomic variable 
corresponding to an arbitrary direction perpendicular to that relating to 
the variable x; in our representation, in which x — this will be, according 
to (7), 

= tj cos cp + r 2 sin cp , (22) 


with arbitrary <p . Since, by (10), x ± anticommutes with r, we have 

Tx T+ — T_ r x . (23) 

Observing that T + T_ — 0, we get from this 

T + TV 0, 


which means, according to (21), that if we apply the operator x x T+ to 
any eigenfunction yj+, the result will be an eigenfunction (while the 
application of Tj_T + to an eigenfunction ?/;_ gives zero). In other words, 
the operator t x T-{- effects the transition from the state x f — + 1 to the 
state %* = — 1. Denoting it by FI, we have by (22) 

II = T X T+ = i (tj — ir 2 ) e 1 '?, 

or more simply, if we choose cp — 0, 

n = i( T i — ** 2 )* (24) 

Similarly, the operator transforming an eigenfunction ip- into one of the 
type y + is or fl+. 


4 + 13* Exchange operators for two identical particles . Let us now 
consider two identical systems (1 ), (2), such as, for instance, two electrons 
or two nucleons: if a dichotomic variable t, and consequently the dichotomic 

vector r, is attached to the system, let rW be the vector pertaining to 

system (1) and x^ the analogous vector pertaining to system (2). Opera- 

tors involving both and r(2) may be written as matrices with 4 rows 
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and 4 columns, the elements of which are numbered by the eigenvalues 
± 1 of r® and r®; thus, for instance. 


r<0r< 2 >=/° ^ 

0 


r® 


rf 


-M 

+ 1 

— 1 

— I 


z®' 

+ 1 

— i 

+ 1 

— 1 

+ 1 

+ 1 

(0 

0 

0 

1\ 

+ 1 

- 1 

o 

0 

1 

°\ 

— 1 

4-i 

0 

1 

0 

0 

— 1 

— i 

\l 

0 

0 

0 / 


{25> 


The wave-functions of the total system (1) + (2) will then consist of 4 
' components”, numbered in the same way and forming a 1 -column matrix. 

Especially interesting are the operators t(i)^( 2) and 


P = -H 1 -J-t<»t®). 

Using (1) and (12), we readily find 


(26) 


(z<» r®) 2 = 3 — 2 (z®~4 2 >), 
from which it follows that 


(27) 


P 2 = 1. (28) 

The operator P is thus unitary (since it is Hermitian and its own inverse) 

■ V -■ 'p - 

and it effects a canonical transformation of the r(2). The result of this 
transformation is, as a simple calculation shows. 


J?tWP = tO> 


Pt(2)p = T (D, 


(29) 


i.e* an interchange of the dichotomic variables of the two systems (1 ), (2); 
P is often called the exchange operator for the variables r. 

According to (28), P has two distinct eigenvalues +1, — L Eigen- 
functions of the eigenvalues + 1 are symmetrical in t< 3 2) \ eigen- 
functions of — 1 antisymmetrical in these arguments; further, they may, of 
course, be taken as bilinear combinations of the eigenfunctions of 

and W® of rfK The three distinct symmetrical combinations 

yjW , y/M yffl , yjO) xpW -j- yj^} ip^ (30) 

imply a threefold degeneracy of the eigenvalue + 1; the eigenvalue — 1 is 
simple, with the antisymmetrical eigenfunction 

„ (31)’ 

4* 14* Equivalent formulations of the exclusion principle . When the 
specification of a particle involves a dichotomic variable, we are at liberty 
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to treat a system of such particles as a mixture of two distinct kinds of 
particles, characterized by the two eigenvalues of the dichotomic variables. 
Thus a system of particles of spin ^ can be regarded as composed of 
particles of “left" spin and particles of “right" spin; a system of nucleons 
as a system of protons and neutrons. In the original conception, each 
particle is defined by an eigenvalue T 3 of the dichotomic variable and a 
set Q of other coordinates; in the new conception, we have two distinct 
sets of coordinates Q. 

The exclusion principle can accordingly be formulated in two equivalent 
ways, by stating either that any wave-function of the arguments Q( l K x^ v 
must be antisymmetrical in all coordinates, or that any wave-function of 
the arguments Q^, Q^a) pertaining to the two different kinds of particles 
must be antisymmetrical separately with respect to the Q {1 ^ and the Q (z * a >. 
The equivalence of these two formulations may readily be seen if one 
observes that the most general wave-function of a system of A particles, 
satisfying the exclusion principle as first enunciated, may be expanded in 
terms of a complete orthogonal system of “Slater-determinants" 51 , con- 
structed in the following way. Take any operator (such as the total 
kinetic energy of the system) which depends additively on the individual 
particles and does not involve any coupling between the dichotomic variable 
and the other coordinates; the eigenfunctions of the corresponding operator 
for a single nucleon will then be of the form 1 ip n (Q)u±(z) r where % is put 
for the eigenvalue T 3 of the dichotomic variable and u±(r) are the eigen- 
functions of r 3 ; 

a+ (+ 1 ) = «-(— 1) — 1 (32) 

a + (-l) = o_(+l)==0; 

and the eigenfunctions of the total operator, satisfying the exclusion 
principle, may be written as determinants of the type 


v»,(Q l,, )«*+f * (1) ) 

.... V *(QW)a + (tW>) 

Vn N (Q W ) «+(*“>) 

• • • • Vn N (Q A) )u + (zW) 

Wn N + 1 (Q (1) ) a- (tW) 

■ - • - Vn K+l (Q w ) 

Wn A (Q (1) ) U- (t ( i) ) 

.... Wn A (Q (A >) II- (r (A >) 


the upper indices pertaining to the different particles, while n 1 ,...,n A 
represent a permutation of the sequence 1 , 2 , A. The Slater-determinant 
(33) refers to N particles in “+ 1 " states and Z — A — N particles in 
“ — 1 " statesron account of (32), it is immediately apparent that it is 
different from zero only when N of the t's take the value *+* 1 and the Z 


* See, e.g., KRAMERS [38}, §71. 
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other the value — 1 * in which case it reduces to the form 



yj n , (Q (mi> ) y ni (Q (m w>) 

I ; 
: 

I i 

Vn N+l (Q lm A’+l») .... Vn N+l 

± 

yj„ N (Q (mi) ) - • • Wn N (Q (m ^>) 

1 ! 

; i 

1 

\'V>n A (Q lm JV+ 1 > ) xp nA (Q (m Al) 


wdiere m lt denotes some permutation of 1 , 2 , This, now, is 

just the type of products of Slater-determinants which would have been 
obtained for the eigenfunctions of a system of N “+ 1 ” particles and 
Z “ — T* particles, considered as two distinct kinds of particles* each 
obeying the exclusion principle. 


4*141* An alternative proof, due to Klein [38], will be given here for 
the sake of its elegance. We would even have given it in preference, were 
it not that it is based on the so-called “second quantization” method, the 
knowledge of which we do not wish to require from the reader. The 
quantized amplitudes of a system of particles satisfying the exclusion 
principle in the form stated above are functions of the GTs and r, say 
a(Q, r), at(Q, r), which obey the commutation rules 

[a (Qj, tj), a (Q 2 , * 2 )]+ = [a+(Qi, Tj), a + (Q 2 , r 2 )]+ = 0 
[a (Qi, Tj), a+(Q 2 , t 2 )] + = <5 (Qj, Q 2 ) 6- t r lt 

where ($(Q 1 # Q 2 ) is the ordinary or the Dirac <5-function, according as the 
Q's have a discrete or continuous range of values. We recall that the pro- 
duct a + (Q,r)a(Q, r)= N(Q,r) represents the number (1 or 0 ) of particles 
in the state (Q, r); as may readily be deduced from (35), the N’s commute 
with all a's and a+'s, except that 

a (Q, r) N(Q,t) = [1 —N (Q, r)] a (Q, r). (36) 


Now, we intend to show the equivalence of this mode of description of 
the system with another, characterized by two sets of amplitudes a + (Q), 
a_(Q) satisfying the following requirements: 

( 1 ) the expressions at a + , at a_ represent the numbers of **+ 1 ” particles 
and “ — 1” particles in the state Q, respectively; 

( 2 ) the (a + , at)* (a~» at) satisfy separately commutation rules of the 
same type as (35); 

(3) any of the (a + ,a+) commutes with any of the (a_„at). 

The two first conditions are obviously satisfied by identifying a + , a_ with 
z±r a(x — ~r 1 ), ± a{% — — 1 ), respectively; the third condition can then 
be fulfilled by suitably fixing the double sign. It suffices to put 


(Q) — a (Q, -f- 1 ) 

2N{Q,+ 1 ) 

a_(Q) =(-!)<? * a (Q, — 1 ). 


(37) 


From (36), it follows, in fact, that 

[a(Q,+ 1), (— l)AW. + »] + = 0, (38) 

whence, taking account of (35), 

' [a(Q. + I). (- i)r^+i)] + = o 

[a (Q, — 1 )* ( — — 0 . 


( 39 ) 
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from (39) and (35), the relations 

[a+ (Qi), (Q 2 )3- = [a + (Qi), ai (Q 2 )]_ = 0 (40) 

are immediately deduced, on account of the definition (37). 


4*2* Wave-equation of the nucleon 

4*21* Linearization of wave~equation . A very remarkable use of dicho- 
tomic variables has, as is well-known, been made by DlRAC [35] in order 
to “linearize” the fundamental equation 


E 2 = M 2 + p 2 


a) 


between the energy E, rest mass M and momentum p (multiplied by c) of 
a free particle of spin i, i.e. to find a rational function of M and of the 
components of p, the square of which would be equal to the right-hand side 
of (1). From (4.11—1) and (4.11—8) we first deduce, for any vector p with 

— >■ 

commutable components, and commuting with r, the identity 

P 2 = (*p) 2 , (2) 

whence the expression r p is seen to yield the desired result as regards 

— y 

p-. We may also decompose the vector p into two perpendicular compo- 
nents p,,,p ± ; with the help of the dichotomic variables r f associated 
w r ith the directions of these components, we may then write, on account of 
the invariant form of (2), 

p 2 = p\ + pi = (*„ p„ + pj 2 - (3) 

This gives us a purely algebraical identity, expressing that the square of 
the rational function p )( + r ± p ± , in which p f p ± are any two commutable 
quantities, while r , r ± refer to two perpendicular directions, is just 

pfi+pi- 

Turning now to equation (1), we can effect its linearization by means 

of two dichotomic variables a, q ; the first of these will allow us, according 

— y — >■ 

to (2), to replace p 2 by (ap) 2 , while the second will be used, according to 

— >■ —>■ 

(3), to express the right-hand side of (1 ) as the square of Q^M + q ± (op). 
This last expression Dirac then assumes as the Hamiltonian of the free 
particle: 

j5 = P n M + £> JL (ap). (4) 

— >■ 

On closer discussion, it turns out that the vector o can be interpreted as 
the spin vector of the particle. For this point, as well as for the further 
development of the theory, we must refer the reader to Dirac's book. Here 
we shall only mention that the other dichotomic variables q and also 
receive simple and important interpretations. 
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We may first enumerate the four components of the wave-f unction by 
the eigenvalues of a 3 and of q , which thus takes the diagonal form " o 3 ; for 
Q ± we may then conveniently choose the form The variable g jt divides 
these components into two pairs, which we shall denote by =y;(o'j=+ 1) 
and yj-EEEip(o'^= — 1), respectively. We now write down the wave- 
equation for separately. To find this, first multiply (4) on the right 
by P_=vr(l — g ([ ); remembering the property of the operator p x P_, 
discussed above { 4 . 12 ), of transforming yj- into we then get 

+ ( 5 ) 

whence, for a state of given momentum p and positive energy E, we find 
for the order of magnitude of the ratio of the amplitudes of ?/;_ a &d ty’-t- 


V- _ P _ v_ 
x E + M c * 


( 6 ) 


v being the velocity of the electron in the state considered. In view of the 
limiting case of slow velocities, the pairs of components ip +9 y 1 - are there- 
fore usually called the “large" and the “small" components, respectively. 
We thus see that g discriminates between large and small components 
of the wave-function. 


If, on the other hand, we choose q ± as dichotomic variable to enumerate 
the components of the wave- function instead of g ;I (so that now g x = te> 3 
and g n = Q lf say), we get another separation into two pairs, called 
“spinors", each of which transforms according to a two-dimensional irre- 
ducible representation of the Lorentz group (excluding reflections). We 
shall, however, not further discuss this aspect of the theory, of which no 
use is made in the book. 


4*22* Isotopic variable. In conformity with the conception of proton 
and neutron as states of different charge of the nucleon, we introduce a 
dichotomic variable to distinguish these states. It will be called the isotopic 
variable **, we make the convention that its eigenvalues +1, — 1 denote 
neutron and proton states, respectively. To the isotopic variable corresponds, 
according to the general theory, a fundamental vector in a symbolical space, 
which will be denoted (to distinguish it from vectors in ordinary space) 
by a clarendon type r, while its components r lt n>, tz, as defined by {4 A 1—6), 
will be distinguished by clarendon type indices. The corresponding sym- 
bolical space will be called the isotopic space . The wave-function of the 
nucleon will then be considered as depending also on the eigenvalues t 3 
of the isotopic variable 73. With the help of the operators 

T + = i(l+r s ) , T- = *(1-T t ) f (7) 

* Dirac takes = — g 3 , = — £>j, which only amounts to a permutation of the 

respective roles of the eigenvalues -[-1 and — 1 of 
** The usual name is “isotopic spin"* 
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the mass M of the nucleon is expressed as an operator 

M = M n T+ + M p T_* ( (8) 

If we adopt [121) for the nucleon the linearization procedure {421) of 
Dirac, the Hamiltonian of a free nucleon takes the form (4), in which M 
has to be replaced, strictly speaking, by its expression (8); it will, however, 
mostly be permissible to neglect the effects of the mass difference between 
proton and neutron and treat M as a constant 


4*221* Interaction with electromagnetic field . In order to account for 
the interaction of a nucleon with an external electromagnetic field, we must 
add to the Hamiltonian not only the usual terms connected with the charge 
of the proton, but also other terms arising from the anomalous magnetic 
moment (121, 122); The Hamiltonian representing this interaction cor- 
rectly to the first order of approximation in the nucleon velocity is the 
following: 


H = Qi o (p — T_ e A) + T_ e V + q 3 M 

— I>7Z T+ + (fZp — 1) T_] fj, 0 oH, 


(9) 


A, V denoting the electromagnetic (vector and scalar) potential, and H 

— ► 

the magnetic field, taken at the point x occupied by the nucleon* From this 
Hamiltonian the wave-equation is derived by interpreting the operators 

H 9 p as 




151 

c dt 



( 10 ) 


More rigorously, we should include into the Hamiltonian the interaction 
of the nucleon with the nuclear field ( 121), which should automatically 
give rise, in first approximation, to the supplementary terms of equation 
(9), In this way, the magnetic anomalies are related to the property of 
nucleons of going over from neutron to proton states, and conversely, 
with emission of mesons or leptons; this may certainly be regarded as 
an attractive feature of the field conception* From a formal point of view, 
considered as a method for correcting Dirac's equation, when applied to 
nucleons, without upsetting its main properties, such a procedure, however, 
is admittedly wrong in so far as it partakes of all the evils of quantum field 
theory, and it remains to be seen whether a much more radical departure 
from the present formalism will not prove unavoidable* 


* From the point of view of a fundamental theory of elementary particles, one has to 
keep in mind the possibility that the mass parameter occurring in the wave equation of a 
nucleon should actually be a constant M> irrespective of the charge of the nucleon, while 
the difference between the observed masses of proton and neutron should be attributed 
to the energy of the proper electromagnetic and nuclear fields created by these particles, 
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4.34 Reduction of the wave-equation of the two-nucleon system 

4*31 ♦ The fundamental wave^equation . The wave-equation of the two- 
nucleon system can be derived, to the first order in the nucleon velocities, 
from the Hamiltonian 

ft' = giiy^D p(0 + p(2) + (pU) 4 - of) M+V> (1) 

in which the nucleon mass M is considered as a constant and the inter- 
action operator X? includes the Coulomb energy 

e 2 

_ -pi) J(2) ^ 

r - - * 

Strictly speaking, a Hamiltonian of the form ( 1 ) is Lorentz invariant only 

when the potential energy X? corresponds to a “ contact ” interaction , i.e. is 
— >■ 

proportional to 6{x) = 6{x)b{y) b{z) . In fact, this mode of interaction is 
the only one allowed by relativity requirements as long as one has to do 
with a direct interaction, without any intermediary field. For the only 
admissible expressions of the interaction energy, from this point of view, 
are of the type 

— > — >- 

/ Sijk... (x) s l l k -" (x) dv, 

involving products of source densities Sifk... taken at the same point of 
space (and the same time); this just corresponds to an interaction potential 

of the form d(x ). Still, the Hamiltonian (1) may be used with any other 
form of distance dependence of V up to the first order of approximation 
in the nucleon velocities. This will be shown in a later section (15.22), 
in which second order corrections will also be summarily discussed. 

The operator X? t which is symmetrical in the sets of coordinates of the 
two interacting nucleons, has to satisfy the following general requirements 
of invariance: 

(a) conservation of energy demands that it be Hermitian; 

(b) conservation of momentum and Galilean relativity, that it depend on 
the position and momentum variables of the nucleon pair only through 
the relative coordinates and momenta *; 

( c ) conservation of angular momentum, that it be invariant under spatial 
rotations; 

(d) V must also be invariant under spatial reflections (this property does 
not correspond to any classical conservation law**); 


* Conservation of momentum means invariance with respect to translations, the 
infinitesimal transformation operators of which are proportional to the components of the 
total momentum. The operators of infinitesimal Galilei transformations are proportional 
to the coordinates of the centre of gravity. 

* * One might speak of “conservation of parity" (in a statistical sense); cf. E. WlGNtER, 
Gott. Nacht . 1927, p. 375. The concept of parity is defined in 4331 . 
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(e) invariance under a change of sign of the time variable implies that V 
remains invariant when the momenta and spin variables change sign, 
while at the same time any operator FI = ^ (ti — ir$) > effecting a 
neutron-proton transition (4 J 2-24), is replaced by the corresponding 
n+ which effects the reverse transition, and vice versa; 

( f ) conservation of charge, that V commute with tQ + r ( |>, in other 
words that it be invariant under rotations about the 3-axis in symbolical 
isotopic space. 

In addition, we shall now assume that 

— — >• 

( g ) V does not contain either the momenta p&\ p^ 2) or the variables 

Q { ? (i= u 2,3); 

this means that we have to do with a static interaction , This is the essential 
restriction underlying the following developments. Combining it with the 
invariance requirements (b ) , (c) and ( d ) above, we conclude that 

— ^ — v 

( h ) V is symmetric with respect to the spin variables cK 1 ), 

4+311+ Reduction to the bary centric system of reference . Let us intro- 
duce the coordinates 

— > — >- 

— ► v-U) -v-( 2) —> -> — >■ 

*b = — T ' P*=P (,) 4-p (2 > (2) 

of the centre of gravity of the system and the relative coordinates 

X = xM — x™ . p = lj (?*) — (3) 

Applying to the Hamiltonian (1) the canonical transformation (2), (3), we 
get, on account of assumption ( b ) about V, 

H' = i fef ^ 2) ) P6 + H. (4) 

with 

a — ( c u>3» — ^ p + ( c (0 + ptt)) M + V. (5) 

— ► 

From this it appears that p&, commuting with ff', is a constant of the 
motion. We may therefore restrict ourselves to such states of the system 
for which 

pb = 0, (6) 

i*e. the centre of gravity is at rest. In this barycentric system of reference , 
the Hamiltonian, expressed in the relative coordinates, is simply given by ff* 
as defined by (5). The total angular momentum (multiplied by c) is, in 
this system, 

— >■ —>■ — y T-j — > — y 

t?/= jtr A p 4- -j (o (I) + o (?) ) ; 


( 7 ) 
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by assumption (c) about V t its three components are constants of the 
motion* 


4*32* Classification of eigenstates by angular momentum. In the usual 
way, let us consider the commutable operators J 2 and J z (z denoting any 
fixed direction in space): the eigenfunctions of the Hamiltonian it will be 
linear combinations of the simultaneous eigenfunctions of these two 
operators. The latter may be obtained as follows. For the square of the 
spin angular momentum (in units b), we get in the first place 

i ffi) + o(2>)2 _ ( 3 + ^d) a(2)) = p 9 + 1 , (8) 

Per being the exchange operator (4.13) for the spin variables. The spin 
eigenstates therefore consist of two systems, corresponding to the eigen- 
values 0 and 2 of the quantity (8): a non-degenerate or singlet system and 
a trebly degenerate or triplet system. Their respective eigenfunctions may 
be written, if v+ t v_ denote in the usual way the eigenfunctions of o z with 
respective eigenvalues +1, — 1: 

Singlet-. ‘(°)o = “= [v+ (1) v- (2) — v- (1) v+ (2)] 

r ** 

Triplet: 3 (o) 0 = ^4 [v+ (1) v- (2) -f- f- (1) v+ (2)] (9) 

3 (a)i = v+(l)v+(2) 

3 (<y)-i = v- (1) v- (2) ; 

these are at the same time eigenfunctions of the ^-component of the spin 
\ (o^ -f- o& ] ), corresponding to the eigenvalues given by the lower indices 
of the symbols (a). It is easy to see that for the singlet states, we actually 
get 

i(5i)+^)i(o) 0 = 0 (10) 

for all spin components. 

On the other hand, the square and the z-component of the orbital 
angular momentum (in units h) 

-► t -*■ 

L = ^xAp ( 11 ) 

have as eigenfunctions the tesseral harmonics* Y™ (Aqp), corresponding 
to the eigenvalues 1(1+1) of L 2 and m of L z . Since, by (7), (8), 

J 2 = L 2 + P'+- 1 + (S»> +4< 2 >) L (12) 

and 

h = L z + \(^ + o% ( 13 ) 

* The definitions and notations adopted for the functions are explained in N. 14* 
Here, r, #, <p are the polar coordinates of particle (1) with respect to particle (2), the 
polar axis being in the z-direction. 



56 


IV. DYNAMICAL VARIABLES 


433 


we see directly that for the singlet system, the eigenvalues of / 2 and Jz 
are, on account of (10), just the same as those of L 2 and Lz, so that the 
eigenfunctions are simply 

1 Z ( / ,m = 1 (a) o yr. ( 14 > 

For the triplet system, we may, according to (13), write the eigenfunctions 
corresponding to a given value l of the orbital angular momentum and to a 
given eigenvalue m of jz in the form 

3 Z ( / lm = aj ■ 3 (o) 0 Y? + bj ■ 3 (a), Y?~ l + cj • 3 (a)_, Y z m+1 . (15) 

The eigenvalues lj of J 2 as well as the coefficients a Jt h Jf c } result, by 
(12), from the eigenvalue-problem 

[1(1 + 1) + 2-Ay] • *Zf m + ?(') + o< 2 >) L • 3 Zf m = 0. (16) 

— >■ 

Using the well-known formulae for the matrix-elements of L, this is readily 
reduced to a set of three homogeneous linear equations in a Jf bf, c } . Putting 
X, — /(/ + 1 ), the zeros of the secular determinant are 


j—l and j = l d= 1 ; 

the normalized eigenfunctions of the form (15) are found to be 


^ 7 m — t. r t ; o 3( \ 

' --own) 1 ' ' l) °' Y ' 

+ y(l+mj{l=Zr^T) - 3 (o)i . Y?- l -y'(l-m)(l+m+l) ■ 3 (a)_, • Yf +1 ] 


1 


3 yr(l) TT 1 

^1 + 1 — 77 


i 


[t 2 r'(H-m-H) (Z-m+1) • 3 (a ) 0 • Yf 


3 z& ra 


]/2(l+l)(21+1) ' ■ ' ' 1 ™ - * (17) 

- i(l+m)(l+m+l) • 3 (<+ • Yf- 1 - i{l-m)(l-m+l) • 3 (a)_ 1 • Y z m+1 ] 

1 


1/21(21+1) 

+ yn-m)(Z— m+ 1 ) ■ 3 (a)i • Y?~ l + V(l+m) ( 1 +m+l) • 3 (*)_i • Yf + ‘]. 


: It 2 /(1+m) (1— m) • 3 (o) 0 • Yf 


433* Reduction to " large* * components , The distribution between 
“large” and “small” components of the wave-functions {4.21) is effected 
by the operator (^ + £^ 2) ) > the eigenfunctions of which form a set 

‘fe)* 3 (e)o> 3 (e)i> 3 te)-t 

built up in a way entirely analogous to (9) with the eigenfunctions w+, 
of the dichotomic variable £ 3 . Any wave-function of our problem may be 
written as 


y) zrr -f~ ipM -j~ 

v w = 3 /i- 3 fe ) i 

v (1) = Yo • 3 te) 0 + Vo * l fe)o 
v w = Y-i • 3 («?)-i » 


( 18 ) 
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y£°) is then the “large” component, yd) is of the first order in the nucleon 
velocities, y(2) of the second order in these velocities. In the following we 
shall, in conformity with our initial assumptions (431), perform the 
reduction of the wave-equation only to the first order of approximation in 
the nucleon velocities; the extension of the method to a higher degree of 
accuracy would, however, be quite straightforward *. 

Inserting (18) into the equation ffy = Exp, taking account of assump- 
tion ( g ) about V, and observing that the “non-relativistic” energy 

e — E—2M (19) 

and V* are also negligible in comparison with 2M, we get 

P>-a< 2 >)p • ¥o ' - i + a®) p-'ft %+V- 3 f 1 =e- 3 fi 

y= -^ 21 ) P' Yi — 2M • Yo (20) 

- ±= (o<» + &) p- Y. = 2M- Yo. 

whence, by eliminating 3 f 0 and ifo and using (4,11— 9), the wave-equation 
for the large component 

(m + ^) ' Yl = £ ‘ (21) 

follows in the form of the ordinary Schrodinger equation with the reduced 
mass |M. Once 3 f ± is determined, the small components 3 f 0 and if 0 may 
be calculated from the last two relations (20). 

4*331+ Properties of the large components. Owing to the property 
(h) of V and to formula (8), the potential commutes with the square of 
the total spin and thus conserves the multiplicity of the large components 
3 f 1 : these eigenfunctions separate into two distinct groups, the singlet and 
the triplet systems. Likewise, on account of the rotation invariance (c) 
of Vr the functions 3 fi correspond to definite values of the quantum 
numbers / and m. In the singlet system, the orbital momentum is hereby 
also fixed (l = /). But in the triplet system, it will in general not have a 
definite eigenvalue: the functions will be linear combinations of the 

3 Zj )m with I/— 1 I </<; + 1. 

The character of this “mixture” of states of different orbital momenta 
can be more closely determined by taking into consideration the parity of 
the eigenstates. When a spatial symmetry transformation with respect to 
the origin is performed, the eigenfunction may either resume its original 
value or change sign: in the former case, we have to do with an even 

* A rigorous treatment, involving the use of group theory, is due to KEJVIMER [37a]. 
The discussion given here is quite elementary. 
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state; in the latter, with an odd state* This transformation property is 
called the parity of the state; it can be designated either by the words 
“even”, “odd” or by the corresponding eigenvalues +1, — 1 of the 
spatial symmetry operator* Any state of orbital momentum l has the 
parity ( — 1 ) l . Now, by property (d) of the potential, the large components 
must also have a definite parity; they can therefore only involve states 
with either even or odd values of L Of the three possible /-values for a 
given j, viz* | / — 1 |, /, ; + 1, the two extreme ones are of the same parity, 
while the middle one is of opposite parity* For every value of /, there are 
thus two distinct triplet states, the one of which has a definite orbital 
momentum / = /, while the other is a mixture of states of orbital momenta 
Z — / rfc 1* Using the well-known spectroscopic notation c L } for states of 
definite orbital momentum, we may express the result of this discussion by 
the following table: 



The coefficients of the Z*s in the 3 /\ may further be decomposed into a 
radial factor and an eigenfunction of the total isotopic variable ), 

characterizing the given total charge of the system. In a notation entirely 
analogous to (9), the latter eigenfunctions form a set 

T ( T )/n,: ’Mo ; 3 M-i . 3 Mo , 3 M+i 

in which the vs occurring in (9) are replaced by the eigenfunctions u +f 
of rs* The eigenvalue mt of the total isotopic variable is also a quantum 
number of the eigenstate; the values mt — — 1, 0, +1 refer to the two- 
proton, proton-neutron and two-neutron system, respectively. 

The symmetry of the charge eigenfunction is indicated by r = I or 3 
(“charge singlet”, “charge triplet”)* The particular eigenfunction T (r)m f 
occurring in the coefficient of a given Z is uniquely fixed by the exclusion 
principle in the following way* When space and spin coordinates of the 
two particles are interchanged, the functions 1 Z\ t)m , 3 Z { j )m are multiplied 
by ( — 1 ) /+1 and ( — 1 ) l t respectively* In order that the total eigenfunction 
be antisymmetrical when we also interchange the isotopic variables, we 
must therefore take: 

Even states Odd states 


Singlet 

Triplet 


3 (*> 

>(*> 


‘W 

3 ( T ) 


( 23 ) 
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For a system of two protons or two neutrons, the eigenfunction 
has necessarily the form 3 (r)ii and the possible eigenstates are accordingly 
restricted to the “charge symmetrical” states. The proton-neutron system, 
on the other hand, possesses the full set of possible eigenstates, with the 
isotopic eigenfunctions 3 (t) 0 and x (t J o- 

Summing up, the “large” eigenfunctions may thus be written in the 
general form 


* p(F) 


— • *z^* m 




m t . 


(24) 


the summation over l' reducing to a single term l' = j or extending over 
l' =z j ± 1 according to the above rules; the value of x' is fixed in terms 
of o and the parity of the state by (23). Inserting this in equation (21), 
it is easily deduced that the radial functions R(r) satisfy the set of differen- 
tial equations * 


V 

M 


<P » 


R { 


m 


[ (l + I) ej£l) 


+ 2(1 1 "V I V) ■ *R {n = *e • °R {1) , 


_dr 2 r~ j v 

in which the matrix-elements of V are defined by 

(/ I ’Vj,m t I V) = 2 1 f dQ *zf m * - *(*)«, • v • ’Z ( p m • r (r) 

*Z’ r 3 


TTlf * 


(25) 

(26) 


the summations are to be performed over the isotopic and spin variables 
t 3 i nfce 9 raX i° n over the angle variables q?; due to the 
rotation invariance of t?, the quantities (26) are independent of the 
quantum number m; the charge multiplicity t is the same for l and since 
these numbers have the same parity. 


434* Central potential . A considerable simplification occurs if the 
interaction operator IP does not depend on the angle variables. In this case, 
it has only diagonal matrix elements of the type (26) and the differential 
system (25) always reduces to separate differential equations for the 
This means that the large eigenfunctions 3 f x all belong to definite 
orbital quantum numbers. The diagonal matrix element of the central 
potential V is, of course, independent of j; in fact, it depends only on 
the parity of the state, not on the value of L It is therefore a function 
of r, which may be regarded as the effective central potential in the 
states of the system with given charge, multiplicity and parity. On account 
of (23), there are, for the proton-neutron system, four independent 
effective potentials, pertaining to even or odd states of the singlet or triplet 
system; we may denote these types of states by the symbols *iS, l P, 3 S, 3 P 
The system of two like nucleons, on the other hand, has only eigenstates 


* 


Indices /, affecting the symbols have been omitted from formula (25). 
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of the types '5 and 3 P and accordingly two distinct effective potentials. 
The radial equation, of which 'R U) is a proper solution, has the form ' 


M 


d 2 

dr 2 


ld+ 1) 


V (!) (r) \ *R 


i (D. 




and the large component of the eigenfunction may be written 


'I&t (r) 




(27) 


(28) 


r being determined by (23)* 

The calculation of the small components 3 f 0 , 1 fo by the l ast two °f formulae 
(20) can be shortened by the observation that the operators on the left-hand 

side, being rotation invariant, transform any 9 Zf * OT into a linear combination 
of other Z T s with the same ; and m; in order to determine the coefficients 
of these linear expressions, it is therefore sufficient to consider only one 

term of the 3 Z T s as given by (15), e*g* a } • 3 (a)o • Yf- Further the operator 
— — > —+ 

(ate) + p in the equation for 1 f 0 does not alter the multiplicity a, while 

that in 3 f 0 exchanges triplet and singlet states; and according to well- 

known formulae, the effect of the operator p is to transform a ZW into 
a combination + For the singlet system, we thus get 


¥o 


3 1) m j ^ * 3 m 


and, by (10), 

^0=0; 

Tor the triplet system, we may write 


and 


3 rrij) m 


a • i zr i,m + / S ' • *zy 


q/ , 


for j=U l f 0 

for ; = Z± 1 : l f 0 ~ 3 Zy 

The remaining explicit calculation is very short and finally yields, with 
(18), the following results; 

Singlet system : 

(0) 

y> = \T) m -- 3 ( Q ) 1 .'Z ( l l]m - 1 R%(r)lr 


V = ’(*)-., * 3 (e) o \j2T+l 3Ztl) " (29a) 

+ 3z ^ +l)m Di+i ] lR » 


?(0 

Irrif 


* The index m t should he added to the symboJs V t i?, s In ( 27 ). 
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Triplet system: 


(0) 


* = /: 


l=j—U yj- 


V = T (r)m t - 3 (e) l - 3 Z { f >m - 3 R%(r)/r 
V='(r)m t - l (Q)o [] /{p~ 3 Z‘r X)m £>-/ 

]/ J 3ryr{j+l)m C^N 

I 7 27+7 D ’+\ 

V = '■<*)-» ['(»). |/JEI 5 Z} 


3 r>0) 
J\m.f 


r(j) m 


+ 3 fc)o 


>(/—!) 

L/72f 


(1) 


3 y (/) m 


* =y + 1 : V = [- '( q)o ]/ 27 qn ^ 




ct\ 3n(;+l) 

X^_(y-hi) rinif . 


In these formulae, the symbol £) y denotes the radial operator 


2Dy: 


if? 1 


} ; 2M r L* r 


(29b) 


(30) 


434 1* Exchange potentials . Besides ordinary central forces, described 
by a potential operator J(r), other types of central interactions, known as 
exchange interactions, have played a considerable part in the historical 
development of the study of nuclear forces. Although they are now super- 
seded by more general kinds of nuclear potentials, it will not be super- 
fluous to mention them here for future reference. 

Let us first consider a potential operator involving the product of a 
general central interaction operator and the exchange operator P x of the 
position coordinates of the two interacting particles: 

V'.= V(r ;o,t)P x , (31) 

the function V depending in an arbitrary way on the spin and charge 
—>■ — >■ 

coordinates crW, o®; tW, t ( 2) . Although the operator P x affects the angular 
variables, as it transforms &, cp into n — &, cp + n f the potential P >/ can still 
be regarded as a central potential, because the interchange of position coor- 
dinates, on account of the exclusion principle, is equivalent to the inter- 
change of spin and charge coordinates and change of sign of the wave- 
function; in other words, we may write 

p x = — p„p r . (32) 

provided the operators are only applied to completely an tisym metrical 
functions. 

As regards the corresponding effective potentials (434), the effect q^E 
the factor Px, which is obviously the same as the operator of spatial sym- 
metry transformation, is simply to change the sign of the effective potential 
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for odd states, while it has no effect on the effective potential for even 
states: 


G IP' U) = (— 1)'- (33) 

Other possibilities are clearly the introduction, as a factor, of one the 
exchange operators Pa or Pz. Also in these cases, analogous properties of 
the signs of the effective potentials can be enunciated* On the whole, we 
may distinguish four fundamental types of exchange potentials, respectively 
defined by 

V W =J( r) , V M = J(r)P x = -J(r)P s P T 

V B =J(r)P,, V H = -J(r)P 7 = J(r)P x P B ^ 

and designated by the names of their promotors: V/igner, Majorana, 
Bartlett and Heisenberg* 


4*4* Electromagnetic interactions 

4A1+ The exchange operators. In a field theory of nuclear forces, the 
operators of charge and current density of a system of nucleons cannot be 
expected to be expressed simply by the sum of the corresponding operators 
pertaining to the individual nucleons* Since at least part of the nuclear 
field must be assumed to carry electric charge (1.21), there will in fact 
occur virtual transitions (1321) involving the exchange of an elementary 
charge between a proton and a neutron and this will imply a redistribution 
of the charges and currents of the system, depending on these virtual 
exchange processes. The corresponding terms in the charge and current 
density of the system (just as well as those in the energy operator) will 
therefore involve the characteristic operators IT z) , nw+ effecting the 
transformation of a nucleon from neutron to proton state or vice versa 
(4.12—24); more precisely, since a pair of nucleons is involved, they may 
depend on the operators IT*) IT*)+ and IT*) IT Z )+, or on the Hermitian 
combinations 


t(*’*> — n<*> nwt + rw nw 

= l(ff + 4 ,1 4‘)). (1) 

niffc)— JL (n«) n«+ — n< £ '>+ n<*>) 

* ( 2 > 

= i (r<‘> ~ rf r<*>) = i (tW A 

Now,- from the general law of formation of the energy-momentum tensor 
on the one hand, and the electric charge and current density on the other, 
from the given Lagrangian of the system (Beunfante [39, 40], Rosen- 
FELD [40], Moller and Rosenfeld [43]), it appears that the former 
quantity involves a sum, and the latter a difference of adjoint quantities: 
the interaction energy will consequently embody exchange terms of the 
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form T ( lk )w( lk \ while in the charge and current density the exchange terras 
will contain factors nU iA ). 

The operator T (12) has the eigenfunctions 3 (t) 0 , 1 (t) 0 and 3 (r)^i with 
the respective eigenvalues + 1, — 1 and 0 (double)* As regards FI (12 >, 
it has, of course, the same eigenvalues, but it does not commute with T <12) ; 
applied to the eigenfunctions 3 (r)±i of a system of two like nucleons, it 
also gives, of course, zero, but with respect to the deuteron system, it 
interchanges charge singlet and charge triplet: 

n (12) 3 (t) 0 = i l {x) 0 , no 2 > *(t) 0 = — i 3 (t ) o * ( 3 ) 

One finds further 

[V 12 K tg>] = - [TM T&] = 2 i n«2J . (4> 

AA2+ The exchange moments * The interaction of a system containing 
charges and currents with a slowly varying external electromagnetic field 
—>• — >• 

£, H can, as is well-known (A2.ll- 6), be expanded in the form 


Vei-magn = — -BP — HM — (Q grad) E — * . . . (5) 

in terms of the successive 2 n -pole moments; in formula (5) we have 
omitted the term involving the total charge and written only those 

— ► 

depending on the electric dipole moment P, the magnetic dipole moment 

M and the electric quadrupole moment represented by the tensor Q* For 
the deuteron system, we must expect, according to the above considerations, 
such moments also to involve exchange terms (there will be further terms 
depending explicitly on the nuclear field variables, but these do not play 
any role as long as no free mesons take part in the process studied); for 
instance, we shall have 

— ► — >■ — 

M — M nuc l + iVfexch (6) 

with an exchange term of the form 

Mexch = n« 2 > (7) 

— >■ 

while M mc \ denotes the sum of the moments of the nucleons; if there is 
no orbital motion (S-state), we have simply 


M aud =>>+>>, (8) 

with {1.21, 1.22, 4.22) 

M {i) = Mo (T<j? Mn + "H? Mp) o (0 - (9) 

The exchange moments give no contribution to the expectation values of 
these quantities in stationary states of the deuteron, but they may give 
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rise to transitions between such states under the influence of an external 
field. Moreover, they will generally contribute to the expectation value of 
the electromagnetic energy of the system in a stationary state, since this 
depends quadratically on the moments, and (fl (1 ^) 2 = \ (1 — i.e*— 1 
in any state of the deuteron. 

4*43* The electric dipole moment and Sieger fs theorem . The explicit 
calculation of the exchange moments falls outside the scope of this work; 
a systematic survey has been given by MoLLER and Rosenfeld [43]. It is 
found, m particular, that the exchange magnetic moment of the deuteron, 
defined with respect to the centre of gravity of the system, is due solely 
to the spin dependent part of the meson field. As to the exchange electric 
dipole moment, it can be shown for any nuclear system to give rise only 
to effects of the second order in the nucleon velocities, and it can therefore 
be neglected. There remains thus just the moment due to the separate 
protons: 

Pnua = eZVH^K ( 10 ) 

l 

which for the deuteron becomes (the moment being again defined with 
respect to the centre of gravity) 

-*■ e t<'> — r® -> 

P Eud = - -i- 3 - 8 x, (11) 

— 

in terms of the relative coordinates x {4311— 3) . 

It is interesting to notice that even the interaction operator — EP n ud 
embodies exchange effects; this may be seen by observing that this operator 
is equivalent, for the calculation of expectation values in stationary states 
or probabilities of processes involving conservation of the total energy, to 


t grad V * P : nuc i A • P n ud , 

— >■ 

where A, V denotes the electromagnetic potential and the dot signifies 
derivation with respect to ct . The two operators differ in fact only by a 
time derivative, which has vanishing matrix elements in the cases mentioned. 
Now, 


PnucX = e 2 T<j) + x « ; 

i i 

while the first term just represents the ordinary contribution from the total 
proton current, the second term may be written, in first approximation. 



£ {- [T» 2 > Tjfl 
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i.e., by (4), 


JL n <«> w™ (xl"-*®), 


( 12 ) 


which is of the exchange type* The expression (12) exhibits a remarkable 

— y 

connexion between the exchange part of P nnc \ and that of the nuclear 
potential. This relation, known as Siegert's theorem (SlEGERT [37], Lamb 
and SCHIFF [38] ), could be used, at an early stage of development of the 

field theory, to write down approximately the exchange part of P when 
the exchange nuclear potential was known* A more exact calculation 

(MoLLER and Rosenfeld [43] ) shows that even when effects of the first 

— 

order in the velocities are taken into account, the exchange part of P is 
represented by an expression of the form (12), in which, however, u?(i2) 
denotes the static exchange potential only. It is this somewhat surprising 
result which authorizes the above-mentioned conclusion that any explicit 
exchange term in the electric dipole moment can only yield contributions 
of higher order in the nucleon velocities. 



CHAPTER V 


THE STATIONARY STATES OF THE PROTON-NEUTRON 

SYSTEM 

5*0* In the following Chapters, the properties of stationary states of 
two-nucleon systems will be investigated, starting from the radial equation 
{434— 27) valid on the assumption of a central interaction. Apart from 
the state of binding of the deuteron, we shall chiefly be concerned with 
scattering processes, and the results of the theoretical treatment will be 
confronted with the experimental data. It will be convenient to examine 
separately the proton-neutron and the proton-proton systems. In particular, 
the Coulomb interaction in the latter case entails an essential complication, 
because (as is well-known) such an interaction influences even the 
asymptotic behaviour of the radial wave-functions, which determines the 
features of the scattering process. V/e therefore begin with the proton- 
neutron system, in which only the nuclear field is operative. 

5*1* Properties of short-range central potentials 

5*11* Types of short-range central potentials . On account of the 
limited range of the nuclear potential (2./), we shall have to study the 
behaviour of the radial wave-equation when the function representing the 
effective potential energy decreases (in absolute value) very rapidly with 
increasing distance. Considering the behaviour at small distances, on the 
other hand, we can at once exclude singularities at the origin stronger than 
a pole of the second order. For if the coefficient of the unknown function 
in an equation of the form {434—27) possessed such a singularity, the 
equation would have no regular integrals, and thus no eigensolutions 
The case of a pole of the second order does not unrestrictedly admit of 
eigensolutions; we shall leave it aside **. In the following, we shall thus 
assume that the potential has at most a simple pole at the origin. We 
propose to show how a discussion based essentially on these assumptions 
only, leads to a fairly complete survey of the general behaviour of the 
eigenfunctions. 

As regards the analytical form of the potential, we may in the first 
place think of simple functions such as that resulting from the meson field 

* This is an immediate consequence of the general theory of linear differential 
equations (WSW, Chapter X, Especially 103), valid for any linear equation of the 
second order such that the coefficient of the first derivative of the unknown has at most 
a simple pole at the critical point considered. In fact, under such conditions, the indicial 
equation breaks down* 

** See N. F. MOTT and H. S. W. MASSEY, The, theory of atomic collisions (1933), 
Chapter II, 3.2 , p. 30. 
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theory, which involve the product of the distance with some constant, 
the inverse of which can then be regarded as defining the range of the 
potential. But we cannot exclude the possibility of more than one such 
constant occurring in the expression of V; if there are, for instance, 
different kinds of mesons with different masses, we shall meet with nuclear 
potentials of the form (ai e~ /j r + a 2 e~" /2r + ♦ . .)/r. Besides, there is no 
a priori reason why the effective potentials pertaining to different types of 
stationary states should not have different ranges. In any case, we can 
refer all distances to one of the range constants occurring in the expression 
for the potential; this particular constant we shall denote by ^ and, for 
brevity, call “the” range of the nuclear force. We then introduce as 
dimensionless variable 

£ = (1) 

Simple types of short-range potentials which have been extensively 
studied are the following (see especially B & B, § 12 and passim ): 


(a) the potential "'well” \ W * ** ^° r ^ ^ ^ ^ ^ (2) 

(w = 0 for £> 1 

(b) the exponential potential w = e~ 2 * (3) 

(c) the Morse* potential w — 2e~ 2 * — e~ 4 * (4) 

m 

(d) the „ Gauss” potential w = (5) 

(e) the meson potential w = /£. (6) 


The last one can, as especially emphasized by Hulth£n [42a] (5.22, 
5231 ) conveniently be approximated by 


also the type 


w = 1 — tgh 2 £ 


(8) 


has been considered (HYLLERAAS [37]). In all the preceding formulae, 
the function w (£ ) has been normalized in such a way that it reduces either 
to £~ 1 or to 1 for £ -> 0. The actual effective potentials are then of the 
form V = — Jw(£); the constant 3 will be called the strength of the 
corresponding effective potential. (In the most general case, both J and 
w{£) must carry indices a, l referring to the type of stationary state 
considered K *.) 


This convention and terminology has a clear-cut physical meaning only 
if the potential is attractive (or repulsive) at all distances* Still, we shall 


* This potential has Been introduced and especially studied by Morse and his collabaro- 
tors; their first paper (MORSE et aL [36] ) contains the fundamental formulae and graphs* 

** In the following* we shall, when convenient without obscurity, omit such indices a, L 
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retain them, for the sake of uniformity, also in the more complicated case 
of a potential repulsive at small ^distances and going over into an attraction 
at larger distances (fig. 2,22); the "strength" J is then negative, but the 
function w(£) , positive at £ = 0, changes sign and passes through a mini- 
mum at some distance fm, after which it rapidly tends to zero: it is, of 
course, the (positive) value J w(^ m ) which in such a case is of physical 
importance, at any rate for states of negative or not too large positive 
energies (5.133), 


In order to write the radial equation (43-1—27) in a dimensionless form, 
we put 


V — 
B = 


M 


M 
ft 2 x 2 


V 


(9) 


. M 

b ~ + W* 3 


and accordingly get 

*& l) + (* BU) +V— = 0. (10) 

Owing to the minus-sign in (9), a positive sign of B = b w(£) means an 
attractive force. To get an idea of the orders of magnitude involved, we 
note that the unit of energy introduced in (9) amounts, if x" 1 is taken 

~d (2.22), to ^A\ 2 i?L m ~5MeV. 


5*1 11* Normalization of radial eigenfunctions . The eigenfunctions of 
the discrete stationary states will be normalized with respect to the variable 
$ according to the condition 


f\R\ 2 di=l; ( 11 ) 

o 

to go over to the usual normalization with respect to r, one has thus to 
multiply the function R($) by the factor fx. For the eigenfunctions of the 
continuum, we have the condition of normalization in the reduced energy 
scale 7} 

fdS R v TR* dr]' — 1; (1 2) 

0 77— A 

we go over to the normalization in the usual energy scale (and variable r) 
by means of the factor ~ la the latter case, it is often convenient to 

introduce, instead of the energy e , the momentum p of the relative motion 
or, better still, the quantity k representing 2n times the de Broglie wave- 
number (inverse of the wave-length l); between these quantities, we have 
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the relations 



(13) 


5.12. Behaviour of radial eigenfunction at small and large distances . 
In order that the eigenfunction ip be finite at the origin, the boundary 
condition 

C R U) (0) = 0 (14) 

must be imposed on the solutions of the radial equation (10). The 
behaviour of these solutions for small values of £ is conditioned by the 
highest singularity of the coefficient of the unknown; from the general 
theory, as developed in W & W, 10.32 , it results that the solution which 
vanishes at f — 0 behaves ~ for small 

Since the nuclear potential becomes negligible at large the asymptotic 
form of the function R will be expressible as a linear combination of the 
independent solutions of the equation 


d 2 W 




W= 0. 


(15) 


For the latter we can take either the confluent hypergeometric functions 

(W6W, 16.12) W 0 ,i +i (2 iz) and W 0 , l+i (—2 iz). with or 

the functions related to those of Bessel (W6W, 17.5): 




y 2 /-,,«>(*)= -4= W m+ ,( 2.-*) + (-1)> Wo,rii(-2iz)|. 

F 2 5T 

For half integer values of the index m, the asymptotic series (W6W, 
76.3) for W 0 r m(z) reduces to a finite sum: 


Wo, /+* (2iz) = e~ iz 


i+U 

77 = 1 


Z7"=o 


nipt ;?) 72 


(17) 


The asymptotic behaviour of a R^ will consequently be essentially 
different according to the sign of tj. For negative 7j f Le. stationary states 
of binding, z — i f , and on account of (17), the eigensolution, which 

must vanish at infinity, will decrease exponentially at large distances: 

(18) 

For positive 7} t i.e. stationary states representing a proton and a neutron in 
relative motion, the formula 


*R {1) — a )'z Ji+i ( z ) + A iz J-u+i) . z — ir 7 £ 


(19) 
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can be combined with the following, deduced from (16) and (17): 



this leads to the asymptotic form 

'R <1) - sin (]^ f -/ - J (21) 

) rr } ?] ^ 

characterized by the phase constant G d( l% ); the factor (jt ] normalizes 
to unity,in the reduced energy scale, in conformity with (12) *. 

While, according to (17), W 0) j + i ( ± 2 i z) ~ z- / for small |z|, and 

(W 6W, 17.24) the same is true of )'z (z) , one has ) ! zji+i(z)~ z l+1 , 

so that the latter function represents the solution of equation (15) satisfying 
the boundary condition (14). In other words, the solution of our 

problem (10) for a positive value of r t goes over into ] z// + | (z) when 

the potential vanishes. Comparison of the asymptotic form (21) 

with the first formula (20) illustrates the significance of the phase 

this constant expresses the influence of the interaction on the behaviour 
of the moving nucleons at large distances from each other. The importance 
of the distortion of the wave-function by the nuclear potential will depend 
on the magnitude of this function in the region where the potential is 

effective. Considering the behaviour for small values of ] i] £ of the wave- 
functions of different orbital momenta, we shall therefore, for a given 
energy, expect the phases to decrease with increasing L The main effect 
will always be that on waves, while the distortion of the waves of higher 
orbital momentum will become increasingly important as the energy 
increases. 


* From equation (10) we derive by partial integration, for two states with the 
same u f l 


-° t 

I Rr, R,,' d£= 1R*4§£ 

0 * 


Rv 


dR n 1 
d£ 


1 

n—v' 


so that the normalization condition (12) takes the form 


lim 

«©“► GO 


n + a 



— Rrj 


dR n ) 
dS )S=4 0 


dfj' 

V — v' 




depending only on the asymptotic form of the solution; it is easily verified that (21) 
satisfies this condition. 
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5.121. Some useful identities. Let 7 R {I) be a proper solution of equation 
(10) and W any solution of equation (15) for the same values of l and >/. 

The integral f W • 'B ll) • ' R^dt; can easily be shown to depend only on 
6 

the behaviour of W and 'R [l) for f = 0 and £ = co. In fact, if we take 
• 5 jR (/) from equation (10), we get 


Q 

/ 




CO r— 

-M 


d 2 


/a+i) 


df 2 ^ ,? ~ I 2 J 

0 0 
whence, by partial integration, and taking account of (15) 


*R il) d£, 


J w ■ °B (l> ■ z R [l) da — 'Ft 




dS 


i R a n* 

d£ _ o 


( 22 ) 


This formula can be specialized in various ways *. Far a state of binding 
(?;<C0), we get, using (17) and (16), 


a 

I 


Wo, l+ ’(2y- V i)-*B a> -'R Ul di 


(23) 


2Z+1 


l+l L dS 




d G R 


W 0ll+k (2i->)£) 


Js=0 


00 

j }/y=ri-I l+l (T^!)-*B (t) -*R (! >di 


_ (-IT! 


lim 


* R W 


dW__ w d’R" 


dS 


dS 


} 


(24) 


j 2 71 co L 

in (24), we have put ln(z) = £-“ Jn(iz) and M/ = W 0 , i+i ( — 2)/ — »?£)• 
For a state of relative motion (? 7 > 0), (20) and (21) give 


00 


+ i (y v £)-*B w -'R i ‘ ) d? = sm*d {l) 


(25) 


0 

oo 


(-D m ^ JV sj-v + »(} ! v f) • ^ (0 • *= 


cos ;r ^ < ^ 


y 2 i? 1 






; (26 


in deriving the last term of (26) use has further been made of the property 
of Bessel functions (W 6W, 17.2 ) 


1 


Jim J„ (*)/-« (z) — r(1 + n) r(1 _„) 


sm nn 
nn 


5*13, General behaviour of eigenfunctions of S~states . The wave- 


* The following identities have been derived, as well as slightly more general ones, 
by HULTHEN [44c, 45a]* 
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equation (10) gives directly the curvature of the integral curve R($) in 
each point: 

= . B = bw(S). (27) 

d^ 

Starting with a solution which behaves like aS at the origin (5*22) (where, 
for definiteness, we take a > 0), we are thus able to follow the whole 
course of the integral curve in its dependence on the potential B($). 

5J3L Repulsive potential If the potential is repulsive at all distances 
(B < 0), it is clear that no negative eigenvalue r\ is possible; since other- 
wise we would have d 2 Rid S 2 > 0, he, the curve would always bend up- 
wards, and consequently exhibit an exponential increase at large distances. 
For positive values of rj t the curve (fig. 5.131) will generally * begin by 
bending upwards, until the point is reached, for which £(£o) + 7] = 0; 
at So the curve has an inflexion point and bends downwards until R(S) 
itself becomes zero; and from this point it goes on oscillating in a fashion 
rapidly approximating the asymptotic form (21); the phase is seen to 
be negative. 




Fig. 5.132-1. 5-state of relative, motion 
(>7 > 0) ; attractive potential. 


5*132* Attractive potential If the potential is attractive at all distances 
(j3>0), the integral curve begins by bending downwards 56 *, so that 
R(S)* after passing through a maximum, will begin to decrease. Everything 
now depends, however, on the rapidity of this variation, which in its turn 
is conditioned by the strength of the potential. Let S' be some value of f 
for which the potential becomes so small that from this point on the wave- 
function may be considered to be sufficiently approximated by its asymp- 
totic form. If when reaching S' the value of R is still increasing, the 

* The only exception would be, for a potential finite at the origin, the case ?; > | 6 |. 
But this case can readily be discussed in the same way as the others and shows the same 
general behaviour. 

** The reader will readily recognize that the only exceptional case, viz. that of a 
potential finite at the origin and a negative eigenvalue with \y\> b t can be excluded. 
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integral curve cannot, of course, go over smoothly into an exponentially 
decreasing one, but must be of the periodic type (fig. 5.132- 1): this will 
necessarily happen for sufficiently small values of b (and of r jf if 

But if b is large enough, it will become possible (fig. 5.132-2, curve 
(a)) for the wave-function to begin decreasing before the point and to 
go over at this point into the exponential decrease required for the existence 
of a stationary state with negative eigenvalue; the latter quantity will 
then be determined by the slope of the integral curve at the point of 
junction We thus come to the conclusion that if the potential constant b 
remains below a certain critical value b lt there can be no state of binding 
of the deuteron. As soon as b exceeds b 1 there will be one such state; the 
case b — b x is a limiting case, for which the binding energy is zero. 

As b increases beyond b lt the eigenvalue corresponding to the state of 
binding under discussion must increase in absolute value, in order to 
prevent a too rapid bending of the integral curve *. At the same time, 
however, the possibility arises of another type of integral curve, in which 
the curve, after passing its first maximum, slopes down till it crosses the 
f-axis on the left of and further proceeds bending upwards on the 



5.132—2 S-states of binding (rj < 0) ; 
attractive potential. 



Fig. 5.132—3. S-state of relative motion 
(?; > 0); strong attractive potential. 


negative side: if by the point f' it has not yet reached its minimum (fig. 
5.132- 3), again only a periodic asymptotic behaviour, with positive eigen- 
value, is possible: but there will clearly be a second critical value b 2 (> b x ) 
of b t beyond which the minimum will have been passed when £' is reached 
and an exponential decrease (on the negative side) becomes possible (fig. 


* It is clear that if b tends to infinity, ] tj | likewise will become infinite. From this 
fact we may infer the impossibility of “contact” interaction (4.31). For a “contact” 
— > 

potential of the form d( x ) may be approximated by potential “wells” of decreasing width 
y~ x and increasing depth J , in such a way that lim J • (a? -1 ) 3 = const, or, by (9), 
lim bln = const The “contact” potential, therefore, corresponds to b co and does 

X-> 03 

not give rise to any stationary state of finite binding energy. A more complete discussion 
of this question, based on the exact relativistic equations of the two-body problem, is given 
by KEMMER [37a] . 
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5.132—2 . curve ( b ) ). For hl> we shall thus have two different states of 
binding, distinguished by the number (0 or 1) of nodes of the eigenfunc- 
tion; the stronger binding corresponds to the 0-node eigenfunction. 
Repeating the argument, we are finally led to the following picture: there 
is a succession of increasing critical values b 0 — 0, b lt b% f ... of the 
potential constant b t such that if bn <C b <C b n +\> there are n S-states of 
binding of the deuteron, the eigenfunctions of which are characterized by 
an increasing number of nodes, from 0 to n — 1, the binding energy 
| | (k = 1, ...» n) decreasing accordingly. As regards the states of 
positive energy, it is easily seen that their phase constants (m contrast 
to the case of a repulsive potential) are positive. 

5*133. Attractive potential modified by very short range repulsion (fig. 
2 22). The discussion of this case proceeds on the same lines as that of 
the preceding ones and clearly leads to general results entirely analogous 
to those pertaining to a purely attractive potential (5.132). Only the 
critical values of the potential for which a new state of binding becomes 
possible will here be determined by the depth of the minimum of the 
potential function. It is also apparent that the influence of the repulsive 
potential at small distances will be the more important on the eigenfunction 
of a state of relative motion, the larger the energy of the system in this 
state. 


5*14* Eigenfunctions of states of higher orbital momentum . For the 
discussion of the stationary states of quantum number Z 0, we con- 
veniently introduce the impact parameter r v defined as the closest distance 
of approach of the two particles. On account of conservation of angular 
momentum, we may write, with the notation (4.32-11), 


pr, = f? \L\, 


p being the relative linear momentum at r [r given by 


p! 

M 


e-’V ll) (r ; ); 


v t is therefore determined by the equation 


e-*V U) (r,) = 


b 2 Kl+l) 

M r 2 


and the corresponding reduced parameter ^ l ~xr l by the equation 


V + *B il) (£,) = (28) 

Comparison with equation (10) shows that at £/ the integral curve has 
an inflexion point. 
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At small £ the solution which vanishes for £ = 0 is (5.12) ~ f /+1 ; the 
integral curve thus starts tangentially to the f-axis at £ = 0, then (owing 
to the dominant term — l (l + 1 )/£ 2 ) bends upwards till f = £z, after 
which point it begins bending downwards (fig. 5.14). If now fz is so 



Fig. 5.14. State of orbital momentum l 
(*> 0 ). 


large that the wave-function at that point already shows its asymptotic 
behaviour, we see that only solutions of the periodic type, with positive 
eigenvalues, can be adjusted at f/*to the upward slope of the integral curve, 
A state of binding, with asymptotic form , can therefore only 

exist if the potential at £i still has a sufficiently large, positive value: 
physically, this means, according to (28), that there must be an attractive 
potential sufficiently strong to overcome the repulsion due to centri- 
fugal force. A more quantitative estimate of the required potentials may 
be obtained as follows: In order to get a lower limit, put the binding energy 
rj — 0; since fz is to be small, B(|z) is either b or b f y 1 . In any case, the 
condition £z 1 yields, according to (28), b^> 1(1+1). When this 
condition is satisfied, there are thus states of binding of orbital momenta 
< l for which the potential is attractive; all states of higher l belong to the 
continuous spectrum of positive energies. 

5+2* Stationary states of binding 

5*20* After the qualitative survey of the preceding section, we go over 
to a more precise treatment of the eigenvalue problem of our equation 
(5.77—10)* We shall first consider some special forms of potential allowing 
of an exact solution; we shall then briefly recall the general variational 
method often used to obtain approximate solutions. The examples treated 
will illustrate the general considerations of the preceding section. 

5*21* The S^states of the potential well. If the potential is of the type 
(5.77-2), the eigenfunctions of the S- states of binding are of the form 

— sin Vb — [ 37 |f (f^l) 


( 1 ) 
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The continuity conditions at j- = 1 then yield 

I i V i = — 1 b ~ \*l\ ct 9 1 b ~ ( 2 ) 

whence for the critical 6-values 

bn-r\ =(n + (3) 

From the normalization condition {5 All— 11), one deduc es, using also the 
continuity conditions at £ = 1, that the cofactor of sin 16 — \y \ £ in the 
normalized eigenfunction is 

[2][^/(l+ rh\)]K (4) 

In practice, the eigenvalue of the energy may be given by experiment, 
while the strength of the potential is not known. The relation (2) can 
then be used to derive b from | y L In the vicinity of a critical value, 
b — | f]\ can be expanded in powers of 1 j ?/ 1 by means of Biirmann’s 
theorem (W&W, 73), So we get for the lowest 5-state (Breit et aL 
[36a, 39a] ) 



5*211* The S~states of the exponential potential . If the potential is 
of the form (5,72—3) b the substitution 

y = 1 b e~* 

reduces the radial equation to a Bessel differential equation of order 

± V — 7], The boundary condition at f — » co then determines the eigen- 
functions of bound states as Bessel functions of positive order 

#~/+T 7T erf). 

The eigenvalues are determined by the other boundary condition, R = 0 
at £ = 0: 

/, m 0t)=o. 

The critical h-values are accordingly the squares of the zeros of J 0 (z). 

5.22 . The S-states of Hulthen’s potential. It has been noticed in- 
dependently by Hulth£n [42a, b] and by Hylleraas and RlSBERG [41] 
that the potential (5.11—7) 



( 6 ) 


while representing a good approximation of the meson potential e — ■/£ 
(5.11-6). gives rise to a wave-equation which can be solved exactly. Let 
us make the variable substitution 

i — — log (1 — x) , x— l — e~ ? . 


( 7 ) 
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and for an S- state of binding, put 


R(£) = %(x); 


(8) 


the differential equation for % is 


x(l — x ) 


dh 

dx 2 


-(2 i\n\ + \)x^ x + bx=Q, 


(9) 


with the boundary conditions 

^(0) = 0; lim 
00 

Now, define n (> 0) by 


%(Q) = Q; lim % (x) = 0 if |?;|>0; #(1) finite if y] = 0* (10) 

S“> 00 


b = n (n + 2 ] :»;|). 


(11) 


If this expression (11) is substituted for b in equation (9), this equation, 
for an arbitrary value rjn of possesses a complete system of eigenfunctions 
%n{x) , given by the Jacobian polynomials v 


Gn (x) = 2 (-If 


1 


1-1 ( n ~~ 1 ) ( n+»' + 2 1 


v— 1 


x (1 — x) 


- 2119*1 


n 


d n 

dx n 


x"-' (1— x) n+2ll, « l , 


(12) 


n being an integer > 1. If then b is considered as a given quantity, the 
relation (11) will determine in^terms of b and n the eigenvalue i] n of >] 
belonging to the eigenfunction % n i 

1 /h ' V (13) 


''^4 n 


The condition that the positive square root } | ?) n j be taken implies, for a 
given b, the limitation 

,2<rb (M) 


nr 


on the number of eigenstates; the critical values of b are just 

bn — n 2 . (15) 


By a simple calculation, we get for the eigenfunctions normalized 
according to (5.111— \\) 

Z n ( x) = |/'^=^ G„ (x). (16) 

The normalized eigenfunction of the ground state is therefore 

Ri® = ]/ ~ e_ (1 - e-*), (17) 

with the eigenvalue 

-Vi=Hb-l)\ (18) 


* See, e.g., R. COURANT and D. HILBERT, Methodcn dec mathcmatischen Physik 1 
<1924), p. 75. 
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5.23. The variational method. As is well-known, the proper solutions 
of equation (5.11— 10) are characterized as the extremal functions of the 
variation problem 



+ }] + bw(S) — 


IU+ 1)1 
f 2 


RdS = 0 


(19) 


which vanish at f = 0 and $ = co. In this problem, the parameter b 
determining the strength of the potential is usually regarded as given, and 
the values of the parameter ?; are sought for which the problem has a 
solution. An equivalent way of stating the problem is to say that such 
functions R are to be determined as make the expression 


7 ] = 



+ b w (f ) — 


ni+ in 

£2 


Rd£ 


I R* R di 


o 


( 20 ) 


stationary. These extremal values are then just the eigenvalues of the 
energy parameter q. 

But it is clearly equally justified and often more convenient to regard the 
parameter rj as given and to determine the eigenvalues of the parameter 6; 
one has then to look for the extremal values of 


b = 




iR*w{£)Rd£ 

o 


( 21 ) 


which, for negative rj t may also be written, on account of the boundary 
conditions. 




f\R\*tv($)d£ 


( 22 ) 


If the potential function tt>(|) has always the same sign, the expression 
(22) is essentially positive (corresponding, physically, to an attractive 
potential): this property is peculiar to the form (22) of the variation pro- 
blem, — the numerator of (21), e*g*, is not positive definite* 
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The above variational principles can be used to find approximate eigen- 
solutions and eigenvalues. A function R of suitable analytical form is 
chosen and made to depend on one or more parameters; the latter are then 
varied and the maximum or minimum problem solved* The solution 
obtained by inserting in the given form the extremal values of the para- 
meters is the “best” one of the form considered and the corresponding 
value of ?] (or b) an approximation to the true eigenvalue of this quantity. 
By inserting the approximate solutions into the identities (5.121— 23,24), 
one gets an idea of the degree of accuracy attained. 


Another method, which has never been applied to nuclear problems, but 
which, as suggested by Dr. Frohlich, might be useful, consists in starting, 
instead of (19), from 



+ + b w (f) — 


1 ( 1 + 1) 1 

S 2 


* ! 


dS = 0; 


(19a) 


i.e. the problem (similar to that of the “least square” method) would be 
to find the function R such that the sum of the absolute squares of the 
values taken by the left-hand side of the wave-equation (5.11— 10) be a 
minimum. See also KRAMERS [38], § 51. 


5*231, The S-states of the meson potential. As an example of the 
variational procedure, we shall briefly discuss the case of the meson 
potential (HuLTHEN [42a, b, 45a], HYLLERAAS and RlSBERG [41]). The 
similarity with Hulthen’s potential (5.22) suggests the variable substitution 
(7). Introducing again the function %(x) by (8), the variational principle 
(21 ) takes the form 


Jz* [<!-*) ^-,-(2)1, 

5b— 0 with b= r 



—x) 2 '^dx 


■ (23) 



(1 — jc) 
log (1 —x) 


For the ground state, the solution % — x corresponding to Hulthen's 
potential suggests the choice of the trial function 


X = x — ex 2 . 


(24) 


the best value of c being determined by the solution of the variation pro- 
blem (23). One readily finds that c has to satisfy a quadratic equation, so 
that for every given 1 5? | there are two solutions for % and b. In particular, 
for 1 1 ] | = '0, these two h-values are the two first critical ones; they happen 
to be 

b x ~ 1,68 , b 2 ee 4.5. 

More precisely, the relation between b and the eigenvalue 1 1] | can, for 
I V [ i, be expressed analytically by the formula 

b — 1,6798 + 2,2655 >T^1 — 0,2456 M + 0,1440 \ V \‘— (25) 
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Even for | >/ j = 1 , the terms written down in (25) yield a value of b 
correct to l 5c. For y | < the contribution from the last two terms of 
(25) does not exceed 2 % of the 6-value. More details will be found in 
Hulthen's papers quoted above. 

It is useful to note that the wave-function R($) of the ground state may 
be represented to a fair approximation by a simple function of the form 

£(f)~£e- w *. 

with a numerical constant tv. For this representation, originally proposed 
by Wilson [38], see also Frohlich, Ramsey and Sneddon [46]. 

5.24. The variation-iteration method . In the case of a central (effec- 

— >■ — 

tive) potential V = — Jw(\x\), the co-factors y>(x) of the spin and charge 
eigenfunctions y (o) T (r) in the total eigenfunction (4.33) 3 f i satisfy a 
wave-equation of the same type (4.33—21) as 3 fi itself. If we go over to 
momentum space, by 


X (k) — (2n) J yj (x) e l k x dv 

(26) 

and 


wu (k) — (2 n)~ 3 1 i v (|x|) e l kx dv t 

(27) 

the wave-equation transforms into an integral equation 


T(k) Z (k) — J J w k (k—k') X (*') dw = 0, 

(28) 

in which the coefficient 


ft 2 * 2 

T{k)= M « 

(29) 

is essentially positive for a state of binding (fi^<0). 

— >■ 

Upon the assumption that the (symmetrical) “kernel** 
positive definite, Le. that 

wic(k — k ') is 

Jr (*) * (* — *') • f (*0 dvjc dv k > 5> 0 

(30) 


for any f(k), equation (28) can be solved by a method of successive 

— ^ 

approximations, starting from an arbitrary trial function % 0 (k) and pro- 
ceeding as follows: Put, for a given e (<0), 

Xj+ 1 (fc) = — “ 5 T / Wk (k—k') Xj (k') dv k ‘ 

T{k) 

Tj = f Xj T (k) Xj dvk (31) 


Wj = j xj $) w k (k ~k') X j (*') dv k dv v 
3j = T/fWj . Jj+i — Wj/Tj+u 

It can then be shown that the sequence J 0 , J|, never increases and 
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that it converges towards an eigenvalue of J; this eigenvalue is the lowest 
one provided the function %o fulfills the condition 

ftiTWzdetJ: 0, (32) 

where % is the exact eigenfunction of the lowest state. In this case, the 
sequence of functions ZjJ^Tj converges uniformly towards the eigen- 
function %. 

This method has been recently investigated by SVARTHOLM [45] and 
extended by him to the treatment of the many-nucleon problem, with special 
application to the 3- and 4-nucleon cases {14.21, 14.22). 

53. Calculation of the phases 

530, As we have seen {5.12) , the asymptotic behaviour of the states 
of relative motion is characterized by a phase constant. For the treatment 
of scattering processes, which depend on just the asymptotic behaviour of 
the wave-function, it is therefore important to obtain sufficiently accurate 
estimates of these phases. 

531 * General variational method . The variational method developed 
for the treatment of the states of binding (5.23) can, as pointed out by 
Hulthen [44 d, 46a], also be adapted to the case of the states of positive 
energy. In our presentation of Hulthens method, we shall follow a line 
of argument due to HYLLERAAS [45]. In the case of negative energies, the 
problem involves two mutually dependent parameters, viz. b and rj, and 
the variation principle consists in expressing that either one of these para- 
meters must be stationary, the other being fixed. In the case of positive 
energies, we have 3 dependent parameters, viz. b t rj and the phase 6, the 
latter entering the problem through the boundary condition at infinity, 
which now states that the eigenfunction must have the asymptotic form 

{5.12— 21) ~ sin(] / ? 7 f — / jz/ 2 + Again we may formulate the vari- 

ation principle by requiring either b t tj or d to be stationary under the 
boundary condition at infinity just mentioned, the other two parameters 
being kept fixed. 

This may be seen as follows; Let us start from {5.23— 20) or {5.23— 21), 
which means that we consider such trial functions R (f; c lr ...,c n ), 
depending on certain parameters c/, as satisfy the equation 

Co 

a (R) =j'ir^- 2 + v + b w® - J Rds= 0 ; ( 1 ) 

*0 

this equation being satisfied also by the varied functions, we have, as in 

(533-19) * 

sn = o. (2) 

* In the formulae (2), (3), (4), the letter S occurs as a symbol of variation, and not 
in its usual meaning of phase constant. 


6 
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C d 2 R 

In calculating dJJ, the expression <3 I R* ~^jg[ gives rise to a term 

«],._■ <3) 

in which also the phase d occurs* It is easily verified that this term 
vanishes if 6 is treated as a constant* The remaining equation 

/W . * *] R ds +]dR[... .] R* d£ = 0, (4) 

6 6 

with the same operator as in (1*) between the brackets, shows that R is 
a solution of the desired wave-equation, satisfying the given boundary 
conditions* It can be interpreted again as expressing that either b ox n 
must be stationary, the phase 6 being kept constant. Another way of 
looking at the matter is to say that, starting from (1), we impose on 3 the 
condition of being stationary for given b and r\ t — for this implies that <3 
is treated as a constant in computing (3). The latter interpretation was 
originally put forward by Hulthen, but both he and Hylleraas now 
favour the former one, which, in fact, has the advantage of reducing both 
cases of positive and negative energies to entirely analogous forms *. 

Anyhow, the practical procedure consists in salving the system of 
equations 

£ = 0, ^ = 0 (i — l,2 n) (5) 

O Ci 

for the parameters c t and <5. In the case of a short range potential, it will 
be convenient to take a trial function of the general form 

R = f (f ; c u . . . , cn) ] {in £) + g {£ ; c u * * * * c n ) i ~£ /-(/+*> (in £)» (6) 

in which f and g must have the properties 


const 

fez A cos <5 


for small £ 


g — A ( — 1 ) l sin 3 . 


The accuracy of the result can be checked by means of the identities 
(5.121- 25, 26). The method can be improved further by imposing the first 
of these identities on the trial function as an accessory condition to remain 
fulfilled when the variation is performed* Further details and examples will 
be found in Hulthen’s papers. 

532 * Estimate of S "phase for nearly critical values of potential strength * 
In general, the S-phases can only be derived from the explicit integration 

* An important difference (HULTHEN [46a] ) is that the stationary parameter) values, 

in the continuum case, do not in general correspond to a maximum or a minimum. 
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of the wave-equation, for instance by the method just outlined. There is, 
however, a case in which they can be estimated directly. Suppose the 
positive potential b is very near one of the critical values 

b = b n — p, (8) 

the sign of the small quantity t 6 being arbitrary. Let %n be the radial eigen- 
function of the S-state corresponding to the critical value bn (and thus 
to 7] = 0) ; it is a solution of the differential equation 

O ff O 

Xn + b n tV Xn = 0, (9) 

which we shall take to be real and- normalized in such a way that 

X* (co) = 1. (10) 

If we write the eigenfunction of an S- state of positive energy yj in the form 

(II) 

jM? 7 

the function ^ is a solution of the differential equation 

Z ff + 2 y ctg ()' tj £ + d) %' + bw% = 0, (12) 

likewise normalized so that ^{oo) =r 1 (5.12— 21)* Therefore, % goes over 

o 

into % n when r\ -» 0 and /3 0. 

Consider now a state of small positive energy rj. The corresponding 
function %(£) can then be approximated by % n . Treating (} and ij r] as 
small quantities of the same order, we derive in the usual way* from the 
differential equation which must be satisfied by the next term in the 
expansion % — % n + ... in powers of j irj, the “orthogonality condition" 

2 i V ctg 3 JXnXn d£—P f w x 2 n dg = 0, 

0 0 

or, more simply, 

y 1 ] ctg <5 — (} n = 0, (13) 

since, by (10), 

00 

2 / Xn Xn d$ = [Xn ( 00 ) ] 2 = 1 ! 


in (13), we have put 

p n = p]w%l d£. 

0 


( 14 ) 
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The energy rj being given, condition (13) yields directly an approximate 
expression for the phase 


tg 


tv 

A.* 


(15) 


Now, if fi is negative, there is a “last” stationary state of binding with 
energy rj n very small in absolute value. This energy has a more immediate 
physical significance than fin, and is determined by the latter quantity. It 
will therefore be advantageous to express d in terms of To find rj n , 
exactly the same procedure might be used as has just been applied to the 
derivation of 8 . We would have to put for* the eigenfunction 


Rn(£) = Zn (16) 

o 

and again approximate %n by A more elegant method, due to KRAMERS *, 
consists in regarding the eigenfunction (11) as an analytic function of the 
phase 8, treated as a complex quantity. For negative r}, we get (since 

tv = * VM) 

ft ~ e-lTST? — e -2 *° 

or, using (15) and the well-known formula e 2zarctg *= y Z. 

R ~ e-VRTf _ -M e lTil f ; 

Pn-t\v\ 

the eigenvalue is determined by the condition of cancelling the increasing 
exponential term, i.e. 


— Vn — fin* ( 17 ) 

Formula (15) for the phase constant may thus in this case be written 
in the form 

, 9 i,= -}ra- (,8) 

If fi is positive, there is no such state of binding; still, we can, for the 
sake of uniformity, make use of the state of positive energy tj — fi 2 n , and 
write in a similar way 

, g a = +| / i : (19) 

to distinguish it from the actual level — rjn, the state of positive energy 
r t n will be called a “ virtual*’ teveL The phase constant is then generally 


* 


Unpublished. 
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given, in terms of the energy | rj n | of the actual or virtual level concerned, 
by 

t9s=± i // ra’ <2o) 

the =h sign being that of /?, Le. + or — according as the level is virtual 
or actual. 

To the approximation here considered, a physical meaning can also be 
attached, as pointed out by HULTHEN [42b] f to the concept of virtual 

level: it is a state in which the mean absolute value of the potential energy 
00 

(the wave-function being normalized in the energy scale, 5J2) 
o 

is a maximum, thus corresponding to a maximum concentration of the 
particle density within the potential trough. This property is readily verified 
by inserting for R the value (1 1) with % ~ % n and sin 2 +<5)^d^(l — cos2<5) ; 

according to (14) and (15), we have thus to find the maximum of 
(1 — cos 2<5)/tg d t and this occurs for <5 = 45°, i.e. rj = rj n * Hulthen 
suggested taking this extremal property as an exact definition of the 
virtual level; but we shall see presently that such a definition is not 
necessarily the most adequate when dealing with higher approximations. 

A simple geometrical interpretation of tg 3 for S-states of very small 
energies is obtained by noticing that the tangent at the point £' where the 
eigenfunction i?(£) practically assumes its asymptotic form (5.72— 21) cuts 
the f-axis at a point of abscissa 

which, for small rj , reduces to 

^ a = na = — tg8lirj. ( 21 ) 


According to (20), we have in first approximation. 



the point in question thus falls on the positive or negative side of the 
f-axis according as the level rj n is actual or virtual (fig, 5.32). In ordinary 
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units, the characteristic length a 0 corresponding to this approximation is 
given by 



a ° qF ]'M|£„ 1' 

(22a) 

5*321 ♦ Calculation of S ^phases for a potential well * In the case of 
a potential well (5.11—2; 5.21) , the calculation of the S-phases can be 
carried out explicitly. The eigenfunction of an S-state of positive energy is 


~ sin ]'b + JJ $ (? < 1) 

~ sin (V > 1 $ + 6) (f > 1) ; 

(23) 

the continuity conditions at f = 1 yield 



\b + 7 ] ctg ~\'b + r} = V ctg ()' rj 4 <5), 

(24) 

whence 

^ l/ V sinl/ V + n + V ctg ib + V cos rj 

* y r] cos y 7] — y'b 4 V ctg }'b 4 V sin ]' »/ 

(25) 


Suppose, now, that b is such that there is an actual level of small binding 
energy [ 37 ( 0 ) |. We may then, using the series for b given in (5.21— 5) , 
expand in powers of ^ | a;(°) |. For the quantity of physical interest 
sin 2 <5 = (1 + ctg 2 ^)- 1 , the result is (KlTTEL and BREtT [39 c]) 

sm 2 6 = v + \Tf®\ [1 + ^ + G ^ I ^ I + G 3 I *7™ !* + ...] (26) 

with 
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exact definition of the virtual state, we should get in the next approximation 
{Hulthen [42 b ] ) 



But in order to obtain an expansion closely parallel to the above, it is more 
convenient to start from a slightly different definition (KlTTEL and Breit 
[ 39c] ), analogous to the relation (5.21—2) valid for an actual level: 

ijb — ctg } b — f/ 0> = y (28) 


which gives instead 



The expansion for sin 2 d is then 


sin 2 <3 = — jL [1 - }'V°> + G 2 V {0) - G 3 (tffli + . . .] (30) 

with the same expressions as above for the G' s. 

53211* Calculation of S^phases for an exponential potential (Rarita 
and Present [37]). Treating the problem as in 5.21 l t we take as eigen- 
function of a state of relative motion the linear combination of Bessel 
functions 

c i /,- u ( y ) + c 2 J- t j j, (y) (y = V* • 

The ratio of the coefficients c lr c. is fixed by the boundary condition at 
£.= 0 : 

CiJ tr ,(ib) + c 2 j_ n -() l b)=o. 


while the phase <5 is defined by the asymptotic form 

lim [c x J iV - (y) -f c 2 J_ lV - (y)] ^ sin (ft] f + <3). 

y-+0 

This means that 3 is the argument of the complex quantity 


_ V*! log V6/2 


JrtTjttb) r{1+n l v) ' 


Hence, in the limit of very small Ytj, we readily derive for t'g 6 an expression 
of the general form (20) or (21), with 

*- = - [f N 0 (}b) -/o tfb) (log + 0,5772 . . . 

N 0 denoting the Neumann function of order zero. 

* 5322. Calculation of S^phases for Hulthen s potential . The theory of 
532 can also be illustrated by the case of Hulthen’s potential (5.11— 7; 

5.22). For % n we have, in virtue of (5.22- 8,12), 

° ( — l) rt d n r h _ x M ^n-| 

Xn = x -[ x h (1— x) ], 


( 31 ) 
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and therefore, by (H), (5.22—7), 


fa 




(32) 


Xn n-l (1 y\ n — JL 

dx n X 11 } 2 n ' 

o o 

For small values o£ we then, get the phase by applying formula (15). 

5323 ♦ Calculation of S~phases for the meson potential . In this case 
{5.231) > we write the wave-function of a state of small positive energy in 
the form (11) with 

z(x) =^f t (33) 

the variable x being again defined by (5.22—7). If now 

b — 1,68 — ft (|/5|< 1), (34) 

the variational method outlined in 5.31 leads (HULTHEN [42 b]) to 


tg<5: 


2,266 ]' 7] 


1-0,125^ — 3,885^- + ... 


(35) 


Suppose that /? > 0, so that we have a virtual level of low energy By 
putting tg d — 1 and rj = 7] x in (35), solving for and introducing the 
expression obtained in (34), we get a relation, entirely analogous to 
{5.231— 25), between the potential strength b and the energy ^ of the 
virtual level 

b = 1,6798 — 2,2655 + 0,6416 fll — . . • ; 

in particular, the identity (apart from the sign) of the coefficients of 
in the two formulae is in accordance with the theory of 5.32. 

533 ♦ Estimate of phases of states with higher orbital momentum. In 
actual cases, the potential G B {1) {£) will, at any rate for Z > 2, be negligible 
for the value of £ given by the impact parameter £i {5.14- 28), If this is 
the case, we can directly use the identity ( 5.121-25 ) to obtain an approx- 
imate value of *3^ . In fact, we may then, in the integral, replace (£) 

throughout by j/-^- (fyi): for £ <C £i, because both functions behave 
approximately as ^ £ l+l ; for £7>£i, because is negligible, so that 

Ji+t (/*?£). We get accordingly 


00 

‘ Sin I <5 , ° ~ y J [y! J l+i (]^)] 2 • 


(36) 


or, with the ordinary (not dimensionless) variables. 


. <r ci 

sin o 




71 

~2 


M 

b 2 


co 


on account of (5.11- 1,9), (5.111- 13). 


( 37 ) 
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Formula (36) or (37) corresponds to the so-called Born approximation . 

According to the assumption made about *B { l) ($), its validity is restricted 
to nuclear potentials insensible at a distance 

, _ iW+T) nr r _ }W+T) 

— i7= — * or r i ~ z — * (38) 

y rj K 

i.e. for sufficiently large l or sufficiently small k . The phase given by 
(36) is always a small quantity; for the integrand in (36) is small for all £: 

for f <i£i on account of ]/f Ji+x (}'?]£) being small; for £>$i because 
C B {1) is then negligible. 

5331 ♦ More accurate estimate . A more accurate estimate can be 
obtained by a variant of Hulthen's method (531), proposed by PAIS [46]. 
It consists in taking as trial function 

ffr /-t/ >-\ /on\ 


- J t +i+ A(yvS); (39) 

according to (532— 20,21), the parameter A is directly related to the phase 
d by 

<5 = — (40) 

It therefore represents only a small change in the order of the Bessel 
function, and in conformity with the general procedure (531— 5), it can 
be determined from the equation (531- 1), in which the value (39) for R 
is inserted* Using a property of Bessel functions *, this gives 




The function (39) can be expected to be a good approximation when 
the influence of the nuclear forces is smaller throughout than that of the 
centrifugal forces. If A is very small, equations (40), (41) reduce to a 
form practically equivalent to the Born approximation (36), on account of 
sin <5 ^ <5. 

For the meson potential B — be-£j£ f e.g., the integral in (41) becomes 

i b / /m+A (V V £) e_f = 2 ^ /+A ( 1 -F 5^) ' ( 42 ) 

Q n (x) denoting a Legendre function of the second kind**. For x > 1 , 
one has (W8W, 15.31, p. 317) 

Q /,.) — in r ( n + 1 ) f i _i_ (” + 1) (n + 2) J_ 1 

Qn( )- (2^) n+l ^(n + l)L + 2(2n + 3) + * * J * ^ 

We must insert the value (42) of the integral, expanded according to 
(43), into equation (41) and solve for A. The Born approximation in this 
case is 

°*w, Q; { l+ h\ m 

* Cf. G. WATSON, Treatise on the theory of Bessel f unctions (1922), p. 403. 

** Cf. G. Watson, lc.. P . 389. 
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PHYSICAL PROPERTIES OF THE PROT ON -NEUTRON SYSTEM 

6*0* In the present Chapter, we shall discuss the available empirical 
material about the proton-neutron system on the assumption of a static 
central interaction between proton and neutron, with a view to deriving as 
much information as possible concerning the form of this interaction* 

6*1* The ground state of the deuteron 

6*11* Energy and angular momentum. The most precise determination 
of the binding energy of the deuteron in its normal state is afforded by 
the study of the disintegration of this nucleus by y-rays: the threshold 
energy of the latter gives directly the binding energy (Myers and VAN 
Atta [42] , W iedenbeck and Marhoefer [45]) 

| e* | = 2,185 db 0,006 MeV* (1) 

The value 1 found (1.22) for the angular momentum of the ground state 
is compatible, according to the parity of the state, either with a (triplet or 
singlet) P-type or, for the most general static interaction, with a mixture 
3 S + (4.331— 22) . The former eventuality would present itself if the 

interaction were described by a Majorana potential with a repulsive 
distance dependence (4.341); but it is ruled out a posteriori by the general 
consistency of an interpretation of the empirical data based on the 
assumption that we are dealing with an even state. In particular, a P state 
would give rise to an electric quadrupole moment much larger than 
observed* 

6*12* Electromagnetic properties * The next question is whether one 
has actually to deal with a mixture of S and D components, or with a pure 
S or D state, Le. whether or not the interaction essentially involves a non- 
central coupling* Definite conclusions have been reached in this respect 
as a result of Rabfs investigations on the electromagnetic behaviour of 
hydrogen and deuterium molecules. His powerful magnetic resonance 
method of analysis of molecular beams deflected by an inhomogeneous 
magnetic field (Rabi et aL [39, 40] ) yields very accurate information on 
the energies of the stationary states of the molecules investigated, including 
not only the interaction with the external magnetic field, but also the mutual 
interaction of the constituent nuclei and electrons due to their magnetic 
dipole and electric quadrupole moments (A2A). The discussion of the 
results obtained with H 2 , HD and D 2 molecules led not only to a precise 
determination of the magnetic moment of the ground state of the deuteron. 
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but also to the disclosure of a small electric quadrupote moment in this state* 
The latter feature is of fundamental importance, in as much as it implies 
the existence of a non-central interaction between proton and neutron* In 
fact, it is in the first place obvious that the electric quadrupole moment, 
defined {A2A 3) as the expectation value of the operator 

Q = i (3z 2 -r 2 ) = ^(3 cos 2 &- 1) = r 2 Y 2 ° (fi) (2) 

2 y 5 

in the substate of maximum magnetic quantum number, would vanish if 
the ground state were a pure 3 S state; this remains true when the relativistic 
correction of the 3 S eigenfunction, which involves P components (434— 
29b ), is taken into account (MoLLER and ROSENFELD [40]) 

Let us therefore consider a general 3 S + 3 D 1 mixture, represented by 
the (unrelativistic) eigenfunction 

yj =ip s cos co + yj D sin co ; (3) 

in this formula, yj s and xp D are the wave-functions of the 3 S and 3 D 1 states 
which combine to form the ground state, both normalized to unity; sin 2 m 
denotes the amount of D state admixture* For y> s and xp D we write, 
according to (434— 28), (4*32—17), 


W s — 'Wo • • 3 Zi 0)m = 'Wo • • % 


W D = 'Wo 


$2 W 3 -7(2) m 


* The exact eigenfunction of a 3 S state is of the form (4.33- 18) 

v = 3 fe)i • 3 fi + 3 <e)o • 3 fo + Hs)o • l fo + 3 (e)-i - 3 f-i : 

for the substate of magnetic quantum number m — 1, we have, according to (4.34— 29b) , 
(4.32-14,17), 

3 fo = ± • ‘(r) 0 • D, 3 f?<°> = -L V ) 0 • Y* • l (r) 0 • Dj 3 i? (0) 

% = }'l 3 Z<» 1 • 1 W 0 • Oj 3 f? (0) = 5= l 3 (c) 0 Yl + 3 (o) l Y°] \t ) 0 • D x 3 i?<°) . 
r } 3 

The expression for the quadrupole moment, exact up to the second order in the velocities 
inclusively (the first order correction vanishes) involves as a factor the integral 

2/dQ Y°|| 3 ft| 2 + | Voi 2 !; 

and since 

s \ I Vo P+ ! Vo P ! ~ 2 I Y\ | 2 + I Y? I 2 ~ 2 • * sin*# + co S 2# 

4 

is independent of this integral vanishes* 
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and, by a calculation which will be developed in 6.121 below, get for the 
quadrupole moment Q = av O : 

Q — q l sin co cos co — q 2 sin 2 co, 

q, = ^J\R 2 V^dr. 

Putting 

— =tga , — tg f, 

we may transform relation (5) into 

^ cos (f — a) /A v 

cos (2 co — a) = r — * (o) 

v cos £ 

Regarded as an equation in o) t equation (6) has two essentially distinct 
solutions co lt co 2 , connected by the relation * 

co t + co 2 = a. 

Now, we may expect the quantities q lf q 2 to be comparable in order of 
magnitude with d 2 10~ 2 ^ cm 2 , while the value of Q deduced from the 
measurements of Rabi and his colloborators **, viz. 

Q = 2,73 • 10“ 27 cm 2 , (7) 


* Taking into account this relation, one derives from (6) 


COS {coi — CO 2 ) 


cos (£ — a) 
cos £ 


and further 


sin 2 co 1 -J- sin 2 co 2 = l — cos a cos {co\ — co 2 ) 
sin 2 co 1 — sin 2 co 2 — sin a sin (co x — c o 2 ), 

so that the exact solutions of equation (6) may be expressed in the form 

sin 2 co = a [ 1 — tg £ ctg a ± } f 1 — 2 tg £ ctg a — tg 2 £ ] . 

** The experiments yield with great accuracy the product of Q with the mean gradient 
of the electric field exerted on one of the nuclei of the deuterium molecule by the other 
nucleus and the electrons. The calculation of this factor is a delicate matter, because it 
requires an accurate knowledge of the electronic wave-function; it has been carried 
out by NORDSIECK [40]. The possible error in the estimation of this factor is the main 
source of uncertainty in the value of the quadrupole moment; it 'amounts to about 2%. 
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is of a much smaller order of magnitude. Accordingly, we may write, in 
a more or less rough approximation. 


i.e. 


, co 2 ^a — lS 


sin 2 co t 



sin 2 (x > 2 


*?i — 2 Q q2 

tf+ll * 


(8a) 

( 86 ) 


These solutions are of very different characters: the former represents a 
very small, the latter a very large modification of the 3 S eigenfunction by 
admixture of a 3 D X wave-f unction. 

A decision between these two possibilities can be reached by means of 
the empirical value of the magnetic moment. Indeed, this value (Rabi et aL 
[39, 40], Arnold and Roberts [46]), 


ju d = 0,8565 d= 0,0004 (9) 

nuclear magnetons, is found to differ markedly from that of the magnetic 
moment of a pure 3 S state, viz. 


fjP d = Pn + p P = 0,8793 db 0,0020 (10) 

according to (1.21-3), (1.22-6): and the difference is directly interpretable 
in terms of an admixture of D state. In fact, for the S + D mixture (3), 
one finds (A2.13—9) a magnetic moment 

Pd = f*° d — l — i) Sin 2 co. (11) 

Inserting in this formula the values of ju d and ju° d given by (9) and (10), 
one gets 

sin 2 co = 0,04. (12) 

This result is compatible only with the first solution, (8a). We are there- 
fore led to the conclusion that the ground state of the deuteron is pre- 
dominantly a 3 S state, with a small admixture of 3 D 1 state . It may further 
be observed (Schwinger [41] ) that the fact that the D admixture cannot 
be larger than (12), together with (8a) and the numerical value (7) of the 
quadrupole moment, leads to an inequality 


q x > 0,5 • 10- 27 cm 2 , 

implying a lower limitation of the range of nuclear interaction *. 


(13) 


* Some implications of the large mixing ratio (8b) were discussed at an early stage 
(when this eventuality could not yet be excluded) by INGLIS [39b] and (not quite 
correctly) by FLUGGE [39]. 
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It must be emphasized, however, that the smallness of D-admixture by 
no means implies that the non-central coupling necessarily contributes 
only a relatively small correction to the binding energy of the ground 
state* On the contrary, several types of non-central potentials have been 
studied, in which the non-central terms in general play a considerable part, 
while nevertheless giving rise to a small D-admixture of the 3 S ground state. 
The discussion of such cases will, however, be postponed until we have 
examined the various implications of the assumption that the main part of 
nuclear interaction is describable by a central potential. From now on, in 
this and the following Part, we shall thus limit ourselves to central inter - 
actions ; the ground state of the deuteron will accordingly be treated as a 
pure 3 S state. 

6.121* Calculation of the deuteron quadrupole moment . We must still 
briefly indicate how the explicit calculation of the quadrupole moment can 
be carried out. Let us define 

D (12) = (o<«>x 0 ) x 0 ) — i , (M) 

where x 0 is the unit vector x/\ x |. The easily established identity (RARITA 
and Schwinger [41 h] ) 

A (r 2 £) (12J ) = 0 (15) 

expresses that £) (I2) depends on the angle variables through a linear com- 
bination of tesseral harmonics of order 1 = 2 . On the other hand, ZM 12 > 
commutes with the total angular momentum and (since it is symmetrical in 
a (i) # a ( 2 )) with the square of the total spin (4.32—8), so that it conserves 
the multiplicity. If, therefore, TP 2) operates on 3 Zf )m , the resulting com- 
bination of the Y™' will just be (apart from a constant factor) 3 Zf* m (with 
the same j — l and m) . The co-factor can be ascertained by explicit 
calculation of the coefficient of one particular 3 (cj)ot (for m = 1, say) in 
0<i2).3 Z (°>^ 'One finds 

3 ZP m = D (I2) . 3 zr m . (16) 

2 j 2 

By direct calculation, one may further verify the relation 

[D (12, ] 2 =4 (1 + P„) — ■£ (2iV— 1) £> (l2) . (17) 

According to (2), (3) and (4), the numerical coefficients occurring in 
the expressions (5) for and q 2 are, respectively, 

S St gJ’Zf 1 “ • YS • d.Q 

- 2 J’ z? " • 11 • 1 dS} ■ 
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by (16), the first quantity becomes successively 


}4jz 3 

IT' 2} 


1 2 J 3z ' r 


■ D (l2) • 3 Z <0>1 ■ Y°2 dQ 


}4jc _ _3 
)'5 2 


(YlfdQ = 

y 2 3 |5 J 


]2 
10 * 


while, by (16) and (17), the second reduces to 

V f 3 ^ 01 '* • [D <12) ] 2 • 3 z 1 ,0) 1 • H do 

2)5 0 ■“ J 

= 2 J 3 Z[ 0) ! * • 0 (,2) • 3 zr 1 • Yt dQ = ^ . 


6*122* Para^ortho conversion * For the sake of completeness, we recall 
here that an alternative, though less direct and much less precise method 
of measuring the magnetic moment of the deuteron, or rather its ratio to 
the proton magnetic moment, consists in studying the rate of conversion 
of para-hydrogen or ortho- deuterium into their respective ortho- or para- 
states under the influence of paramagnetic gases such as 0 2 or NO 
(WiGNER [336], Kalckar and Teller [35], Farkas et aL [35, 38]), 
The ortho-para-transitions will be brought about by the inhomogeneous 
magnetic field of the paramagnetic molecules; the probability of their 
occurrence will evidently be proportional to the square of the magnetic 
moment of the H or D nucleus, and a comparison of the effect for H 2 and 
D 2 under suitably chosen conditions yields directly the ratio \j*p/jua\* 
Owing to the approximate character of the theoretical formulae, however, 
the values calculated for this ratio from the empirical data are not quite 
definite: according to the form of theory adopted, one obtains either 3,8 
or some value between 3,2 and 4; these may be compared with the figure 
3,28 computed from the values of jua and jli p measured in Rabies laboratory* 
On the other hand, if one compares the ortho-para conversion of hydrogen 
and deuterium when dissolved in water or other diamagnetic liquids 
(Farkas and Sandler [39], Casimir [40]), it appears that besides the 
magnetic interaction another mechanism must be active to accelerate the 
deuterium conversion; a closer examination shows that the electric inter- 
action between the dipole field of the water molecules and the deuteron 
quadrupole moment can account even quantitatively for the corresponding 
empirical result. 


6*13* Magnetic interaction of proton and neutron * There are two 
a priori possible configurations of the deuteron which have no orbital 
momentum: they correspond to a triplet and a singlet S state* If the 
nuclear forces did not depend on the spins of the nucleons, the only 
energy difference between these states would be due to the different 
magnetic interactions of the constituent nucleons; this effect has been 
calculated by CASIMIR [36a] under the assumption that the magnetic 
moment of the nucleon results from a current density distribution of the 
— >• 

form rot M f being the density of magnetization* There can of course 
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be no certainty about such an assumption as long as the theory of the 
anomalous magnetic moment is not better founded, but it is in any case in 
accordance with the charged field theory outlined in 1*21. The interaction 
operator of the current distributions of proton and neutron * will then be, 
if t ppf denotes the distance of the points P, P f {1.31-7), 

v maga = — f rot/> m { p ] • rot P' a 1 $ • — — , (18) 

J r PP' 

— >* . — 

the operators W l \ in the configuration space {x^, x W) of the nucleons, 
having the form 


M (0 (1) = v U) <5 (19) 

with /T(0 given by {4.42- 9). We have to average this over the density 
distribution defined by the eigenfunctions (large components) of the l S 
and 3 S states {4.34— 28). 

For the calculation of the expectation value in such spherically sym- 
metrical states, the operator (18) is readily found, by partial integrations, 
to be equivalent to 


V magn 


— T f ^ Vp Jr K f gra ^ 9 radp ') 

— fj, u (2) d ( x ) — grad) (,u (2) grad) 


dv p , 

r pp> 


( 20 ) 


= -^>> 3(5 - [3 (> (>>^) -»]- 

The first term arises from a surface integral over an infinitesimal sphere 
with centre P, which is accordingly excluded from the domain of integration 
of the second term (as indicated by the sign °); as it stands, the first 
term is correct only for the calculation of (S | ... | S) matrix elements, but 
its more general expression would not offer any interest, since it does not 
yield any contribution to other matrix-elements, on account of the vanishing 
of the radial part of the wave- functions at the origin. For S states, however, 
it is just this first term which gives the whole expectation value, the 
average of the second one over all angles being zero **. The expectation 


* If we assume that there is no spin-dependent interaction, there is no contribution 
of the exchange magnetic moment to the magnetic interaction energy {4.43). 

** At first sight, the contribution from the second term of (20) would seem to be 
indeterminate, owing to the divergence of the mean value of r“ 3 in an S state. But 
this singularity arises only through the neglect of a relativistic correction factor 

o+'-^r being the total interaction energy. The latter quantity 

becoming infinite (as r~ 3 ) at the origin, this factor indeed secures the convergence 
of the mean value of r” 3 . 
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value of the factor containing the isotopic variables is, of course, fi n p . p ; as to 

— y — > 

the spin factor aCOaCs), or 2Pa — 1 (4.13-26) , its average a s is — 3 for the 
singlet state and + 1 for the triplet state. We finally get for the magnetic 
interaction energy in those states 


' 7^(0) 

* maon 




R i0) (r) 


r=0 


(p = 1,3). 


(21) 


If we suppose the nuclear potential to be the same for both states, we 
should take l R {0) = 3 R {0 K Since jun < 0, t a P > 0, this would mean, however, 
that the singlet state would be lower than the triplet state, — a conclusion 
in contradiction with the spectroscopic evidence indicating that the ground 
state has angular momentum 1 (6.11). This is a strong argument pointing 
to a significant spin dependence of the proton^neuiron potential > large 
enough to depress the 3 S below the l S state. The order of magnitude 
of singlet-triplet separation due to magnetic interaction is easily estimated 
from (21). One may write in general * 


R ( \) 2 _ 2 x 2 

r r=o | So I 


( 22 ) 


a 0 being the characteristic length (5.32- 22a) associated with the ground 
state and a a numerical factor of the order of 2 or 3* The level separation 
is therefore, by (21), (22), 


3-rg(0> 1 t=>(0) 

V magn * magn 


t f4 i Pn | 


Pp- 


2 }M | 



0,013 a' MeV, 


(23) 


if the values (1.21—3), (1.22-6) and (1) are inserted, and is taken 
to be of the order of d (we have written « 2 a = d~ 2 a ; a' is again of the 


* Formula (22) is easily obtained, in a rough approximation corresponding to the 
limiting case of a force of zero range, from the normalization and continuity conditions 
for a potential well of vanishing width. For a well of finite width, we get according 
to (5.21-1, 4,5) 

m) , uBa F k9 ss2 , ra |i,_o.i9 l TO). 

f J£=0 1+VM 4 

which, by (5.32- 22), is of the form (22), with a £^2,2 (taking |s<>[;^2,18 MeV and 
ar- 1 ZZd). For Hulthen's potential, formulae (5.22-17, 18) yield 

EW?3f=o = b {b + 1) = 2 VRI (1 + 3 + 2 1 V I) : 

taking here for the value corresponding to a meson mass M m ~ 240 m (1.32— 12; 
133-1 3), i.e. * ^ 1,75 dr\ we get a £2 2,4. 


7 
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order of 2 to 6) . This is a quite small interval compared with the separation 
due to the spin dependent nuclear interaction: in fact, as we shall see, this 
interaction is so large that there is no ] S state of binding of the deuteron. 

6 . 2 + Scattering of slow neutrons by protons 

620 ♦ The evidence for the existence of a strong spin dependence of 
the proton-neutron interaction, discussed in the preceding section ( 623 ) > 
is corroborated by the study of the scattering of slow neutrons by protons. 
In this section, we shall first develop the theory of the scattering process 
(in a form valid also for larger neutron velocities) ; we shall then summarize 
the revelant empirical data and discuss their implications as regards the 
nuclear potential. 

6*21. Theory of proton-neutron scattering . In order to describe the 
process of proton-neutron scattering, we look for a solution of the two- 
body problem, with given total energy, asymptotically representing an 
incident plane wave !P mc and a scattered spherical wave W scatt : 

^^nc+^scatt* (1) 

Such a solution will be a linear combination of the eigenstates of the given 
(positive) energy 97, of the form { 433 - 18), (4.34-28). To the first order 
in the nucleon velocities, the differential cross-section for the scattering of 
a given incident wave will therefore be 

( 0 ) ( 0 ) ( 1 ) ( 0 ) ( 1 ) 

dS= 2 1 i Wscatt | 2 r 2 dQ = 2 {[W] 2 + (¥¥*+ W* *F) ] scatt r 2 dQ t 

4 , 4 4, 4 

the incident wave being normalized to unity. From (4.33-18) it appears 
that the summation over q ' 3 will in any case make the first order 
contribution vanish, so that we have only to compute the large component 
<Q) 

S^catt ; in the following calculations, we shall accordingly omit the index (0) 
and the factor s (g)i in Tf 9 and the summation over q 3 (which just gives 1 ) 
in dS, so that we simply write 

dS = 2\W^r*dQ. (2) 

4 

The incident wave representing a proton and a neutron moving with 
relative momentum p in the z- direction has the asymptotic form 

~ { a + (1) u- (2) e lkz =F u_ (1) u + (2) e"«* } , (3) 

a_ being the eigenfunctions of t 3 , and the double sign being — or 
+ according as the spins of the two particles are parallel (o = 3 , triplet 
system) or antiparallel (a = 1, singlet system); k is p/b as given by 
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(5.1 1 1—13) . With the help of the well-known expansion 


e ikr = J Q (2 1 + 1 ) i l Pi (cos 0) • y - 


(4) 


1 = 0 


2 ikr 


(the normalized spherical harmonic Y°— | (2Z + 1 ) \4ti Pz (cos #) , Pi being 
the corresponding Legendre polynomial; see N.14), we may write (3) in 
the form 


r a* 


me ^ ) 4 7T (2/ + 1) Y/ * T (l)o ' 

1=0 


e -ikr 

2 ikr 


( 5 ) 


where 


T ( t )° = I «+ (!) «- (2) =F (— 1) Z a- (1) u+ (2) \ (6) 

is just the eigenfunction defined by {4331- 23)* For the incident wave we 
may thus take as the most general combination 


-*■ in 


e-=l,3 m 


2 7m s ' 






S 


( 7 ) 


with arbitrary amplitudes " J Jm s (for o — ms — 0; for a = 3, m s = — 1, 

0 , 1 ). 

The total wave is, according to (4.34- 28) and (5.12- 21), of the general 
asymptotic form * 


W=^2 'ay- 


U)m 


7 772 . T J 


Wo 


>z/fc 




1 e~ ikr ~ 


■ re 


( i ) 


2ir • i l 


(8) 


The condition that W — W mc represents only an outgoing spherical wave 
readily yields 


a t 722 $ > ^ 


12 Z + 1 • (<j)m s * r? ■ "Wo 1 


>ikr 


ikr 


Me 2 


roW . 


- 1 ). ( 9 ) 


According tQ (6), this may be written as 


W xM ^^u + (\)u-(2) 2 . . . + ~ u- (1) a+ (2) 2 1 (T)(-1) Z ... 


) ; 2 




} f 2 


777 s > ^ 


Now, in a scattering experiment, the identity of the particles is fixed by 
the production and detection arrangements, so that e.g* particle ( 1 ) is 
in the neutron state, particle (2) in the proton state* We then have 


* The normalization factors occurring in ( 5 .12— 21) have been included in the coeffi- 
cients &. 
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Hi) 1 ) = U_( 2 ) = 1 , u_(l) = u+( 2 ) =0 and only the first sum in the 

expression of subsists. If we further assume the incident wave to 

be unpolarized all \ e Jm s \ 2 are equal; normalizing to unity, we get from 
(3), (7) for their absolute value ^ 1 r Jm s | 2 = 4 and the differential cross- 
section ( 2 ) becomes 


dS = ~2 dQ 2 1(21+1 )(2/'+l) F? F° 2+ sin sin *<5 (n cos [^ (,) -^ (n ]. (10) 

« /, /' O' 

For the total cross-section we get, on account of the orthogonality of the 
harmonics 


§~Ti 2(21+ l)2^sm 2l <3 ( \ (11) 

K l $ 

Each state of the given energy contributes to the total cross-section a term 
proportional to the square of the sine of its phase and to its “weight" 
(2 1 + 1 ) a. 

The differential cross-section, giving the angular distribution of the 
scattered particles, consists of an expansion in terms of the successive 
powers of cos &. Since the phases decrease with increasing l (5.12) t the 
main contribution to the scattering will in any case be that of the S- waves, 
yielding a spherically symmetrical distribution (in the barycentric system 
of reference). The P-waves will mainly contribute, by interference with the 
S- waves, a term in cos # in the angular distribution, and so on. It is 
important to observe, however, that the coefficient of any power of cos $ 
in the differential cross-section strictly speaking depends on all waves of 
different orbital momenta. 

The total cross-section, on the other hand, is less sensitive to the in- 
fluence of the waves of higher orbital momenta, as formula ( 11 ) shows. In 
the case, treated in (5.32), that there exists an actual or virtual 5-level 
of sufficiently small energy [ r}&) |, we get from (5.32— 20), (11), (5.11—9) 
and (5.11 1— 13), for the corresponding contribution of the S- wave to the 
scattering cross-section for not too fast neutrons 



rj Tt'b 2 1 

^7 + N (0) f" Me+T^r 


( 12 ) 


or 3 times this quantity if the level belongs to the triplet system. In the 
limit of zero energy of the scattered particles , the scattering cross-section 
becomes, by (5.32—21) and (5.111— 13) 

S (0) = n a 2 , (13) 

•where a has the geometrical meaning explained in 5.32; it also appears 


* For the scattering of polarized neutrons, see 6.35 . 

** Of course, the same result would have been obtained from the second sum of 
^scatt * corresponding to the other possible numeration of proton and neutron. 
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here as the radius of the '‘sphere of action” of a proton with respect to a 
very slow neutron. A more or less rough approximation to a is the quantity 
a 0 defined by (532— 22a); for the deuteron ground state, one has 

3 a 0 = — JL= = 0,44 • 10- 12 cm. (H) 

VM|s 0 | 

The binding energy of the deuteron is so large, however, that the formula 
(12) or the approximation a ^ ao in (13) are insufficient as regards the 
3 S contribution to the scattering. The necessary correction cannot be given 
independently of the form of the potential; we shall now calculate it in 
the case of the well potential and we shall see that it is quite considerable. 

6+211* Case of the well potential . According to*the explicit calculation 
of the S-phase, carried out in 5321 , we see that the right-hand side of 
formula (12) must be multiplied by a correction factor (5321- 26, 30) 

f= 1 ± lOT + G 2 \of )\ ± G 3 W 0) \ l + * * * , (15) 


the zb sign corresponding to an actual or virtual level, respectively, and 
the G’s being given in terms of s/\ s (°) | by (5321— 27). If the width ^“ 1 
of the well is denoted by D t the parameter ±1' | | is, by (532-22), 

just D/a 0 (with its sign); we may thus re-write 



Since the range D does not occur in (12), but only in the co-factor f, the 
expression given by (12) is often called the zero range cross-section , and 
f the correction for finite range . 

Likewise, one has 

a = a 0 fo , (17) 

where f 0 represents the series (16) for e — 0; the coefficients Gz are then 

G 2 = 0,345 , G 3 = 0,025 , G 4 = — 0,012 (e = 0). (18) 

For the 3 S scattering, the general expressions of the G’s may be written, 
on account of (6.11— 1), 

G 2 = 0.345 — 0,057 E 

G s = 0,025 — 0,053 E (19) 

G 4 = — 0,012 — 0,016 E + 0,002 E 2 

(E expressed in MeV); 

in these formulae, E(=2e) denotes the kinetic energy of the neutron 
with respect to the proton at rest (6.212). The range D being of the order 
d, the ratio D/ 3 a 0 is, by (14), of the order 0,64, which shows the impor- 
tance of the finite range correction in this case. 

6 * 212 + Transformation to laboratory system . The preceding treatment 
of the scattering process utilizes the barycentric system of reference, in 
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which the behaviours of proton and neutron are entirely equivalent. For 
practical purposes, however, we must go over to a “laboratory” system of 
reference, in which the bulk of the scatterer is at rest. When we have to 
do with the scattering of neutrons of large kinetic energy (i.e. large 
compared to the binding energy of protons in substances like paraffin, 
~ 0,4 eV), the protons may be considered as free and we may take as 
laboratory system that in which they are at rest. The above theory is then 
immediately applicable and the transition from the barycentric to the 
laboratory system, as appears from the self-explanatory figure 6.212, is 
effected in the following way *: 



Laboratory Barycentric 


Energy of scattered particle 
Deflection angle 
Azimuth 

Element of solid angle 

/ Deflection angle of recoil 
If recoil \ particle of scatterer 
proton is ' 

observed / Element of solid angle for 
V recoil particle 


E = 2s 

0 — 

0 = <p 

4 COS 0 d Aab = di2 b ar 


©' 


4 cos 0' dQ'lab — 


71 O’ 
2 ~ 2 

cf 12 bar* 


( 20 ) 


The relation between the elements of solid angle expresses the fact that 
an angular distribution with spherical symmetry in the barycentric syst em 
corresponds to a “cos © -law” in the laboratory system. 

In the case of very slow neutrons, however, the binding of the protons 
and their thermal motion becomes of considerable influence on the scattering 
process. This effect was first pointed out by Fermi [36] ** and further 
discussed by Bethe [37] (§ 59C, p. 122—127), Arley [38], and Sachs 


* It has been assumed that particle (1) is the neutron, particle (2) the proton. 

** A somewhat more accurate method than Fermi’s has been developed by BREIT 
[47a] and BREIT and ZlLSEL [4 7b]. 
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and Teller [41] *. We cannot enter into this question here, we shall 
only indicate, in the next sub-section, the principle of the method by which 
it can be treated. Empirical results obtained with very slow neutrons should 
thus always be corrected for the binding effect 55 * before being compared 
with the free proton formulae 

6*21 3* Scattering of slow neutrons by bound protons. In order to 
account for the binding of the proton, one has to add to the Hamiltonian 
of the proton-neutron system a term of potential energy depending only 
on the proton coordinates. At first sight, this would seem greatly to 
complicate the solution of the corresponding wave-equation. But an in- 
genious argument, due to Fermi [36], leads to a very simple treatment 
of the scattering problem in this case also. This argument is based on the 
fact that, on the one hand, the neutron wave lengths involved and, on the 
other hand, the distances over which the binding potential changes 
appreciably are both much larger than the range of the nuclear potential. 

— y — y 

The asymptotic behaviour of the wave-function f W (x^ n \ x^p)), responsible 

— y — >■ 

for the scattering, will thus be the same as that of a function &(x( n \ x^) t 
smoothed out by taking the mean value of W with respect to the neutron 
coordinates over a sphere of radius intermediate between neutron wave- 
length and range of nuclear force. A wave-equation can then be set up 
for 0, in which the influence of the nuclear potential appears only as a 
small perturbation. 

In order to avoid unessential complications, we shall first carry out this 
procedure under the simplifying assumption that the nuclear potential is 
spin independent; we have then to do with only one scattering radius a for 
neutrons of zero velocity (6.21 ) , the same in triplet and singlet configura- 
tions. Let us then consider some length r 0 much smaller than the neutron 
wave-length, but at the same time large compared both with the range 
x- 1 of the nuclear force and with the scattering radius | a |. Let 2 be the 
volume of a sphere of radius r 0 , and 


(*<">, xW) = -^J w & n) + X'. xW) dv'. (21) 

— >• 

Since 0 differs appreciably from W only for such values of x^ n \ xW that 
the distance r = [ xW — xW | is smaller than r 0 , we may put 

¥=0 x (r), (22) 


* The main formulae are not written down correctly in this last paper; their correct 
expression is given by GlBERT and ROSSEL [46], 

** ARLEY’s paper* [38] contains numerical evaluations useful for the reduction of 
experimental data. 

*** Conversely, an interesting attempt has recently been made by ROSSEL [47] to 
develop the study of the scattering of slow neutrons by chemical compounds in definite 
states of aggregation into a method of analysis of molecular and mtermolecular forces, 
f For convenience, we here treat proton and neutron as different kinds of particles. 
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the function ^(r), which expresses so to speak the distortion of the wave- 
function due to the nuclear potential, tending asymptotically to unity; we 
have further neglected the angular dependence of y since we know that 
for slow neutrons we have mainly to do with S-wave scattering. Calling 
the total Hamiltonian without the nuclear potential V* f we may write 
the wave-equation for 0 as 


U' <p + ^ J [V S']> )+ - = E®. 

jr 


or approximately, by (22), 


£f' E<5, 

(23) 

with 



(24) 


Combining (23) with the equation U' W-\- \P W— E W for W and with (22), 
we get for to the same approximation, 


M 


P 2 


+ V>-U 


z = 0> 


p being the relative momentum operator. Now, we may solve this equation 
by disregarding the last term, since, with the solution so obtained, this 
term turns out to be negligible in comparison with the first. We thus have 

X=y. R"-J~VR = 0, (25) 


i.e. just the radial equation for an 5-wave of zero energy. Therefore, 
remembering the geometrical meaning of the quantity a introduced in 
(532— 21) and normalizing so that ^(co) = 1, 

R( 0) = 0, i?(r)~-a + r. (26) 

We may now evaluate 11 in the following way; for r > r 0 , Z1~0; for r <1 r 0 , 
we approximate it by putting r = 0, so that 


r 0 r 0 

[by (25)] U x V (r') Z (/) r' 1 dr' = ^- ^ J R" r dr 


4 71 . rn/- pi r o 

y r ■•'Jo 


4?ib 2 a 

M 




[by (26)] 
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Denoting by <5 ro ( r ) the function 


d r 0 (r)=~2 for r<r 0 
= 0 for r > r 0 , 

so that J d ro {r)dv = 1, we may thus write 

do 

5Jr): 


(27) 


(28) 


this is the potential which in the equation (23) for ^ represents the in- 
fluence of the nuclear forces. It is easily seen that in comparison with the 
other terms of the equation, it can be regarded as a small perturbation 
throughout. We may therefore apply to the scattering problem the Born 
method of approximation. Consider the process by which a neutron of 

wave- vector k 0 (=p 0 /b) is scattered with wave-vector k the proton 
going over from the state 0 of binding energy — E q, represented by the 

eigenfunction 9 ? 0 (x^)), to the state 1 of energy — Ei and eigenfunction 

< Pl(xW ); the partial cross-section for this process is given by 


dS(k o ;0+l) = ^\f(k o ;0+l)? dQ* 

Kq 

0 -> 1 ) = ~ 2 - j 12 (p * (^(p)) 12 (|x (n) — x ip) \) cp Q (x^ p) ) dv in) dv^ p) (29) 

2?z q J 


h 2 

2M* 


{ko—k 2 i) = E 0 — Ej. 


In this formula, dQ * refers to the system of reference in which the centre 
of gravity of the total system (neutron + proton + system to which proton 
is bound) is at rest, and M* denotes the reduced mass of the neutron in 
this system of reference, which may be taken as “laboratory system". 
Inserting the value (28) for Z1 and replacing < 5 r 0 (r) by the 5 - function 
(which corresponds to r 0 -» 0 ), we get 

f(k 0 ; 0 -*■ 1) = 2 a e iik °- k ' )x 9 ?* (x) <p 0 (x) dv. (30) 

This theory is easily generalized to the case of the scattering of a slow 
neutron by a bound nucleus of mass A: we have then simply to replace, in 

formulae (28) and (30), the reduced mass by M; the general 

meaning of the scattering radius a is that the expression Si — d?ia 2 
represents the total cross-section for scattering of slow neutrons by free 
nuclei of mass A. In particular, in the limiting case of infinitely tight binding 
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of the scattering nuclei, we have only elastic scattering, and M* — M; the 
differential cross-section (29), (30) reduces to the form 

J a 2 dQ~: (29a) 

the scattering is spherically symmetrical in the laboratory system and the 
total scattering cross-section becomes 



<Si 


'free* 


(29fc) 


For tightly bound protons, for instance, it is 4 times that for free 
protons; for tightly bound deuterons, the corresponding factor is 2,25* 

We have still to indicate how the influence of spin, dependent nuclear 
forces is taken into account. In the case of scattering by protons, this 
means that the scattering radius has different values ff a for the singlet and 
triplet configurations. For a given spin transition, we have then to replace 
a in (30) by the corresponding matrix-element of the operator 

a = W(1+A)+ W<l-^)> 

Pa being the exchange operator for the spin variables; by {4 A3- 26), this 
may be written 

a = i (3 • 3 a + 1 a) + ± ( 3 a— ] l a) (31) 

This formula is readily extended to the case that one of the interacting 

particles has an intrinsic angular momentum S, with quantum number S 
different from one finds 


* = irr w " la + SsTT ,2S,a + < ,!Ma - Ma > STT • (31a > 

The mean value of a 2 for all possible spin states of the colliding particles is 


-3 *S + 1 


. (2S+2) a 2 . 


(2S) a 2 _ 


(31b) 


25+1 1 25+1 

For scattering of slow neutrons by bound deuterons, e.g., we have to take 


a = -g- (2 • *a + 2 a) + ('‘a — 2 a) o M 5 (31c) 

and, instead of (28), 

U. « | • <5 (+">—+*>) . (3 Id) 

6*22* Experiments on the scattering of slow neutrons by protons . 
Numerous determinations of the scattering cross-section of protons for 
neutrons of various energies have been carried out. The arrangement of 
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all such experiments is quite straightforward: between the neutron source 
and the detector, a sample of the material to be tested is introduced and 
the resulting decrease of the neutron intensity is measured; from this, the 
scattering cross-section is easily deduced. In our case, the scatterer will 
consist of some hydrogenous substance, such as paraffin or water and the 


6.22—1. Scattering of thermal neutrons by protons 

Reference 

Scatterer 

S’ 

10 - - 4 cm 2 

S 1 

10 34 cm 2 

GOLDHABER and BRIGGS [37] 

paraffin 

47.5 ± 5 

17,7 ± 2 

Frisch et al. [37] 

paraffin 

48+3 

18 ± 1,5 

Powers et al. [38] 

~ C 16 H 34 

42,5 ± 0,9 

15,8 + 0,4 

CAROLL and DUNNING [38] j 

QH 10 

50,0 

18,6 

~ C 22 H 46 

50,7 

18,8 

Hanstein [406] 

Q 6 H 34 ’ 

49,0 

18,2 

BRICKWEDDE et al [38] 

h 2 o 

42,2 ± 1,8 


( 

ch 4 

36 +4 

— 

Libby and Long [39] ' 

c 2 h. 

46 +3 

17,1 ± 1,3 

C 2 H 6 

46+3 

17,1 ± 1,1 

GlBERT and ROSSEL [46] 

h 2 

31,6 ± 0,6 

— 

Rossel [47] 

h 2 o 

40,7 ± 1,5 

— 


h 2 

31,8+0,5 




h 2 o 

44,6 ± 0,5 

— 


ch 4 

45,4 ± 0,3 

— 


C 2 He 

46,4 ± 0,5 

17,4 + 0,2 

Carroll [41] 

c 3 h 8 

46,9 ± 0,6 

17,6 ± 0,2 

C4H 10 

48,7 ± 0,6 

18,3 ± 0,2 


_ TT ( solid i 

44,9+0,4 

16,8 ± 0,15 


n C 16 H 34 < 

( gas 

50,1 ± 0,4 

18,8 + 0,15 


~ C22H46 

49,8 ± 0,2 

18,7 ± 0,1 


n C 32 H 66 

50,2 ± 0,2 

18,8 ± 0,1 

Marshall [46] ** 

h 2 o 

44,4 

— 


* Thick In detectors covered with In foils to minimize resonance activation 
were used. 

** Neutrons from uranium- graphite pile. 


cross-section for H is calculated from the molecular cross-section by 
assuming additivity of the atomic cross-sections (incoherent scattering) *. 


* This additivity may break down for thermal neutrons, owing to interference effects, 
especially if the scatterer is in a crystalline or polycrystalline state. See on this point 
H, Beyer and M. Whitaker, P.i?. 57, 976. 1940; F. Rasetti, P.i?. 58, 321. 1940; 
O. HALPERN, M. HAMERMESH and H. JOHNSON, P.i?. 5% 981. 1941; R. SEEGER and 
E. Teller, P.jR. 62, 37. 1942; R. WEINSTOCK, PJR ■ 65, 1. 1944; E. FERMI, W. STURM 

and R. SACHS, PJ?. 71, 589. 1947. 
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Jt is therefore advisable to measure also the cross-section of C or O, as the 
case may be, under the same conditions. (In the experiments reported 
below, this has always been done, unless otherwise indicated.) The 
experiments cover an extended range of energies of the impinging neu- 
trons; the energy regions explored are actually determined by the 
available neutron sources. At the moment, we shall be concerned with the 
region of slow neutrons > up to about 50 eV, within which the scattering 
cross-section will not be expected to vary appreciably. The value obtained 
can therefore be regarded as the limiting cross-section for zero energy. 

Numerous measurements have been carried out with ** thermal neutrons , 
i.e. neutrons in thermal equilibrium with the material from which they 
emerge; if T denotes the absolute temperature of this material, their mean 
kinetic energy is of the order of kT , i.e. ^ 0,026 eV at room temperature. 
Until recently, the usual source of thermal neutrons, or neutron howitzer , 
has been a Rn— Be tube surrounded with paraffin. But some experiments 
(Marshall [46] ) have already been performed with the thermal neutrons 
issuing from a uranium-graphite pile. The thermal neutrons are selected 
by comparing the measurements with and without interposition of a Cd 
filter. The neutron beam is collimated by suitable walls and diaphragms 
lined with B and Cd, and detected by means of a BF 3 ionization chamber 
connected with a linear amplifier. The cross-sections obtained must be 
corrected for the effect of proton binding {6212, 6213). We shall first 
give results of measurements in which the paraffin of the source as well 
as the scatterer were at room temperature. In the table 6.22—1, we have 
collected — together with some cross-section values obtained with lighter 
molecules — chiefly those pertaining to hydrocarbons of high molecular 
weight; only in the latter case has the reduction factor from the cross- 
section S' per bound proton to the free proton cross-section S been worked 
out with any accuracy (Arley [38], p. 31, 32). 

If the source is cooled (by liquid air, say) a marked increase of the cross- 
section S' is observed, in agreement with the theoretical expectation. For 
the ratio of the new cross-section to that at room temperature, it is found: 


6*22-2. Scattering of cooled neutrons by paraffin 

Reference 

Neutron 

temperature 

Ratio 

observed 

Ratio 

theoretical 

Frisch ef al. [37] 

^ 88 °K 

1,09 ±0,05 

1,34 

Powers et al. [38] 

i SS 120 °K 

1,3 ±0,06 • 

1,25 


No better agreement can be expected in view of the far-reaching schema- 
tizafcion of Arley s theory. 

More satisfactory results, however, have been obtained by investigating 
the scattering of neutrons of ordinary thermal velocity by hydrogen gas 
cooled to very low temperatures; for the reduction formula of SACHS and 
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Teller [41] may then be applied to derive from the observed cross-section 
S' the free proton value <S* The following table summarizes the relevant 
data: 


6*22— 2a. Scattering of thermal neutrons by cooled hydrogen gas 

Reference 

Gas 

temperature 

S' 

icr 24 cm 2 

S ! 

1CT 24 cm 2 1 

Libby and Long [39] 

Gibert and Rossel [46] ) 

90 °K 

77 °K 

20 °K 

22 ±4 

27.2 ± 1,6 

26.2 ± 2,9 

14,7 ± 2,7 

19.2 ± 1,1 

20.3 ± 2,3 


The large and rather uncertain correction necessitated by the binding 
effect makes it desirable .to carry out measurements with neutrons of 
energy > ^ 1 eV, when this effect becomes negligible* As already stated, 
the cross-section for neutrons of a few volts may, of course, equally 
well as that for thermal neutrons, be identified with its limiting value 
for zero energy: for the other energy quantities which enter into the 
description of the scattering process are of ‘"nuclear" order of magnitude 
(0,1 ... 1 MeV). Now, the scattering of resonance neutrons, the energies 
of which are just in the region from 1 to about perhaps 50 eV, may be 


6*22—3. Scattering of resonance neutrons by protons 


Reference 

Source 

Filter ! 

S 

l 

: i 

1 i 

10” 24 cm 2 

Simons [40] 

Be (y Ka , n) 
in paraffin 

Ag, I 

14,4 ±0,8* 

COHEN et al. [39] 

Cohen et al. [40] 

id. 

id. 

Rh 

Ag, In 

^ 20 ± 2 ** 

Hanstein [40b] 

Be (p,n), beam j 

In 

| 21 ±1 

collimated I 


Hanstein [41] 

id. 

In, I 


* In deriving this value, large corrections had to be applied owing to the 
unfavourable “geometry” of the arrangement. Moreover, the value here given 
differs from that published by Simons, because a better value of the oxygen 
cross-section has been used in reducing the experimental results. According to 
CARROLL [41], the slow neutron cross-section of oxygen is 

S 0 = (4,12 ± 0,10) * 10"“ cm2; 

BRICKWEDDE et al . [38] give essentially the same value. 

In the reduction of the data, the slow neutron scattering cross-section of 

carbon 

S c = 4,83 ■ lOT* cm2. 

as given by GOLDHABER and BRIGGS [37] , has been adopted; it agrees with the 
more recent measurements of HANSTEIN and DUNNING [40a] and MARSHALL [46]* 
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studied thanks to a “resonance filter* ’ method, devised independently by 
Cohen, Goldsmith and Schwinger [39] and by L. Simons [40]. A 
filter of a material possessing a resonance level for slow neutrons is placed 
before the scatterer, and the detector is made of the same material (shielded 
by Cd to eliminate thermal neutrons); measurements are carried out with 
and without the filter. The same source as for thermal neutrons can be 
used; but larger intensities have been obtained by means of the reaction 
Be (p, n ), with a cyclotron as the source of the necessary protons of high 
energy (threshold of the reaction at 2,01 MeV) (HANSTEIN and 
Dunning [40a]). 

From table 6.22-3 it may safely be concluded that Simons* [40] value 
is definitely too low; in particular, it is not (as was for some time believed 
owing to an overestimation of the proton binding effect) in agreement with 
the thermal neutron measurements. It must also be observed, in this con- 
nexion, that systematic errors in such experiments will tend to lower the 
observed value of the scattering cross-section. There is no doubt that the 
most reliable figure is that given by Hanstein [406, 41]; we shall there- 
fore adopt, for the scattering cross-section for neutrons of zero energy, 
the value 


5 = (21 =fc !)• 10“ 24 cm 2 . (32) 

6*23+ The level of small energy of the deuteron. Let us now 
compare the value (32) of the scattering cross-section for zero energy 
neutrons with the theoretical result. If there were no spin-dependent 
term of nuclear interaction, the singlet and triplet S levels would practically 
coincide and the quantity in question would be just four times the limiting 
value <§K°) given by (13); Le., disregarding the finite range correction 
(which does not alter the order of magnitude) and taking account of (14), 
4rr (%o) 2 — 2,39 - 10~ 2<i cm 2 . This figure is in complete disagreement with 
the experimental result (32), which is about 9 times larger. For larger 
neutron energies, on the other hand, the discrepancy would soon become 
very much smaller: according to (12) and (20), one would have (again 
neglecting the finite range correction) 

Q 4 Ttff 2 1 

O ao spin force— M * T E | 6 0 | * 

for E = 4,1 MeV, say, this gives 1,24 - lO- 2 ** cm 2 , indeed of the same 
order of magnitude as the measured value 1,73 * 10~ 24 cm 2 (table 6,413). 

The way out of this difficulty, as first suggested by WlGNER (quoted 
by B & B, p. 1 17) , is just to assume that owing to a strong spin dependence 
of the nuclear potential there Is some (actual or virtual) l S level of much 
smaller energy (in absolute value) than the ground state. In fact, the 
cross-section (for zero range) then becomes (writing, for symmetry, j s € (o) | 
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instead of | £q| for the energy of the ground state) 


s < E > =f S 


i E + 1 3 £(0>] I E + i 


1 


: l d°) I 


(zero range), (33) 


and for E = 0, 


S (0) = 3jz ( 3 a 0 ) 2 + 7t (^q) 2 (zero range) 


a o = 


iM\w) 


= 0,44 • 10“ 12 cm, 1 a 0 = dz — 


(34) 


]'M | 1 


While this modification has but small effect for relatively large values of 
E, it gives much larger results for very small energies if | |, 

the contribution to the scattering from the singlet term then becoming 
preponderant. Adjusting the parameter j !£(o) | so as to get for S(0 ) 
Hanstein's value (32), we get from (34) 


3 a 0 1 =(2,47 ± 0,07) * 10~ 12 cm, J 1 e Q |= 0,067 0,004 MeV (zero range); (35) 

we shall see presently that the correction for finite range does not 
appreciably modify these values. The analysis of the scattering data yields 
only the absolute value of the quantities 1 a 0 and 1 s 0t so that the question 
whether the 1 S level is actual or virtual cannot be decided on this evidence* 


6*231* Radiative capture of slow neutrons . The large spin dependence 
of the proton-neutron force revealed by the strong scattering of slow 
neutrons by protons is further confirmed by the discussion of the radiative 
capture of such neutrons by protons, leading to the formation of deuterons 
with emission of y-rays. This point will be treated together with the other 
radiative processes in a later section (.6.52). It must be pointed out that 
in contrast to the elastic scattering, the radiative capture effect is sensitive 
to the actual or virtual character of the *S level; however, as we shall see, 
the evidence in this respect is not entirely conclusive. A definitive settle- 
ment of the question is provided by experiments on neutron scattering by 
para- and ortho-hydrogen, to the study of which we shall now proceed* 


6*3* Slow neutron scattering by hydrogen molecules 

6*30* The scattering of very slow neutrons by molecular hydrogen 
requires special consideration when the energy of the neutrons becomes 
of the order of magnitude of, or lower than, the excitation energy of the 
rotation levels of the molecule; such a kinetic energy 0,01 eV) cor- 
responds, of course, to a de Broglie wave-length of the order of magnitude 
of the mean distance between the two H atoms. We must then take 
account of two peculiarities, which, as emphasized by TELLER [36], have 
a considerable bearing on the problem of the spin dependence of the 
proton-neutron interaction and in particular on the question whether the 
l S level of low energy of the deuteron is an actual or virtual one. In the 
first place, hydrogen molecules provide us with two different arrangements. 
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of the proton spins,, viz. the para-configuration (antiparallel spins) and 
the ortho-configuration (parallel spins). If the nuclear forces did not 
depend on spin, this would of course make no difference to the scattering 
of neutrons but if they are spin-dependent, the two configurations will 
react differently. Assume, in fact, (to consider a simple case) that the 
temperature of the hydrogen is so low that practically all molecules are in 
the lowest para- or ortho-configuration (in some given proportion). If the 
neutron energy is too small to excite a para-molecule into the ortho-state, 
the scattering by para-hydrogen will only involve para-para transitions in 
the molecule, while the scattering by ortho-hydrogen will comprise both 
ortho-ortho and ortho-para transitions, the latter being entirely brought 
about by the spin dependent interaction between neutron and proton. 
Further, since the wave-length of the neutrons is of the same order of 
magnitude as the distance between the protons, we shall expect strong 
interference of the neutron waves scattered from the two protons. The 
effect of such an interference will depend very sensitively on the relative 
sign of the triplet and smglet phase constants, i.e. of the constants 3 a and 
la; we thus see that, while the scattering by protons only yields information 
on the absolute values of these constants, the phenomenon under discussion 
may reveal whether the 1 S-level connected with la is an actual or a virtual 
one. 

631* Experiments . The effects just described have actually been 
found when looked for. The chief difficulty in these experiments is to get 
rid of any admixture of neutrons of higher velocity which tend to blur the 
characteristic difference sought. If one uses as a neutron source the 
usual “howitzer” (6.22), the paraffin being cooled, say, to liquid air 
temperature, the Cd filter procedure becomes insufficient, since it only 
suppresses neutrons of energy above 0,4 eV. Still, the first experiments, 
carried out with this source (HALPERN et aL [37], BRICKWEDDE et aL [38], 
Libby and Long [39] ), were already able to establish the essential quali- 
tative conclusions that 

(1) oH 2 scatters neutrons of & 0,01 eV mean energy 120 Q K 
temperature) much more than pH 2 ; 

(2) the cross-section of pH 2 is markedly smaller for neutrons of 

0,01 eV mean energy than for ordinary ( ^ 300 °K thermal 
neutrons. 

The quantitative results for liquid hydrogen (BRICKWEDDE et aL [38] ) 
and for hydrogen gas cooled down to ^90 °K (Libby and Long [39]) 
were as follows: 


* Bxcept in so far as the spacing of the rotational levels is different in ortho- and 
para-hydrogen. This effect would only be noticeable for a critical energy of the impinging* 
neutrons. Cf. SCHWINGER and TELLER [37a]. 
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6*31* Scattering of neutrons by molecular hydrogen 

Neutron temperature 

~ 300 °K 

~ 120 °K j “p-filtered” 120 °K ! 

Molecular / „ H 

, * \ ° tl2 

cross-section ] 

55,8 (44 ± 8) 

78,7 (78 ± 10) 1 

i 

100,1 

( 10~ 24 cm 2 ) < P H 2 

29,0 (44 ± 8) 

17,6 (38 ± 8) j 

12,6 

* The figures between brackets refer to hydrogen gas at ~ 

90 °K. 


The figures given in this table for liquid hydrogen correspond to a molecular 
cross-section of 48,7 * 10 -24 cm 2 for scattering of ordinary thermal neutrons 
by liquid hydrogen of normal composition (75 % oH 2 ); the comparison 
of this value with that for gaseous hydrogen at the same temperature of 
20 °K, viz* (52,4 ± 5,8) * 10~ 24 cm 2 (table 6*22— 2a), shows that there is 
no appreciable effect of inter molecular forces. Libby and Long's values for 
hydrogen gas at 90 °K, quoted in the above table, point, though less 
convincingly, to the same conclusion, when allowance is made for the 
thermal motion of the gas molecules* The last column in table 631 concerns 
120 °K neutrons which have been filtered by a layer of liquid para- 
hydrogen; owing to the relative transparency of pH 2 to “cold*’ neutrons, 
the effect of this filtering is to attenuate the high energy “tail” of the 
neutron distribution* The large differences caused by such filtering 
strikingly illustrate the disturbing influence of the inhomogeneity of the 
neutrons* 

A considerable improvement in this respect could be obtained with the 
help of the neutron monochromator devised by Alvarez [38] . The principle 
of this apparatus is very simple: it consists in modulating the ion beam 
which produces neutrons by some suitable nuclear reaction, and arranging 
the linear amplifier of the detecting BF 3 ionization chamber to be sensitive 
only when the ion source is off. This arrangement will only record neutrons 
of velocity d/t t d being the distance of the chamber from the source and t 
the phase difference in time between the modulations of the beam and the 
amplifier. In the actual apparatus (Alvarez and PlTZER [40 £>]), the 
deuteron beam from a cyclotron activated a Be target and the Be(cf, n) 
neutrons were slowed down by a paraffin block placed near the 
target ** The distance d was about 7 m; the modulation frequency being 
60* sec"* 1 , the time t could be chosen so as to select neutrons of 
~20 °K (the corresponding effective velocity of these neutrons* 4 " being 

]/ 7zkTj2M ^ 509 m/sec, this gives t ^ 1/73 sec). The scatterer was hydrogen 
gas cooled by boiling liquid hydrogen at 20,4 °K. After correction for 
capture of the neutrons by the protons, the scattering cross-sections 
obtained were 



ioo ±3 ; 

5,2 ± 0,6 1 


10 - 24 


cm* 


0 ) 


* The time t must then be sufficiently long compared with the life-time of the neutrons 
in paraffin, to avoid any disturbance from the interposition of the paraffin block* 

** This is the effective velocity for B absorption, cf. BETHE [37], § 60 A* 
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thus qualitatively agreeing with the former measurements, but yielding 
a much larger value of the ratio ortho/para. 

6*32* Theory. The quantitative treatment of the effect under discussion 
(SCHWINGER and Teller [37a]) requires only a slight generalization of 
the procedure sketched in 6.213. We have just to replace in ( 6.213-29 ) 
the functions qp 0 > <p ± by the required eigenfunctions of the hydrogen mole- 
cule (including the motion of its centre of gravity) and the operator U. by 

U= U (\x<*'—xW\) + U (\xM — xW\). (2) 

Separating Z1 into two parts, symmetrical and antisymmetrical, respectively* 

— >■ 

in the proton spins, we get, by (6.213—2 8) [with <5 ro (r) S (x) ] and 
(6.213- 31), 


H — | (3 • 3 a -f- ‘a) + ( 3 a — *a) o (n > • — — — j ’ (x {nPl) ) + 6 (x^ np ^)] 

_ J (3> 

+ ~ ( 3 a — »a)3«> ■ g(Pl> ~? W (*<«*>)_ d (xl»A))] t 
— >■ ~ —> 

with From this expression, it is easily deduced that 

the scattering cross-section for transitions involving no change of the 
— y — >- 

total spin [a<A)-{- a W] c f the molecule (i.e. para-para and ortho-ortho 
transitions) contains the factor 


(3 * 3 a + *a) 2 + S (S + 1) ( 3 a- 'a)\ (4) 

5 being the spin quantum-number of the molecular state (S =z 0 for para- 
states, S = 1 for ortho-states). For transitions involving a change of spin 
(ortho-para and para-ortho transitions), the cross-section is proportional to 

2ST7’ < 5 > 

5 denoting the spin quantum-number of the initial state (that of the final 
state being 1 — S)* These expressions exhibit very clearly the interference 
features described above (630). 

For the cross-sections of para- and ortho-hydrogen in their lowest states* 
we can write accordingly 

<Spara = p (3 • 3 a + ! a) 2 + £ p -> o ( 3 a — *a) 2 

^ortho = o (3* 3 a -j- *a) 2 + (2 <S 0 ~> 0 + <S 0 ~> p) ( 3 a — l a) 2 , ^ 

the coefficients <S being certain functions of the neutron energy, represented 
by * fig. 632; the indices correspond to the transition involved; p and 


* Analytical expressions for the S’s, which, besides the neutron energy, involve only 
parameters of the hydrogen molecule, are given by SCHWINGER and TELLER [37a]. A 
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S 0 -+ o pertain to elastic scattering from the lowest para- or ortho-state, 
respectively, while S 0 -+ p and S p ~> 0 refer to inelastic scattering processes* 
The latter (c S p _> 0 ) is, of course, only different from zero for neutron 
energies larger than the excitation energy of the lowest ortho-level, viz* 
0,023 eV* As to £ 0 -+ p* it varies as 1 ju at low velocities and remains 
practically constant for energies higher than about 0,01 eV* 



The states of the deuterium molecule D 2 can also be divided into para- 
and ortho-configurations according to their parity; in this case, the para- 
states correspond to a molecular spin S = 1 and odd values of the total 
angular momentum /, the ortho-states to S = 0 or 2 and even values of /. 
In view of possible experiments with deuterium, the theory of slow neutron 
scattering has been worked out for this case by HAMERMESH and 
Schwinger [46] . It proceeds on exactly the same lines as above, starting 
from the expression (6*2/3— 31c, 31c?) for the equivalent scattering potential 
of the deuteron, 

6+33* Analysis of experiments . Let us now, by way of illustration, take 
ia/ 3 a = ± 4, — an order of magnitude suggested by (6.23— 34,35) * From 
formula (6), together with figure 6.32, we see that, according as the *S 
level of low energy of the deuteron is actual or virtual, the ratio 

(3 * 3 a + 1 a) 2 j{ s a — 1 a) 2 

will change from 5,44 to 0,11* In the first case, the elastic scattering would 
predominate, so that (considering the properties of the coefficients <S) the 
ortho and para cross-sections would always be of the same order of 

more precise calculation of effective cross-sections, taking account of the Maxwellian 
contribution of the velocities of the molecules, is carried out by SCHWINGER [40] ; in this 
last paper, the expression for p actually utilized differs from that given by SCHWINGER 
and TELLER by a factor which had been omitted by these authors* 
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magnitude, and the values for cold neutrons would be only moderately 
larger than those for ordinary thermal neutrons. In the case of a virtual 
3-S level, however, in which the inelastic processes are enhanced, the para 
cross-section will be very much smaller for cold than for thermal neutrons, 
owing to the vanishing in the former energy range of the coefficient 
S p -+ 0 ; again, for cold neutrons, the para cross-section will for the same 
reason be very much smaller than the ortho cross-section* It has been 
stressed above (631) that both these predictions are fully confirmed by all 
experiments, which conclusively establishes that the level is a virtual one . 

The measurements by Alvarez, given by (1), allow of a more quantitative 
analysis (SCHWINGER [40]). For the neutron energy E zz kT ~ 0,00173 eV, 
one gets after correcting for the thermal motion of the molecules 

S p ^ p = 6,473, cS 0 -+ 0 — 6,291, <S 0 _+ P = 1,447, 

while <Sp->0=O. According to (6), the para cross-section gives directly 

(3- 3 a + i a) 2 = (0,803 dz 0,092) * 10~ 24 cm 2 ; (7) 

the ortho cross-section then yields 

( 3 a — x a) 2 = (6,77 dz 0,26) - 10' 24 cm 2 * (8) 

These numbers are not in very good agreement with the proton scattering 
cross-section for neutrons of zero energy, given by (6.22—32); in fact, the 
latter quantity may be written 

<S(0) = 3j* ( 3 a) 2 + * ('a) 2 = - J [(3 • ’a + ’a) 2 + 3 ( 3 a - 'a) 2 ] , (9) 

which would give only S ( 0) = (16,57 dr 0,69) * 10“ 24 cm 2 . It is therefore 
desirable to repeat the measurements: especially the quantity (3* 3 a + x a) 2 , 
immediately furnished by the para cross-section, is very sensitive to the 
value of 3 a, i*e* — as appears from (6.211— 17) — to the range of the 
nuclear force ** 

6,34* The neutron spin . - The general evidence of scattering of slow 
neutrons incidentally provides us, as pointed out by SCHWINGER [376], 
with an indirect proof that the neutron spin is -J rather than, say, -§. If the 

neutron has an arbitrary intrinsic momentum S( n \ and if Sn denotes the 


* If we try to calculate the a’s from (7) and (8), we get — taking account of the 
fact that z a and 1 a must be of opposite signs — two systems of solutions: 



3 a (1CP* cm) 

’a (KT 12 cm) 

I 

II 

0,874 ± 0,025 
0,426 ± 0,025 

1,728 ±0,025 
2,176 ± 0,025 


According to (6.211—16, 17, 18) and (6.21- 14), the corresponding widths of a potential 
well yielding such values of s a are ^ 0,8 - 1 0“ 12 cm and respectively. Neither of 
these range values is of a reasonable order of magnitude. Cf. also HAMERMESH and 
SCHWINGER [47], 
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corresponding quantum number, we must (6.2 13-31 a, b) introduce two 

amplitudes * 2S/i *a, (2Sn+2> a, in terms of which the scattering cross-section of 
protons for very slow neutrons may be written 


S = 4?z 


S n 4*1 


(2S n +2) a 2 + 


S n 


_25„+l 1 2S n -r l 

while the scattering radius takes the form 


(2S n ) a 2 


(10) 


a = 


Sn + 1 

2S„ + 1 


- <2 S n +2) & 


S n 


2 S n H~ 


- • (2S n ) a 


+ 


1 


(ID 


2 Sn + 1 


[<2S n +2) a _(2S n )a] S W 0 <PK 


The factors (4), (5) then become 


(S-+S') 


(S-* 1-5) 




Sn ~f~ 1 
2 Sn + 1 


• <2S n +2) a _|_ 


S n 


25„+l 




5(5 + 1) 5 n (5 n + 1) p S +2) ( 2S ) p 

^ 3(25„ + l) 2 L 3 J 


[<2-S n +2) a _(25„) a J2 


Sn (Sn + 1 ) 3 

3(25„+l) 2 2S + 1* 


( 12 ) 


If, e.g., the neutron spin were -|, the excited state of the deuteron would 
be a quintet state, and (10) would give 


<S = 4^[f ( 3 a) 2 + f ( 5 a) 2 ]; (13) 


from this formula, we can derive | 5 a | and the energy | 5 e(°) | of the cor- 
responding actual or virtual quintet level. If we apply the finite range 
correction (6.211) on the assumption of a potential well of given width, 
we find, by a procedure explained in detail in the next section ( 6A31) t 
the following results: 


6.34, 

Scattering radii and excited deuteron level for neutron 

spin | 

D 

10“ 1S cm 

3 a 

1C r 12 cm 

; 5 *i 

10-^ 2 cm 

1 5 a/ 3 « ! 

1 5e!0 > 1 

(actual level) 

MeV 

5s(0) 

(virtual level) 

MeV 

1,94 

0,538 

1 .58 

2,94 

0,19 

0,14 

2,8 

0,585 

1,57 

2,68 

0,20 

0,14 


On the other hand, according to (12) and (6), the scattering cross- 
sections of para- and ortho-hydrogen for cold neutrons may be written 

Sp»=iSp-^(3.3«-t- 5- 5 a) 2 

Sor*o = i <S 0 +o (3- 3 a + 5- 5 a) 2 + * (2 + S 0 -> P ) ( 3 a- 5 a) 2 , C ' 

the coefficients S being the same as in the case of spin 4 . With the above 
values of the ratio j 5 a/ 3 a j, it will be seen that the ratio cSortW'SWa is of the 
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order of magnitude 1 if the 5 S level is actual, or 2 ... 3 if it is virtual; in 
either case in sharp contradiction with experiment ** 


635 * Scattering of polarized neutrons by protons * In view of the possib- 
ility of producing partially polarized neutron beams it is interesting to 
note that, as pointed out by Schwinger and Rabi [37c], the effect of the 
scattering of such a beam by (unpolarized) protons on its polarization 
affords a quite sensitive means of testing the spin dependence of tjie 
nuclear force and the nature of the excited 1 S level of the deuteron. No 
experiments oh these lines, however, have as yet been attempted* 

In a general way, the spin dependence of the wave-function representing 
the incident neutron (1) and proton (2) may be expressed as follows: 


(a* 1 ) * + (i) + fitx) V 41 ) ) ( a « v+(2) + £< 2) M2)) . 


v± being the eigenfunctions of The polarization p 
neutron is defined by 


| q(l) [ 2 Iff 1 )] 2 


of the incident 

(15) 


while for the amplitudes of the unpolarized protons | a^\ 2 — | /K 2 )[~* It is 
then easily seen from (6.21—9) that the absolute squares of the amplitudes 
corresponding to the two spin orientations of the scattered neutron wave 
(restricted to its S-component) are proportional to 

[ a U)j2.[|3J|2 + l.\3 A + 1J|2J + j£(D|2. I_|3j_ljj2 


and 


j/^IMNI 2 + i| 3 d + ^| 2 ] + ja (1) | 2 -i \ 3 3— l A\ 2 


respectively; we have put =e 2l *^ 0) — 1* Hence the polarization of the 
scattered neutron wave is found to be 


--P 


sin 2 (3 (5 (0)_1 <5 (0)) * 

'sin 2 VV°) + 3sin 2 3 <5<°> 


(16) 


The scattering thus causes a change of polarization of the incident 
neutron beam whenever the potential is spin dependent. The sensitiveness 
of the effect can be judged from the case of very small neutron energies* 
According to (532— 21), formula (16) then becomes 

( 3 a— *a) 2 

( x a) 2 + 3 ( 3 a) 2 J ; 

this result follows also directly from (6213- 29,30,31) and is therefore 



* On the contrary, no clear-cut evidence against the spin J can be drawn from the 
proton scattering cross-section for neutrons of 2,5 MeV, as was wrongly asserted by 
H. GOLDSMITH and L* MOTZ, P.i?. 53, 947, 1938. For this energy, assuming the 
5 *$-level to be virtual, we get in fact a cross-section 

2,68 - 10~ 34 cm 3 for D = 1,94 * 10~ 13 cm 
or 2,80 * 10“ 24 cm 3 for D = 2,8 * lO" 13 cm 
of the same order of magnitude as the observed one (table 6 All). 

** According to a recent remark by SCHWINGER [46], the resonance scattering of 
neutrons by Helium (17 A2) should have a strong polarizing effect 
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valid also for bound protons. For j 1 a/^a | = 4 one gets 
1 5 level actual: p SCSLt t Ifi ~ 0.53 

*S level virtual: p^ttjp ~ — 0.32. 

6*4+ Scattering of fast neutrons by protons 

6*40* We may now proceed to the study of neutrons of higher energy 
(from, say, 0,1 MeV), which, for brevity, may be termed “fast”. In this 
section, we shall first collect all the relevant experimental evidence. This 
comprises, on the one hand, numerous measurements of the total scattering 
cross-section of protons for fast neutrons of various energies, and, on the 
other hand, some results concerning the angular distribution of the 
scattered neutrons (or of the recoil protons), likewise for different energies 
of the incident particles. The theoretical discussion will be limited, however, 
to an analysis of the dependence of the total cross-section on the energy 
of the incident neutrons, in so far as it can be accounted for by the S-phase 
only, i.e. in so far as it depends on the effective potentials for even states. 
The discussion of the contributions from higher phases both to the total 
cross-section and to the departure of the angular distribution of the 
scattered particles from isotropy (in the barycentric system) necessitates 
some knowledge of the effective potentials for odd. states as well, and will 
conveniently be postponed to a later section {833). 

6*41* Total scattering cross-section of protons for fast neutrons * When 
experimenting with “fast” neutrons, the chief difficulty is to get sufficiently 
homogeneous neutron beams of different energies *. In successive intervals 
of increasing energy, various sources and methods of detection have to be 
used for that purpose. We shall begin with a survey of the determinations 
of the total cross-section, treating these different energy regions separately. 

6 All* Scattering of neutrons of energies 0.1 ... 1 MeV . In the interval 
0.1 ... 1 MeV, one may use photoneutrons from Be or D activated by the 
y- rays of ThC" (2,62 MeV) or RaC (mainly 1,76 MeV); the thresholds 
of the reactions D(y, n), Be(y, n) are in fact 2,18 and 1,63 MeV, respec- 
tively. The reaction 12 C(cf, n), with deuterons from a high voltage tube, 
also yields low energy neutrons, the energy balance of the (endothermic) 
reaction being — 0,27 MeV. Another convenient neutron source in the 
energy interval considered is provided by the 7 Li(p, n) reaction* The 
neutrons can be detected either in an ionization chamber (I.C.) filled with 
hydrogen under pressure, or by the activation of a suitable element 
surrounded with paraffin or water. In this way, the values of the cross- 
section listed in table 6 All have been obtained; the older ones are not very 
accurate **. 

* In the following survey, we shall omit a few measurements in which the neutron 
energy was not sufficiently well-defined, or ‘which for some reason do not seem quite 
reliable. They are listed in the very complete tables of DlEBNER, HERRMANN and 
GRASSMANN [42] . 

** In tables 6 All and 6A12 t the values of the neutron energies have been recalculated 
from the data about the nuclear reactions mentioned in the text. 
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6.411. Scattering of neutrons of 0,1 ... 1 MeV energy by protons 





Energy 

S 

Reference 

Source 

Detector 

(approxim ) 




MeV 

, _ — 24 

10 cm- 

LEIPUNSKI et aL [36 b] 

Befcw*) 

Ag in water 

0,12 

8 ±2* 

GOLOBORODKO and 

D ^RdTh* n ) 

Dy in paraffin 

0,22 

5,0 ±1.0 

Leipunski [39] 




Amaldi et aL [40] 

l2 C(d,n) 

I.C. with 20 atm. H 2 ; 
electrometer 

0,4 

8,7 

Good and 

Be <?'RdTh- n ) 

I.C. with 5 atm. H 2 ; 

0,9 

3.70+0,35 

Scharff-Goldhaber [40] 

linear amplifier 






0,035 

16,74+0,41 

i 

j Frisch [46] 

7 Li(p,n) 

■ I.C. with 0,55 to 
2,65 atm. H 2 ; 

0,095 

0,265 

13,46+0,39 

9,12+0,24 

j 

1 


linear amplifier 

0,490 

6,33+0,21 

| 



0,35 

7.15+0,24 


7 Li (p,n) 

| I.C. with 4 atm. \ 

0,46 

6,52+0,15 


methane ; \ 

0,72 

5,22+0.12 

Bailey et al. [46] 

i 


linear amplifier j 

0,97 

4,45+0,08 


{ 

1.0 +0,1 

4,16+0,15 


12 C(d,n) 

: argon filled I.C. ( 

1.6 

3,36+0,08 

1 

1 


with paraffin < 

radiator ( 

2,0 

2,96+0,07 


* Value calculated with, the help of the C cross-section determined by FEDOROV 
and Perfilieva [37] with the same apparatus. 


6.412. Scattering of neutrons produced by the D(d t n) reaction . A very 
suitable homogeneous neutron source, which has been extensively used, is 
provided by the reaction D(d, n), which gives rise to a single neutron 
group. The energy set free in this exothermic reaction is 3,26 MeV, so that 
even with (say) 0,2 MeV deuterons from a high voltage tube, it yields 
homogeneous neutron beams with energies from 2 to 3 MeV according to 
the direction of the beam with respect to the impinging deuterons (cf. 
M6F, p. 52 — 54). Mostly, the experiments are carried out with the 
neutron beam parallel or perpendicular to the deuteron beam; but the 
apparatus used by Aoki [39] permitted a variation of the angle of the two 
beams and thus a controllable variation of the neutron energy in the inter- 
val 2 ... 3 MeV. With the same source, Bailey et aL [46] could extend 
the range of neutron energies up to 6 MeV. 

6.413* Scattering of very fast neutrons by protons . In order to ohtain 
neutrons of still larger energies, we must at present have recourse to such 
(d, n) reactions as can be produced with Li, Be, B as targets; but owing 
to the occurrence of disintegrations into more than two particles or of 
excited states of the product nucleus, the energy spectra of the neutrons 
produced in these reactions present partly a continuous distribution, partly 
numerous homogeneous groups which are not easily separated. An energy 
selecting device has therefore to be introduced in the apparatus; no very 
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6.412. Scattering of D(d,n) neutrons by protons • 

Reference 

Detector 

Energy 

8 1 



MeV 

10 " 4 cm U j 

Booth and Hurst [37] 

In m paraffin 

3.1 * 

1,7 +0,4**j 

Allen and Hurst [40] 

P 

3,1 * 

2,1 + 0,2 | 

LADENBURG and 

paraffin-lmed I.C.; 

2,5* 

2,11 4-0,21 j 

Kanner [37] 

linear amplifier 


1 

ZiNN et aL [39] 

He-fiiled I.C; 

2,85 + 0,04 

2,36 + 0,12 


linear amplifier 



KlKUCHI and AOKI [39] 

I.C. with 20 atm. methane; 

2,45 + 0,05 

2,28 4- 0,09 


electrometer 





2,21 *** 

2,76 ± 0,10 



2,33 

2,71 ± 0,08 

AOKI [39] 

id. 

2,48 

2,53 ±0,10 



2,63 

2,51 + 0,08 


! 

2,76 

2,42 ±0,10 



1 2,6 

2,60 ± 0,05 



3,0 

2,33 ± 0,13 



3,5 

2,09 ± 0,09 

Bailey et aL [46] 

argon filled I.C. with 

4,0 

1,85 ± 0,09 


paraffin radiator 

4.5 

1.83 ± 0,10 



5,0 

1,63 ± 0,05 

1 


! 5,5 

1,48 ± 0,06 



! 6,0 

1,32 ± 0,12 

* Maximum energy. — ** Value corrected according 

to estimate of C cross- 

1 section from data of ZiNN et aL [39], AOKI [39] and Amaldi et aL [43]. — 

*** The absolute error may be ± 045 MeV, but the relative values are more 

accurate. 





great accuracy is needed, however, since the cross-section is expected to 
vary slowly with energy in this region* SALANT [40] obtains a certain 
amount of selection by using for the detection of the neutrons the activity 
induced in Cu by the reactions 63 Cu (n, 2n) 62 Cu, 62 Cu — » 62 Ni + in 
fact, the first reaction has a threshold at about 12 MeV, so that the Cu- 
detector selects from the Li(d, n) continuum, for instance, the part 
extending from 12 to the upper end at about 15 MeV; if we make the 
natural assumption that the yield of the reaction increases very rapidly 
with increasing energy, we may locate the mean effective energy nearer 
the upper extremity of the interval; this effective energy can further be 
varied to some extent by varying the direction of the neutron beam* The 
same method has been used by' SHERR [45] for still higher energy neutrons, 
produced by bombarding Li with 10,2 MeV D+ ions: the maximum neutron 
energy is then 25,4 MeV and the reaction 12 C(n, 2n)*iC provides an 
energy-sensitive detector with (calculated) threshold at 20,6 MeV. 

Amaldi et aL [43] detect the neutrons by letting them fall on a paraffin 
layer and counting the recoil protons with a coincidence system of three 
counters (fig. 6A13); by interposing between paraffin and counters an A1 
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absorber of suitable thickness, they only record protons above a certain 
energy (which, for head-on collisions, is also the energy of the impinging 

I Q)S 

i 
i 
t 

20 cm I 

l 
t 

:■ Etl Sc 


neutrons) and in this way they contrive to select an interval of neutron 
energies between the lower limit defined by the absorber and the maximum 
energy of the spectrum. The advantage of this device is clearly the control 
over the lower limit of the energy interval investigated. Essentially the 
same method has quite recently been applied by SLEATOR [47], whose 
preliminary results are also quoted in the table 6A13 . 


20 cm 


10 cm. 

L_. 



Fig. 6.413. Fast neutron scattering according to AMALDI et aL [43]. 
S source. Sc scattered P paraffin layer, A absorber, C counters. 


6.413* Scattering of very fast neutrons by protons 

Reference 1 Source 

i 

! 

Selector 

Energy interval 

MeV 

Mean energy 

MeV 

£ 

10 ~ 4 cm 2 

SALANT and ! . . ,, , 

Ramsay [40] ! Ll (d n) 

Cu 

12 ... 15 

14 

15 

0,70 ±0,06 
0,66 + 0,07 

I 

1 

! 

! Amaldi 

et al [43] 

Be (d, n) 

B (d.n) 
Li (cf.n) 
Li (d, n) 

Al absorber 
id. 
id. 

Cu 

3,2 ... 4,6 
9,4 ... 13,2 
11,15 ... 15 

12 ...15 

4,1 

12.5 

13.5 

14 

1,73 ±0,06 
0,69 ±0,11 
0,71 ±0,04 
0,69 ±0,021 

Sherr [45] 

Li (d. n) 

c 

20,6 . . . 25,4 

25 

0,39 ±0,04 

1 

i 

! 

Sleator [47] 

Be (d, n) 

1 

| Al absorber 

I 1 

1 

5,68 . . . 8,16 
8,24 ... 11,70 

6,5 

9,3 

1,40±0,1 1 
0,92 ±0,08 

! Li (d, n) 

1 

1 id. 

i 

j 

! 

( 8,94 . . . 13,9 ! 
1 11,2 ... 15,9 ! 
| 13,2 . . . 18,1 
15,0 ...19,6 
16,5 ...21.2 
17,9 ...22,9 
19,4 ... 24,6 

10,6 

12,8 

14,8 

16.5 

18,1 

19.6 

21,1 

0,78 ±0,09 
0,83 ±0,09 
0,61 ±0,09 
0,66 ±0,10 
0,55 ±0,08 . 
0,52 ±0,09 
0,41 ±0.09 


6*42+ Angular distribution of proton-neutron scattering . The investiga- 
tion of the angular distribution of the scattered neutrons or recoil protons 




6A2 


SCATTERING OF FAST NEUTRONS BY PROTONS 


123 


presents considerable difficulties. The first experiments gave widely contra- 
dictory results, chiefly due, — as a critical discussion (Dee and GILBERT 
[37] ) shows — , to the inhomogeneity of the impinging neutrons. Dee and 
GILBERT [37] were first able to obtain reliable results, making a very 
careful study of the question for D (d t n) neutrons. They observed the 
recoil proton tracks in a large expansion chamber filled with a mixture 
of methane and argon at 3,5 atm. A special apparatus was designed to 
measure the scattering angle 0' (6.2/2-20) from the stereoscopic pair of 
photographs of each track. Thanks to the high pressure, the tracks were 
sufficiently short to terminate in the chamber, so that the range, and conse- 
quently the energy, of each recoil proton could also be ascertained. Since 
for elastic scattering of neutrons of energy E (in the laboratory system), 
the energy E' of the recoil protons is uniquely related to the scattering 
angle & by the formula (see fig. 6.2/2) 

E'=Ecos 2 (1) 

it was possible in this way to eliminate the tracks due to neutrons not 
coming directly from the source. The result was that, at this energy, the 
scattering is isotropic in the barycentric system ; the experimental uncer- 
tainty, however, would still allow a deviation from isotropy up to about 
10 %. Other experiments (KRUGER et aL [37], BONNER [37]) on essentially 
the same lines, but under less favourable conditions, led to the same con- 
clusion. A further confirmation was given by BARSCHALL and Kanner [40], 
who utilized a specially constructed ionization chamber filled with a 
mixture of H 2 at 4 atm. and Kr at 5 atm. and derived the angular distri- 
bution of the recoil protons with the help of relation ( 1 ) from a measure- 
ment, by the linear amplifier, of their energy distribution *. Particulars 
of all these experiments"'*' with D(cZ, n) neutrons are collected in the 
following table: 


6.42-1. Investigation of recoil proton tracks 

Reference 

Energy of 
neutrons 

Range of scat- 
tering angle S r 

Number of 
tracks 


MeV 



Dee and Gilbert [37] 

2,44 . . . 2,52 

0 ... 51° 

1534 

Kruger et aL [37] 

2,44 ... 2,7 

0 ... 69° 

635 

Bonner [37] 

2,44 . . . 2,47 

0 ... 65° 

20 7 

BARSCHALL and KANNER [40] 

2,44 ... 2,5 

0 ... 55° 

— 


* Further experiments on the same lines have recently been announced (COON, DAVIS 
and BARSCHALL [46a]). 

** Quite at variance with the measurements just mentioned* are those of the Japanese 
physicists (KlKUCHI et aL [396], AOKI [39]). They compare the neutron intensity coming 
directly from the source with that scattered by a flat paraffin ring (the direct beam being 
then stopped by a block of Fe placed in the hole of the ring). From this intensity ratio 
they derive irf a rather indirect way the value of the differential cross-section per unit 
solid angle <$(6>) for the mean scattering angle defined by the dimensions and position 
of the ring. By using rings of different sizes they get 4 values of <S(®) in the angular 
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Even for much higher neutron energies, only small (if any) deviations 
from isotropy could be perceived. This result is well-established for energies 
up to about 11 MeV. Neutrons of this energy have been studied by Tatel 
[42]. He selects them from the continuous neutron spectrum of the 
Be(c?, n) reaction by the same device as the Italian physicists {6.413), the 
recoil proton detector consisting of a coincidence system of two ionization 
chambers. He investigates their scattering by hydrogen gas in two 
directions, determined by the orientation of the axis joining the hydrogen 
cell to the detector with respect to the neutron beam (collimated by a hole 
in a thick wall of water). The mean scattering angles are 0' = 16° and 
© r = 45° (i.e. & = 148° and 90°, respectively); the recoil proton yields 
correspond, within 10 % experimental uncertainty, to isotropic distribution 
of the scattered neutrons. 

Qs 




•— D 

Fig. 6.42—1. Angular distribution of fast neutron 
scattering, according to AMALDI et aL [42a]. 
c S source, P paraffin scatterer, D diaphragm, 
C counters. 

In the case of neutrons of 12 ... 14 MeV, the question is not definitely 
settled, as different experiments lead to conflicting results. According to 
Amaldi et at. [42 a, 6] , a considerable anisotropy of scattering angle 
distribution would occur in this energy region. The Italian physicists 
compare the intensity of the recoil protons from a paraffin scatterer in the 
direction of the incident neutron beam (&' = 0) with that of the protons 
scattered at & — 45° under the same geometrical conditions. For this 
purpose (fig. 6.42- 1), the detector (consisting of a coincidence system of 
three proportional counters ) is rotated through an angle of 45° about the 
middle P of the scatterer, while the latter (which is bent into the required 
shape) is disposed along the circle passing through the source S, the 
point P and the center C of the counter system. The sources used were 

range © = 23“ ± 5° ... 55° ± 6° {thus & = 35“ =fc 6° ... 67° ± 5°) for D (d. n) neutrons 
of about 3 MeV. While S(0)/cos Q turns out to be practically independent of 
©, it differs by a factor J from the value S/a expected in the case of S-wave 
scattering {S being the total cross-section). The authors attribute this discrepancy to a 
strong anisotropy of the angular distribution, but in view of the other results, this 
conclusion has very little plausibility. 





Fig. 6.42-2. Microphotograph of a 13 MeV proton track in a photographic emulsion 
layer (POWELL et al. [46a]). The track begins at a and ends at d; the three successive 
segments a b, b' c, c d should be pieced together at the places indicated by the arrows. 
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the reactions B (d, n) and L i(d, n), the lower limit of the neutron spectrum 
being defined by A1 absorbers (as above, 6.473). The ratio S(rc)IS(rtj2) of 
the values of the differential cross-section S{&) per unit solid angle (in 
the bar y centric system) for backward (& = tz) and sideways ( & = nj2) 
scattering, as derived from these measurements, would be: 


6.42-2. 

Scattering anisotropy of fast neutrons according to the 

Italian physicists 

Source 


Energy interval 

MeV 

Mean energy i 

MeV ! 

S M/s (rt/2) 

B (d, n) 


10 ...13,5 

12.5 j 

0,71 ± 0,04 

Li ( d , n) 

s 

11 ...15 

13,3 | 

0,53 ± 0,03 * 


12,5 ... 15 

14 ! 

0,52 ± 0,03 * 

* These values 

may be too low. 




In contrast with these results, measurements performed by Powell and 
his collaborators [40, 44, 46a, b] on the two fastest neutron groups from 
B (d, n) with mean energies 8,8 and 13 MeV, point for both groups to an 
angular distribution which, if it deviates at all from isotropy, would rather 
exhibit a small excess of scattered neutrons in the backward direction. 
Powell's method is more straightforward and much more powerful than 
the ingenious apparatus of Amaldi, and its results are very probably more 
reliable; but it is desirable that the Italian experiments be repeated with 
a view to tracing the cause of this puzzling discrepancy *. The method 
developed at Bristol consists in observing tracks of recoil protons in the 
emulsion layer of a photographic plate exposed to an approximately lon- 
gitudinal neutron beam. The direction of the impinging neutrons can be 
defined with an accuracy of ± 0°,5, and a procedure of microscopic 
focussing permits the measurement of the dip of a proton track with an 
error as small as ±1°, so that the uncertainty in the scattering angle & 
does not exceed 2°. The measurement of the range of each track together 
with its scattering angle allows its assignment to a specific neutron group; 
special emulsions with very large grain densities have been prepared 
(POWELL et at [46a]) in order to ensure an accurate definition of the 
tracks (fig. 6.42-2, plate III). Account must be taken, however, of the 
tracks not ending in the emulsion, the thickness of which is 120 or 150 ft: 
for each kind of emulsion, a careful empirical determination has been made 
of the fraction of tracks remaining in the emulsion for different ranges 
and angles of dip, and before being compared with the actual results of 
counts of tracks, theoretical distribution curves must be corrected for this 
"loss" at each scattering angle (corresponding, by (1), to a different 
range). This circumstance practically restricts the utilization of the material 

* A recent investigation by LAUGHLIN and KRUGER [47] of the angular distribution 
•of the recoil protons produced in a high pressure cloud chamber filled with methane by 
neutrons of energy 12 ... 13 MeV supports the Bristol results. 
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to tracks with dips smaller than 10°, The method has the obvious 
advantage of surveying the whole angular range & — 0 ... 45° and yielding 
a complete angular distribution function, which allows of a much moie 
stringent theoretical test than the mere ratio <S(^)/<S(rc/2). The latest results 
on the two fast neutron groups are summarized in fig. 6.42-3, 4; owing to 



1,2 r o 


1 , 0 - 

o.sL 



— 1 1 1 ! 

20 ° 40 ° 

Angle of projection & 



Fig. 6.42—3,4. Angular distribution of fast neutron scattering. 

- Measurements of tracks in a 150'^ emulsion layer, 
o Same, combined with tracks in a 120^ emulsion layer. 

Isotropic distribution (corrected for "loss"). 

Distribution (corrected for "loss”) accordmg to central meson potential of 

symmetrical type (8.33) with M m = 225 m. 

In the low T er part of fig. 6.42-3, the data are shown as referred to the isotropic distribution. 


the statistical character of the method, an increase in accuracy may be 
expected from the accumulation of further data, especially on the 13 MeV 
group. Moreover, there is hope of applying the same analysis to neutrons 
of still higher energies; which would be of great importance from a theore- 
tical point of view (833). 


6 A3* Comparison with theory . Leaving for later discussion the pos- 
sible significance of the small deviations from isotropic distribution of the 
scattered particles indicated by Powell's experiments with 9 and 13 MeV 
neutrons, we may draw from the results of the preceding sub-section 
(6.42) the general conclusion that, at any rate for smaller neutron energies, 
we have mainly to do with S-wave scattering, in conformity with elementary 
theoretical considerations (6.21). In this energy region, we may thus 
compare the empirical results concerning the total scattering cross-section 
at various energies with the predictions of a theory of S-wave scattering, 
utilizing only the effective nuclear potentials for even states and adopting 
a definite form for these potentials. From such a detailed comparison we 
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may hope to derive in each case quantitative information on the ranges 
and strengths of the effective potentials* 


6*431* Scattering by potential welL The calculations can be carried 
out in analytical form (without numerical integration of the wave- equation ) 
only in the case of the potential well. The theory developed in 6,21 , 6,211 , 
6,212 , when combined with the existence of the low energy *S level (6.23), 
leads to the general formula 

3-¥(E) , Y (E) 


« E >=ir 


iE + i 


+ 


iE+'y 


m 




(2) 


valid for neutron energies E satisfying the condition rj <C 1, Le. ( 5,11—9 ; 
6,212— 20) E 10 MeV. If the energy is expressed in MeV, we have to 
use the numerical value 


^=l,3-10- 24 cm 2 MeV; (3) 

the finite range corrections are given by (6,211- 16) in terms of the 
potential width D (assumed to be the same for singlet and triplet states) 
and the scattering constants 3 a 0 , ia 0 * 

The triplet contribution can immediately be calculated for any energy, 
since the parameters occurring i*i (2), viz* | e 0 j, ^a 0 and the G's in 3 f (E) 
are all determined by the deuteron binding energy | £ 0 | ( 6,11-1 ; 6,21-14; 
6,211— 19)* But the analogous parameters pertaining to the 1 »S level have 
first to be derived from the experimental data, more specifically from the 
zero energy cross-section (6*23-34; 6,211- 17) 


S(0) = 3 n ( 3 a) 2 + 7i ( l a) 2 , (4) 

3 a = 3a 0 y Y(0y (5) 

1 a=‘ao/ 1 ff. (6) 

Having adopted some value for D t we begin by calculating 3 a with the 
help of (5), using the expression (6,211- 16, 18) for 3 f (0) (with the terms 
in (DjZa 0 ) n up to n = 4). From (4) we then obtain and solve (6) for 
| ia 0 | (ia 0 and 1 a are negative); it is sufficient to write (6) in the form 



D 

*Sol 


+ 0,345 


D 

1‘aoi 


2 


(7) 


Finally | ta 0 | yields the energy | |- The following table gives an idea 

of the variation of the various parameters with the range D : 


6*431-1. Scattering parameters 

in terms of width of potential well 

D 

% 

— 1 a 

— 1 a 0 

1^(0) 

[ l a/ 3 a ] 

. . — is 

10 cm 

10 x “ cm 

10“ 1S cm 

10 ’‘cm 

MeV 


0 

0,437 

2,47 ± 0,07 

2,47 ± 0,07 

0,067 ±0,004 

5,66 ±0,16 

1,94 

0,538 

2,41 ± 0,07 

2,50 ± 0,07 

0,066 ± 0,004 

4,48 ±0,13 

2,8 

0,585 

2,38 ±0,07 

2,51 ± 0,07 

0,065 ± 0,004 

4,07 ±0,12 
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The corresponding corrections for finite range are: 


6*431-2. Finite range corrections 

D 

10 cm 

3 m 

x f(E) 

1,94 

2,8 

1,51 — 0,02 E + 10 -4 E 2 

1,79 — 0,04 E -f- 4 ■ 10~ 4 E 2 

0,92 — 0,01 E + 10 -4 E 2 

0,89 — 0,02 E + 4 • 10~ 4 E 2 

E in MeV 


Graphs of the cross-section (2) for the range values 1,94 and 
2,8 * 10“ 13 cm have been drawn in fig* 6A31> in which the empirical data 
have also been plotted* The value D = 1,94 * 10 - * 13 cm has been chosen 
so as to fit the cross-section 2,53 • 10~ 24 cm 2 as measured by Aoki [39] 
for E ^ 2,5 MeV* It will be observed that not only are AOKl’s measure- 
ments in the range 2,21 ... 2,76 MeV beautifully consistent with the 
theoretical curve, but also those by ZlNN et al * [39] at 2,85 MeV and by 
the Italian physicists (6 A 13) at 4,1 MeV fall on or very near the same 
curve. However, it must be noted that the energy values at which Aokfs 
measurements have been performed could unfortunately- (owing to un- 
certain corrections) not be fixed with a smaller margin of error than 
=t 0,15 MeV: and further, — as also exhibited by the older measurements 
(points B#K, L in fig. 6A3T) — , that systematic errors tend to give too low 
a value of the scattering cross-section* One cannot, therefore, as shown by 
the figure, exclude the possibility that the true value of the range would 
even be as high as 2,8 • lO-* 3 cm ( ~ d ) : the importance of this observation 
will appear on a later occasion ( 8J ) ** 

As regards the experimental points at higher neutron energies 
(12 ... 15 MeV), we cannot directly relate them to the calculated curve, 
since ** we ought here to take account of the waves of higher orbital 
momentum* The fact that also these points practically fall on the S-wave 
scattering curve indicates that the contribution of waves of higher orbital 
momentum to the total scattering cross-section in the region of 12 ... 15 MeV 
neutron energies is very small * This property may serve as a test for 
different kinds of nuclear interaction (16,22), 

Summing up, we see that for any assumed width of the potential well, 
the “depths” or strengths of the effective wells for 3 S and x 5 states are 
determined by the binding energy of the ground state of the deuteron, and 
the scattering cross-section of the proton for neutrons of zero energy: the 
variation of the scattering cross-section with neutron energy helps to a certain 

* B0HM and RlCHMAN [47] show that the adjunction of a broad and shallow “tail” 
to the potential well tends to lower the cross-section at higher energies and thus to improve 
the fit with the empirical curve* 

** This energy region is already outside the domain of validity of our approximate 
treatment of the S-wave scattering; but the deviation, for such energies, should not amount 
to more than a few percent. 




6.431 


SCATTERING OF FAST NEUTRONS BY PROTONS 


129 



Fig. 6.431. Scattering cross-sections of protons for neutrons of various energies. 

Experimental points: 


A AOKI [39] 

Am AMALDI et al. [43] 

AH Allan and Hurst [40] 
B Bailey et al. [46] 

BH Booth and Hurst [37] 


F Frisch [46] 

K Kikuchi and Aoki [39a] 

L LADENBURG and KANNER [37] 

S Good and Scharfb-Goldhaber [40] 
Z ZINN et al. [39] 


9 
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extent to fix the value of the width, but the accuracy of this determination 
is as yet rather poor. The explicit calculation of the potential strengths 
from is easily performed by means of formula (5.21— 5) 

for an actual level and the analogous one for a virtual level; on account 
of the definition (5321- 28) adopted for such a level, one has simply to 

replace, in (5.21— 5) , 1 1] [ by — j.'??. The result is: 


6.431-3. 

Widths and depths of potential wells 

D 

3 J(°, 

l f 0) 

10 13 cm 

MsV 

MeV 

1,94 

38,1 

25,4 

2,8 

20,9 

11,8 


It may be observed that, owing to the smallness of the energy of the 1 S i 
level, the value of the strength l JW of the singlet potential is quite in- 
sensitive to any experimental uncertainty affecting the scattering cross- 
section for zero energy neutrons. This remark is valid for any simple typfe 
of central potential. 

6*432* Scattering by other types of central potential . In principle, the 
procedure followed in the case of the potential well may just as well be 
applied to the other simple forms of potential quoted in 5.11 , but it will 
be much more laborious, since for every value of the energy which is 
considered, the S- phase has to be computed numerically. For simplicity, 
we shall always assume that all effective potentials have the same range; 
but even so the cross-section (as exemplified by the case of the well 
potential) is so insensitive with respect to this range that one cannot hope 
to determine this parameter by a comparison with the available data. One 
must therefore adopt some value of the range, drawn from other evidence, 
such as the proton-proton scattering experiments (7.13). The triplet potential 
strength 3 J<°> is then derived from 3 e(°) and the triplet contribution to the 
scattering cross-section for zero energy neutrons can be calculated; no 
great accuracy is here needed, since this contribution is small. From the 
empirical value of the total cross-section, the singlet contribution is thus 
obtained and the singlet potential strength l JM necessary to account for 
it can finally be found. One should then check the constants determined 
in this way by calculating the scattering cross-section for different values, 
of the neutron energy; but apart from the case of the well potential, treated 
above, this has only been done (to some extent) for the meson potential. 

Let us take this last case as an illustration. From the value of | z r}W |, 
that of can be calculated by formula (5.231—25), while i-M 0 ) is given 
in terms of iijto) by the analogous formula (5323- 34a). In order to. 
determine 1 s^°\ we need not compute accurately the triplet contribution 
to the zero energy cross-section, but (following the example of Breit et al. 
[3 9b, d]) we may simply put it equal to the “well” value (for a width. 




6.432 


SCATTERING OF FAST NEUTRONS BY PROTONS 


131 


D = 2,8 ■ 10-is cm, say); this amounts to adopting for the cor- 

responding 4 well" value, given in table 6A31— 1. Inserting, in the formulae 
just quoted, the numerical values of s £ (o) and i e .o\ going over to ordinary 
units by means of (5.11-9) and introducing the meson mass M m =T?sc 
instead of we get for the effective potentials 

3 J !0) = 4,67.10-M + 5,57 • lO" 2 — 0,535 (MeV) 

\ m J m 

(8) 

\7® = 4.67 • 10~ 4 (Me.\ — 0,965 • 10- 2 — (MeV). 

\ m J m 


Calculations of scattering cross-sections using these potentials will more 
suitably be dealt with in a later Chapter (8.33). 

We shall here bring together in tabular form results obtained by the 
procedure outlined above for different types of potentials. The assumed 
range values are those suggested by the analysis of the proton-proton 
scattering data, but in the case of the meson potential figures pertaining 
tc* a whole range of values of the meson mass are quoted for future 
reference. 


6.432. Data on proton-neutron potentials 


Type of potential 

Assumed 

3 j(°) 

Triplet wave 

i j( °) 

l J (°»/3 J (0, 

! 

range r~ x 

contribution to 


i 


i 

! 

zero energy 
cross-section 

1 



1CT 13 cm 

MeV 

1 cm 2 

MeV 


Well (5.11-2) 

2,8 

20,9 

3,225 

11,8 

0,56 

Exponential (5.11-3) * 

1,73 

123,3 

— 

— 74 

0,6 

Morse (5.11 A) ** 

1,4 

: 99,06 

4,47 

— 63 

— 0,63 

Gauss (5.11-5) *** 

1,9 

1 43,7 

3,15 

27,2 

0,62 

/ 200 

1,9 

29,3 

— 

16,7 

0,57 

Meson (5.11-6) \225 

1,69 

35,6 

— 

21,4 

0,60 

M m Jm = s248 

1,57 

42,5 

— 

26,3 

0,62 

\2 78 

1,37 

51,0 

— * 

33,4 

0,65 

\326 

1,17 

67,3 

— 

46,5 

0,69 

HULTHEN (5.77-7) f 

1 

60 

— 

38 

0,63 

Hylleraas (5.11-8) ft 

1 

112 

— 

77 

0,69 


* The value of 3 J (0) is that given by RARITA and PRESENT [37] for the 
range indicated; that of l J i0 K which was derived by these authors from a 
superseded value of <8, has not been recalculated, but — following BUCKINGHAM 
and Massey [41] — the ratio q has just been put == 0,6. 

** From the formula and graphs in the paper of MORSE et al. [36]. 

*** According to numerical calculations of BREIT et at. [39a] ; the value of 

1 j(° ) is obtained by interpolation from their results, 
f Moseley and Rosen [47] • 
ft Eisner and Rosen [47] 
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6*5. Radiative processes 

6*50* The present section is devoted to a theoretical treatment of the 
photo-disintegration of the deuteron and a discussion of the inverse process 
of radiative capture of neutrons by protons. A note is added on the theory 
of the disintegration of the deuteron by electron impact. 

6.51+ The photo~disintegration of the deuteron. The way in which a 
deuteron in its ground state of binding can be dissociated by sufficiently 
hard y-radiation is apt to give valuable information on the forces holding 
proton and neutron together. Thus the threshold frequency of the y- rays 
immediately yields the binding energy; it is in fact this method which at 
the moment provides us with the best value of this constant ( 6.11 ). But, 
as we shall see later {8.34), the angular distribution of the ejected protons 
also gives rise to important theoretical inferences. In order to discuss this 
last phenomenon, especially for relatively small frequencies, it will be 
necessary to take into consideration not only the disintegrations due to 
the electric field of the y- ray ( photo-electric effect) but also those produced 
by its magnetic field ( photo^magnetic effect ). The first depend on electric 
dipole transitions of the deuteron *, the second on magnetic dipole tran- 
sitions. In fact, if we assume the wave-length of the y-ray to be large 
compared with the dimensions of the deuteron, the interaction energy 

—¥■ — y 

with the electromagnetic field ( E , H) of the radiation (treated as constant 
in the spatial region' of interest) may to a sufficient approximation 

— >■ —>■ *-> —v ->■ — >■ 

{4.42— 5) be written as — EP — H M, P and M being the electric and 
magnetic dipole moments. 

The differential cross-section of the photo-effect for a given polarization 
of the incident radiation is given by 


d<P= V f S r \W(CD)\*T*dQ; 


( 1 ) 


here v denotes the relative velocity of the ejected nucleons, determined, as 
well as the total kinetic energy s , from the binding energy s 0 of the ground 
state and the frequency cvJItl of the incident radiation by the equation 
^y = fi+|e 0 |; W (&>) is the asymptotic value of the wave-function of 
the ground state, perturbed by the electromagnetic field; the bar indicates 
the average corresponding to the degeneracy of the ground state. The 
wave-function ¥ ( ) must be normalized to unity, and the magnitude of 
the field must be chosen so as to correspond to an intensity of one photon 
per cm2 and per sec. 'Writing the interaction energy operator in the form 




el. mag o- 


_ ft? e -ivct + ft?f e ivct t with ft? = — B 0 P — H 0 M, (2) 


* It can be verified that electric quadrupole transitions play only a negligible role, 
compared to the other (PAIS [43])* 
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we must take 

|£ 0 | 2 = |H 0 | 2 =4a-^. (3) 

It will appear that only the large components of the wave- function come 
into play; for these we may write , on account of (4.34— 23), (5.12— 21), 
(5.111- 13), 


y(oo)~»(e)j 


• 2 1 f de ■ a 0 (s ; o, l,j, m ; f) • • 

<7, /, j, m 


y 


/ 2c sin(kr — * ** ) 

tc^iv r 


evaluating the coefficients a and performing the integration over s, we 
find*' 


!F(oo)~ 




g—iEctffi 


2 '(*)„■ 
Z, /, m 


ff ^(/) m 



(e; o, Uj , m | W|0), 


(4) 


where (e; o,l, j t m \W |0) is a matrix-element of the operator U?, the 
ground state being denoted by the symbol 0. 

According to the considerations of 4 .43, we may take as electric dipole 
moment the operator given by (4.43—11), which clearly gives rise to 
transitions from the 3 S ground state to 3 P states of the continuum* As 
regards the magnetic moment operator, since it must operate on the 3 S state 

eigenfunction, it reduces to the form (4.42—6, 7,8,9); the operator M n uc i 
may be written 


, , .€& + (& , x ry } + T0) + a< 2 > 

Mnucl — Po fan + ftp) ~ Po (/“p — P/i) 


r(l)_ T (2) odJ—o® 

’Po (Pp — f*n) — ^ — 2 * 


(5) 


From this expression, it is immediately apparent that the photomagnetic 

transitions due to jMf nuc i lead (through the last term of (5)) to ^-S-waves* 
The exchange moment, as a detailed investigation (PAIS [43]) shows, 
likewise gives rise to transitions to X S states, as well as (but to a negligible 
extent) to states. Summarizing, we thus get a superposition of a 3 P, 
i.e. sin 2 #-distribution and a spherically symmetrical *S distribution of 
ejected nucleons (in the barycentric system). 


* The normalization must be referred to the ordinary (not reduced) energy scale, and 
to r instead of £ (5.111)* 

** This method is due to BETHE, who applied it to the treatment of the atomic photo- 
effect. CL e.g. A. SOMMERFELD [39], Chapt. VI, § 7. 
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The total cross-section is the sum of the two effects: 

d$ = d&' 1 + d® massn . (6) 

The relevant matrix-elements are calculated without difficulty, by means 
of (4.32—17), from (1), (4), (2), (3); averaging further c?cp el for an 
unpolarized incident radiation, one gets 

d& al = £ • v • I Ka i2 sin 2 0 dQ 

Q O 

, < 7 > 

^ • 6 » • -f- ! P dQ. 

where 


Kd —Tr 0 - 3 R's ) * rdr 
6 

iT magn = Cu p - «„) r • 'i?f ’ * - ./“ i?o •*»(*)• ‘i?! 01 dr. 

b o 


(8) 


i? 0 designating the radial part of the ground state eigenfunction, and ju(r) 
the radial dependence of the exchange magnetic moment* The total cross- 
sections are given by 




£1 

h 


f?r 




^magn 


T)v 


"X 


/r I 2 

-‘'•raagn | • 


( 9 ) 


For frequencies just above the threshold, i.e. small velocities of the ejected 
nucleons, it is easy to see that the photomagnetic effect is predominant* 
In fact, for the eigenfunction 1 R { ® we may take the form (5*32-11), 
which for small rj is proportional to 

X (£) * • {in f Ctg 6 4- 1), 

i.e., by (5.32— 20), 

lRf ' 1 T= jfr W ' « £ ± l). (10) 

the sign of the last term being + or — according as the low energy 1 S level 
defining the phase is virtual or actual. On the other hand, we may in (8), 
replace 3 i?W by the corresponding function W obtained by neglecting the 
nuclear potential in comparison with the centrifugal forces (5J2): 


W-Atz/sto (z^ini) 


1 / sin z 


n 


z 

r2 


COS Z 


' f 2 * 


( 11 ) 
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From (8) it then follows, according to (10) and (11), that we may 
quite generally write, for small energies £ of the ejected nucleons, 

|iCi| 2 ~^F e ,(£) 

\K 12 ~ V £ P (A 
| -tVrnagn | ~ £ _j_ | l £ ( 0 ) J *magn \£)t 

the F* s being analytic functions of a. The formulae (9), together with (12) , 
finally show that for small a the photomagnetic cross-section increases with 
a much more rapidly than the photo-electric one. The photomagnetic effect 
will chiefly affect in a sensitive way the angular distribution of the ejected 
nucleons (834). 


To get an approximate idea of the order of magnitude of the photo- 
disintegration cross-sections, we may in (8) replace R 0 by its asymptotic 

form e^l^oi? , with the normalization factor 1 2 ]' 1 7 ] 0 i, Neglecting further 

the magnetic exchange effect, we may then easily evaluate the K's and we 
get for the corresponding functions F(e) introduced in (12) 


F d ( £ )^- V 


ri«oi 


7i M(£ + |e 0 |) 4 


2 

"'magn ( £ ) ~ ~ {ftp ftn ) 2 


T I £ 0 


( £ + 


(Tieolill 1 ^!) 2 . 


(13) 


the =t sign pertaining to the virtual or actual character of the ] S level. 
Taking account of the energy relation = e + | £ 0 | and of the formulae 
(9), (12) and (5.32— 22a), we get for the cross-sections 




/Jv 

\ l £ o 


cB — B 

^ magn ■*-> 





(14) 


A = 



__ 8st ftl (ftp—ftn) 2 

b = T 5 


Using the numerical values (6.21— 14), (1.21— 2,3) , (1.22— 6) , one has 

A = U6*10- 26 cm 2 
B = 1,52 - 10~ 28 cm 2 . 


(15) 


6*52* Radiative capture of neutrons by protons . When slow neutrons 
pass through a substance rich in hydrogen, such as paraffin or water, they 
are not only elastically scattered, but also strongly absorbed. This absorp- 
tion is due to capture of neutrons by the protons, leading to formation of 
•deuterons with emission of radiation. Since this process is just the inverse 
of the photodisintegration, its cross-section G is related to that of the 
latter by an equation resulting from the well-known argument of detailed 
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balancing. This equation, valid separately for the capture process involving 
an electric dipole transition as well as for that involving a magnetic dipole 
transition is 




2 

5 >; 


(16) 


the momentum pjc of the incident neutron is related to that of the emitted 
photon ft v/c by the law of energy conservation, so that we may write, 
with (5.111- 13), 


,_3 (e + |e 0 |) 2 ^ 

'~2 Me ® 


(17) 


The factor J- is the quotient of the statistical weights 2*3 of photon (two 
states of polarization) and deuteron (multiplicity of ground state) by 
those, 2*2, of free neutron and proton, arising from the spins. Combining 
(17) with (9) and (12), we see that for slow neutrons, the “electric” 
capture cross-section is negligible in comparison with the “magnetic” capture 

cross-section, which is inversely proportional to ]/s, i.e. to the velocity v 
oi the neutrons (“1 jv~laxv'). (The reason for the smallness of the electric 
dipole effect is that such transitions entail an initial state of orbital angular 
momentum 1=1 and that a slow neutron with this angular momentum has 
too little chance to come sufficiently near the proton to be captured.) 

The first measurements of the capture cross-section were performed 
by Amaldi and Fermi [36] according to a method developed theoretically 
by Fermi [36]. The mean life of a neutron of velocity v in paraffin — 
from which the capture cross-section immediately follows — is given by 
l Njv , l being the mean free path and N the mean number of free paths 
travelled by the neutron before capture. The first of these quantities may 
be measured directly by letting neutrons pass through increasing thick- 
nesses of paraffin. The second can be deduced from a study of the 
diffusion of the neutrons in paraffin: the probability for a neutron to 
reach the surface of a paraffin block from a depth x before being captured 

is found to be of the form e-*!*’, with V = I'jNfi; the determination of V 
then yields N. For neutrons of ordinary thermal energies, this method 
gives a cross-section * 

G — 0,3 1 • 10“ 24 cm 2 . (18) 

Very nearly the same result, viz. 0,33 * 10 -24 cm 2 , has been derived by 
Manley, Haworth and Luebke [42] from a direct measurement of the 
mean life-time of the neutrons in water; the accuracy of this value is 
estimated at about 5 %, the chief uncertainty being that in the neutron 
velocity. 

Other determinations are obtained by comparing the capture cross- 
section of hydrogen with that of boron, silver or cadmium; the latter may 

* Recently, however, GAMERTSFELDER and G0LDHABER [46] have given a value as 
low as 0,25 - 10~ 24 cm 3 , for which they claim 10 % accuracy. 
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in fact, on account of the smallness of scattering, be identified with the 
total absorption cross-section, which is readily measured. The relative 
measurements of the capture cross-sections are made with liquids or 
solutions containing the substances investigated in different concentrations; 
various methods of comparison can be used, a survey of which is given by 
Volz [43]. Owing to the uncertainty prevailing until recently in the 
absolute values of the cross-sections of the comparison substances, the 
precision of the absolute value of the hydrogen cross-section deduced from 
such relative measurements was considerably impaired. With boron as 
comparison element, one obtained for G values of about 0,27 to 0,31 ■ 10- 24 
cm 2 (Frisch, Halban and Koch [37], Schulz and Goldhaber [45]); 
with cadmium (Haxel and Volz [43] ), one gets 0,235 to 0,32 * 10“ 24 cm 2 , 
the latter determination corresponding to the most recent cadmium cross- 
section value (DlEBNER et aL [42] ), A new determination, however, using 
monochromatized neutrons from a uranium pile and boron as comparison 
substance, has definitely confirmed the value (18) of the capture cross- 
section, which moreover can now be referred to a precise neutron velocity 
of 2,2 * 10 5 cm/sec. 

The cross-section (18) is much too large to be accounted for by the 
electric dipole effect. To the same approximation as the above formula 
(13), we get from (17) 

G d = C -Ifoll C = 4n^-(^rY = 4,02- 10-” cm 2 , (39) 

« *1“ i*ol ft J 

which takes its maximum value -J-C for s = | e 0 J. It was just the need to 
provide for some other capture mechanism capable of explaining the large 
cross-section observed for slow neutrons which led Fermi [35, 36] to 
consider for this purpose the magnetic dipole transitions. In fact, the latter 
effect yields a capture cross-section following the l/t>-law, which can thus 
become very large at small velocities. At this point it must be stressed that 
this effect exists only in so far as there is a spin dependent nuclear inter- 
action: otherwise, there being no difference between and 3 S states, 
the first term in the expression (8) for K ma gn would vanish because the 
eigenfunctions occurring in it would be orthogonal, while the last term 
would disappear because there would then be no exchange magnetic 
moment (4 A3). The large capture cross-section of protons for slow 
neutrons therefore provides us with an additional qualitative argument 
of great weight for the existence of a spin dependent nuclear potential. 


More quantitatively, we get *, neglecting the exchange effect as in 
formula (13), * 

q ~ p i/Sl e + ..h 1 . ( i -fc 1/IW 

M9a r S s+| 1 £ (0, | V v\e 0 \)’ 

D = 4ji^ {fip — , u n ) 2 -lid = 0,53 * 10- 30 cm 2 . 

* Formula (20) dearly illustrates the vanishing o£ the magnetic effect for l s(0) = so* 
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Taking (table 6.431-1) ] ie«» | = 0,065 MeV, i.e. | U<o)/e 0 | = 0,03, this 
formula yields, for thermal neutrons (E= 0,026 MeV, i.e. a — 0,013 MeV), 

Gmagn ~ 0,23 ‘ (1 zh 0,17) 2 * 10' 2 * CGI 2 

(0,32 * 10~ 2,5 cm 2 for a vircual J S level (20a) 

^0,16* 10~“ 24 cm 2 for an actual 1 5 level. 

These results are, in the first place, of the right order of magnitude*, they 
further distinctly favour the case of a virtual 1 S level. But (chiefly 
because of the neglect of the exchange effect) the calculation is not suffi- 
ciently accurate to allow us to regard this evidence as entirely conclusive. 


6 * 53 * Disintegration of the deuteron by electron impact * In principle, 
the disintegration of the deuteron can be brought about by the electro- 
magnetic field of an impinging electron just as well as by that of a photon. 
Experiments to this effect have hitherto not been attempted, owing to the 
difficulty of producing beams of electrons of the required energies. But 
the analogous reaction with the 9 Be nucleus, which has a smaller threshold 
(1,63 MeV), has already been produced by GUTH and his collaborators 
[39a, 6], using electrons of up to 1,75 MeV energy, accelerated by a van 
de Graaf generator. The theoretical treatment of this process follows the 
same general lines as that of the photo-effect; modifications arise on the 
one hand from the different form of electromagnetic field, on the other 
(and more important still) from the fact that the electron, unlike the photon, 
is not absorbed in the course of the reaction, but emerges with a diminished 
energy. 

If the transition performed by the electron is from a state i (of momentum 

— y 

energy EW) * to a state f, so that the momentum and energy trans- 
ferred to the nucleus are 


p~p(e)—p(e) t E = E i*)—Ef, (21) 

the effective electromagnetic field by which the electron acts on the 
nucleus may, according to the principles of quantum electrodynamics **, be 
represented (in a notation similar to that used above in the photon case) by 

—¥ 

Eq e ,Ect fo -j- complex conj. , H 0 e iEcV M -}- compl. conj. , 


with 


E 0 

H 0 


= 7 ■ ffip.ijM • Ifl] 

= T> 


( 22 ) 


* All quantities referring to the electron are distinguished by an upper index (e). 

** C£ C. MbLLER, Ann. Physik 14, 531. 1932. 
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These formulae are only valid for sufficiently small values of the momentum 
transfer p; they represent in fact, to the first approximation, the field 
produced by the effective charge and current distribution of respective 
densities 


e 

vf 


— ~ ( p — Ed) 

e 


(i I M f) 



(p — Ed) 


aiQ^in. 


The normalization factor l/v[ e) — cp^f l E[ e) being the initial velocity 
of the electron) corresponds to an intensity of one electron per cm 2 and 
per sec. 

For a definite transition i — > f of the electron, the total cross-section of 
the disintegration process is, exactly like that of the photo-effect (and with 
the same notations), the sum of an electric and a magnetic contribution 


n = ^~\K sl \ 2 \E 0 \ 2 

0 (j _> f\ I X 12 I H 12 

^inagn \ l ^ ^ I • £V naagn | | *■ -*0 | < 


(23) 


(Also the angular dependence of the electric and magnetic effects is the 
same. The differential cross-sections are obtained by multiplying the total 


ones by — sin 2 

O 7C 


$ dQ and - — dQ t respectively.) If the impinging electron 

d 7t 


beam is unpolarized, we have to average these quantities over the initial 
spin orientations; moreover, we must sum over the final spin orientations. 
One has, in the usual way. 


\2I\EA 2 


(spm) 


= *tr 


E + qP a[e) p\ e> + m £> 3 ®' -\-mQ { f 

E ° ' 2Ef E ° 2 Ef . 


16jt 2 T) 2 e 2 
vf 2 EfEf 




1 i Ef 2 + Ef 2 
4 + 2 p 2 — E 2 


E 2 m 2 


(p 2 -E 2 ) 2 } 


\Z2\H 0 \ 2 -. 

(spin) 


1 6 n 2 b 2 e 2 


’ v^ 2 E^Ef 


l n , t 

f Li + 2 


1 p[ e)2 +pf 2 


■E 2 (p 2 -E 2 ) 2 J 


(24) 


Finally, the cross-sections must be summed over all possible values of the 
— y 

momentum p(p of the electron after the collision. For this purpose, they 
have to be multiplied by the number of final states in an element of 
momentum space, viz. 


pf Ef vf 


dEf dQf . 


and integrated over all angles and over E ^ from m to E ( p — [ e 0 |* The 
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angle variables occur in the integrand only through 

p 2 _ E 2 = 2 (Ef Ef — pf — m 2 ) ; 


performing the angular integration, one gets the general formulae 



The energy e of the nucleons after the disintegration, which occurs in the 
K’s, is given by e == E — | e 0 |. 

For electrons of relatively low energy, we may expand the expressions 
(25) in powers of W*, if 


W = Ef-m-\e 0 \ 


(26) 


denotes the energy of the impinging electron above the threshold. To this 
end, we put 

Ef = m+ Wx 

and integrate over 3 : from 0 to 1 . Since 

e = W (1 — x) 


is also small, we may use the expressions (12) for the K*s . Expanding the 
integrands (but retaining in | K magn [ 2 the factor [| | + W( 1 — 

since | x sCo) j m ay be of the same order as W), we readily find 




ie) , 


7t}’2 


e ^ 2 . ± f a ( 0 ) • - 

8 jco^Vd e 0 \+2m)m 


W 3 


0 


.(e) ~2a}'2 e 2 f*l 

~ 3 T? b 


2 71 .F m agn (0) * iKL+J^i . | 1 & J . 


(27) 


m 
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Using the approximate formula (13), we get ' 

I e o I 2 ' +2 m 2 


«Sf: 


^magn ■ 


n V2 


h 2 


5!V . 

6 \ T? / M | e 0 | 

: 1,36 • 10~ 30 W 3 cm 2 


Nol 4 V(l £ ol + 2 m)m 


IV- 


2 n y 2 


m 


T? 2 


M M I e 0 

y|6 0 | + 2m.l l£(0) [ . 


(/V 


( 1 ± 1 / 

/ M°> 

/ 

\ y 

£ o 


m> 




2 |M°>| 


y 


i -+- 


W 

MO) I 


(28) 


« 1,6 ■ 10- 31 [1 + 7,5 W— VI + 15 W] cm 2 , 

W being expressed in MeV. 

The formulae (28) have been derived by PETERS and RlCHMAN [41 ]. 
The influence of the magnetic exchange effect has been discussed by 
Lubanski and Rosenfeld [45]. 

* In. the last formula, it has been assumed that the *S level is virtual, with 
MO) =0,065 MeV (table 6.431-1). 



CHAPTER VII 


CENTRAL INTERACTION BETWEEN PROTONS 


7*0* This Chapter will chiefly be concerned with the analysis of the 
scattering of protons by protons, which yields quite precise information 
on the effective potential of the nuclear force between two protons in a 
iS state; this effective potential depends only on the central part of the 
nuclear interaction (4.431). The influence of non-central couplings will 
only make itself felt for higher proton energies than those hitherto studied 
in sufficient detail* It has been thought advisable also to include a short 
account of the interesting reaction in which a collision of two protons leads 
to the formation of a deuteron with positon emission* 


7JI * Proton-proton scattering, 

7*11* Theory . The main force acting at large distances between two 
protons is the electrostatic repulsion, and it will determine the scattering 
as long as the colliding particles do not come into the range of the proper 
nuclear force* If E is the kinetic energy of the protons, the distance r 0 of 
closest approach in a head-on collision (angular momentum 1 = 0) is 
defined by e 2 /r 0 E , whence r 0 = (e 2 /m) (m/E)* In order that the 
nuclear force, of range ^ e 2 /m, can come into play, the kinetic energy of 
the impinging protons must therefore be of the order of magnitude of 
several 100 keV* For such energies, the protons of the scatterer may be 
treated as free; the transition between barycentric and laboratory system 
of reference will be effected by the formulae (6.212— 20)* The treatment of 
the scattering of free protons differs from that of neutrons by protons in 
two respects* In the first place, the influence of the long range Coulomb 
interaction makes itself felt even on the asymptotic behaviour of incident 
and scattered wave; in the second, account must be taken of the peculiar 
way in which the exclusion principle modifies the scattered intensity* 

Let us first consider the pure Coulomb scattering, governed by the 
radial equation 


d 2 R 

dr 2 


+ 





R = 0. 


( 1 ) 


where k is again (5 A 11— 13) 2n times the wave-number of the incident 
wave, while 


( 2 ) 



v denoting the relative velocity; indeed, with our units, vjc is the quotient 
of the relative momentum p by the reduced mass \M. For given l and k t 
this equation has two independent solutions of which the one is regular 
(~ r /+1 ), the other irregular ( ~ r~ l ) at the origin; the asymptotic forms 
of these solutions are found* to be (with corresponding normalizations ) 

L { i ea) - sin (kr-UI2 + 8[ l) ) 

L ( r 9] — cos (kr — ln/2 d[ l) ) 

with 

d[ l) = yW — a log 2 kr , y {l) = arg r(i a + l + 1). (4) 

They may be compared with the solutions l/rj±{i+i)(kr) of the differential 
equation without field, from which they differ asymptotically by the phase 

shift As an extension of formula (6,21- 4), it may be seen that the 
regular solution 

^c +] = 1-2(21+1) i l Pi (cos &) Lp\r) e‘ ^ (5) 

kr i 

is suited to describe the scattering process; in fact, its asymptotic form is ** 

C± e ikz e rctl °9 ft i r "^ — a e e —ialogk{r—z) + 2 iyW* /g\ 

£ k (r — z) * ' p 

representing an incident (plane) wave and an outgoing spherical wave, 
both distorted by the influence of the Coulomb field; the second term we 

shall denote by ( 2c +) )scatt * We have only to take care of the exclusion 

principle by suitably symmetrizing the solution Wc* For this purpose, 
introduce 

Wt\&)= = WP(n-d), i. e. Wt\z) = Tp\-z) , ' (7) 

which represents, as a matter of fact, the other collision partner; if X PP 

describes the deflection of the impinging proton, WP will describe the 
recoil of a proton from the scattered Recoil protons also form a part of 
the scattered wave, and interfere with the impinging wave in the way 
prescribed by the exclusion principle, according to the relative spin orien- 
tation of the two waves; for the total wave, we thus get 

w c = y 0 • >(4> (^ +) 4- PP) + 2 3 Jm s ■ 3 (°)m s (WP- ! PP), (8) 

m s 

with arbitrary amplitudes °Jm s * Owing to the symmetry properties of the 

* CL, e.g., SOMMERFELD [39], Chapt. II, §7. In the notation of W6W 16 J, 
the regular solution is ~ M ia j+^(2ikv). 

** CL SOMMERFELD [39], Chapt II, §9. For a deduction of (6) from (5), see 
W. Gordon, Z. Physik 48, 180, 1928. 
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Legendre polynomials, dt ^t~ } is simply twice an expression of the 
form (5), in which the summation over l must be restricted to the even 
or odd values of /, respectively; this is, of course, precisely the restriction 
embodied in {4331— 23) when the isotopic eigenfunction is 3 (t)_i* Asymp- 
totically, we have, by (6), 




(+) 


\ 

■*- C /scatc ' 


ae ‘ kr -ialog2fcr + 2i-/°) 
2 kr 6 


/g — zalog*m a tf/2 g— Z«logcos a ^/2\ 

V sin 2 $/2 cos 2 ^/2 / ’ ^ 


From (8) we obtain for the differential scattering cross-section 

dSc=r 2 dQ[\ Vo I 2 * I ^ +) + Iscatt + 2 i 3 Jm s I 2 • I S?g +) - | scatt] » 

m sj s 

the incident wave being normalized not to unity, but * to 2; for an un- 
polarized wave, we must therefore make all IVmJ 2 — i and get from (9) 


dS c =dQ 


k 2 


1 


(i — f)2 cos (a log tg 2 #/2) 


(2sin 2 #/2) 2 1 (2cos 2 tf/2) 2 


or, going over to the laboratory system, 

^ 2 r 1 , 1 


dSc = 4 COS 0 cfAab 


4 A: 2 


4sin 2 #/2 cos 2 $12 
cos (a log tg 2 


sin 


4 0 


cos 


4 <9 


sin 2 0 cos 2 0 




(10) 


This is the well-known formula first derived by Mott* The first term is 
just Rutherford's classical expression; the second is the same expression 
for the recoil protons; the third results from the exclusion principle. 

The modification of the Coulomb scattering, due to a short range 
potential, can now be derived in a way entirely analogous to the method 
of 6.21 . For given 1 and k , the asymptotic form of the solution may be 
written in the form 


Li ci sin (k r—hz/2 + d[ l) + (11) 

as a linear combination of the two asymptotic solutions (3); the constant 
phase-shift a dW depends mainly on the short range potential { and to 

a lesser degree also on the presence of the Coulomb potential). The 
general solution 

W= Z' m * c zf m ,- T- Li (r), 

in which 2' denotes the restricted summation over even or odd l according 
as o = 1 or 3, must be determined in such a way that W — W c reduce 
asymptotically to an outgoing wave only. This condition, using (8) and 

* Cf* N. Mott and H. Massey, The theory of atomic collisions (1933), p* 69 
(footnote) * 
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(5), gives for the scattered wave 


with 


^scatt — — - 2 *3, 

17 j S 


m§ 


*(°)r 




( 12 ) 


17 or ~ ( «/(+) . \xf{— )\ 

scatt \ -* C Z± I 30 c y sca tt 

ik r 

+ 2' y4jr(2/-f 1) y? ^7— e'( 2 >’ (0 -“ 1 °32ftn ( 13 ) 

i kr 

the double sign being + or — according as a = 1 or 3; the symbol 2' 
has just been explained. By (9) we may write 


oikr 


Ain. i 

xrr ~ i ctiog 2 kr 

scatt . i 

tkv 


q f 0— lalog sm 2 &\2 g— i alogcos 2 #/2 


. 2 i \ sin 2 d/2 ^ cos 2 d/2 


e 2z>(°> 


_L_ V" V 4 -rrm 


For unpolarized waves, the cross-section is built up from the singlet and 
triplet contributions in the ratio (1 : 3 ) : 


dS = id l S + i d 3 S 
d*S = r?F sca tt| 2 r 2 dQ . 


Formula (14) shows that the total scattering consists of the pure Coulomb 
scattering, as given by Mott’s formula (10), and of an "anomaly” due 
to the scattering of the waves of different angular momenta by the nuclear 
potential and to interference between these waves and the Coulomb wave. 
Keeping in mind that the phases decrease with increasing Z, we may 
from (14), (15) evaluate the cross-section with increasing accuracy by 
successively taking into account the terms corresponding to l — 0, 1, 2, .... 
The main contribution will be the 5-wave anomaly, coming from the singlet 
configuration ( antiparallel spins of the colliding protons); it arises from 
the nuclear scattering of the S-wave and from its interference with the 
Coulomb wave: 


dS ( °' =4 cos QdQ } 


lab 


4 k 2 



2 . 

sm 

a 


cos (<3 + a log sin 2 


sin' 


0 


, cos (d -f- log cos 2 0) 
cos 2 © 


(16) 


where we have used the laboratory variables and put, for simplicity, 
d = ^(o). Next in importance comes a P-wave anomaly, from the triplet 
configuration (parallel spins); this anomaly also comprises a pure scattering 
and an interference term. There follows a D- wave anomaly, again from 
the singlet configuration, which consists of three terms, since there is also 
interference between the D- and the 5-wave. These anomalies have been 
calculated by Breit and his collaborators [36a, 39a], who also give an 

10 
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elaborate discussion of the procedure best suited to derive from the 
observed angular distribution of the scattering intensity the values of the 
phases at the corresponding energy. It appears that for most of the hitherto 
utilized proton energies (in fact for energies up to a few MeV) practically 
the whole observed deviation from Mott's formula is due to the 5 -wave 
anomaly. 

About the behaviour of the ratio 


9t: 


dS t 


obs 


d§ c 


1 + 


dS\ 


( 0 ) 

anom 


dS C 


(17) 


some theoretical predictions can be made, which, as we shall see, allow 
us to draw important conclusions on the nature of the nuclear forces. To 
begin with, we expect, on account of (10) and (16), the ratio SR at a given 
energy to exhibit a maximum or minimum for 0 — 45°, about which value 
it will vary symmetrically with angle, tending to unity for 0 0 and 

0 — » 90°. But the nature of the extreme, as well as the more detailed 
behaviour of the angular variation will depend in a characteristic way on 
the sign of the nuclear proton-proton force. If this force is repulsive, it 
will always enhance the effect of the Coulomb field, so that 31 will always 
be larger than unity and have a maximum at Q — 45°. The case of an 
attractive force, however, is more complicated. If the energy of the 
impinging protons is sufficiently high, the nuclear field (which now 
counteracts the Coulomb repulsion) will predominate, giving 3i>l; but 
this preponderance will depend on the scattering angle, since the Coulomb 
scattering becomes very large at small angles. As the energy decreases, 
and the influence of the nuclear potential consequently becomes weaker, 
5R will therefore become < 1 at small angles, while remaining > 1 at 
larger angles, and the region where it is <1 1 will progressively expand. 
At still lower energies, 31 will have become <C 1 for all angles; by further 
decrease of the energy, the maximum of 3t at 45° will change over to a 
minimum. During all this variation, the value of 31 at any angle will 
decrease until it reaches a minimum; after which, as the Coulomb field 
begins to predominate over the nuclear field (at that angle), 31 increases 
again towards the limiting value unity. We thus see that, in contrast to 
the case of proton-neutron scattering (the S-part of which only depends 
on the absolute values of the phases), the scattering of protons by protons 
is quite sensitive to the sign of the nuclear potential; this is due, of course, 
to the fact that we have here to do with an interference effect between 
Coulomb and nuclear scattering. 

7 A 2. Analysis of experiments . The technique of absolute measure- 
ments of proton-proton scattering has been developed to a high degree of 
accuracy, chiefly by Tuve, Heydenburg and Hafstad [36, 38, 39] and 
by Herb and his collaborators (Herb et aL [39], Ragan e£ aL [41]). 
The apparatus is clearly described by fig. 7J2- 1 , which represents Tuve. 
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Hafstad [39]. 

et al.'s improved design. The scattering chamber, in the form of a flat cylin- 
der, is filled with hydrogen at 12 mm pressure; it contains a movable 
detector which registers the protons scattered at various angles in a 
volume defined by the divergence of the primary (incident) proton b eam 
and the convergence of the detector slit-system. As a detector, the 
ionization chamber connected' with a linear amplifier ceases to be satis- 
factory for protons with a residual range less than about 3 mm; to record 
slower protons (Tuve et al. [38], Ragan et, al [41]), one has to replace 
it by some variety of point counter. 

For each value of the energy of the incident protons, the results of the 
experiments are conveniently expressed by giving the ratio [ft, defined by 
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formula (17), of the observed differential cross-section to that corresponding 
to pure Coulomb-scattering, in terms of the scattering angle 0. Since 
3ft (0) is expected to be symmetrical about © = 45°, most of the measure- 
ments are limited to the angular range 0° ... 45°, but some of them (Tuve 
et aL [38, 39], Ragan et aL [41] ) have been extended up to 60° to check 
the symmetry. Results obtained by this method are now available for the 
whole energy range between 0,175 and 2,4 MeV, Besides, an investigation 
ol the scattering of 4,2 MeV protons by protons has been carried out by 
May and Powell (Powell [47a] ), using the latter's photographic method 
(6*42). All these measurements will be referred to as the '‘first group". 

A "second group" of experiments, performed by WILSON and his colla- 
borators [47a, h, c], covers the range of 8... 14,5 MeV proton energies. 
The protons from a cyclotron are scattered by the hydrogen atoms in a 
cellophane or Nylon foil. The scattered and the recoiling particles are 
recorded in coincidence by two counters fixed on rotating arms at 90°, with 
the scattering foil at the centre of rotation; in this way, spurious particles 
are eliminated. In this energy region, there is no point in considering the 
ratio 3ft: the results of the (relative) measurements are described by giving, 
for each energy ( E = 8, 10 and 14,5 MeV), the ratio @(0) of the 
differential cross-section at angle 0 to that at 0 =45° (cf. fig. 7J31). 
For E = 8 MeV, the absolute scattering cross-section per unit solid angle at 
© — 45° has also been determined and found to be (1,7 ± 0,1 ) • 10" 25 cm 2 . 

Already the first experiments by Tuve et aL [36] (fig. 7.12- 2) allowed 



Fig. 7.12-2. Proton-proton scattering. 
Ratio 9ft of observed to pure Coulomb 
scattering as a function of scattering 
angle 6>. Experiments by TUVE, HEYDEN- 
BURG and HAFSTAD: 

(a) according Tuve et at . [36}, 

(b) according TUVE et aL [37]. 
Relative measurements; 9ft is adjusted to 

unity at <9 = 25°. 


Breit, CONDON and Present [36a] to conclude (upon the natural 
assumption that 5-wave scattering is predominant) that the nuclear proton - 
proton potential is attractive : this follows indeed, as explained in 7.1 l t 
from the occurrence of 9ft-values smaller than unity at small angles, the 
angular region in question spreading towards larger angles as the proton 
energy decreases. This qualitative inference was further strikingly con- 
firmed by new experiments (Tuve et aL [38]) extending to lower 
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energies: it was observed (fig* 7.12- 2) how the ratio 31(45°) changed 
from a maximum to a minimum* For an energy of 0,45 MeV, the scat- 
tering intensity at 45° almost vanished, owing to destructive interference 
between Coulomb and nuclear field* At still lower energies, the ratio 
3^(45°) began to increase again, quite in conformity with theoretical 
expectation* 

The subsequent experiments of the first group (Herb et al . [39], Tuve 
et al. [39], Ragan et al. [41]) aimed at increasing the precision and 
extending the range of proton energies explored. The mutual consistency 
of the results could be checked in overlapping energy regions (see table 
7.12 and fig. 7.12-3 ), and was found to be very satisfactory. The empirical 



Energy E 


Fig. 7.12-3. Proton-proton scattering. 5-phase derived from experiments: 

R Ragan et al. [41] Ti Tuve et al. [36] 

H Herb et at. [39] T 2 Tuve et at. [38] 

M MAY and POWELL T' 2 the same, using only the scattering at B = 45° 

(Powell [47a]) r 3 Tuve et as?. [39] 

data were carefully analysed by Breit and his collaborators (Breit [36a, 
39a], CREUTZ [39]) in order to derive the phases 3^ as functions of the 
proton energy. The S-wave scattering — in the first instance assumed to 
be responsible for the whole effect — is in fact found to account for it 
with deviations of at most a few percent (in many cases less than 1 %). 
These deviations cannot consistently be attributed to P- or D-wave 
scattering, which leads to the conclusion that the latter effects, in the 
energy range under consideration, are too small to be disclosed even by 
such accurate measurements. 

From (10), (16), (17) it follows that 

(45°) =1 — sin <5 cos (<J — a log 2) + — y sin2 

a a 


(18) 
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and from this formula, with a” 1 ~ 5 ... 10, two essentially different values 
of the S-phase <5 may in general be deduced, one of them lying in the 
first quadrant, the other in the fourth. The latter would correspond to a 
repulsive potentials Quite apart from the behaviour of SI at smaller angles, 
it can be excluded, however, by application of a useful criterion due to 
Wheeler (cf. Breit et aZ. [36a] ): If the radial wave-function R keeps the 

same sign in the interval 0 ... r', the ratio (Jljr decreases with in- 

creasing energy. [The proof results immediately from the first formula in 
the footnote to (5J2- 21).] The condition for R is fulfilled in the lowest 
(nodeless) S state up to the distance r' at which the function is sufficiently 

well represented by its asymptotic form, so that can ca ^ 

culated in terms of <5. It is then seen that the fourth quadrant value 
contradicts Wheeler’s criterion. This gives additional support to the above 
deduction that the proton-proton potential is attractive. 

The results of the analysis of the first group of experiments are sum- 
marized in the following table and represented on fig. 7J2—3. 


7.12. S-phases derived from first group of proton-proton scattering experiments 



Estimated error 


E 

i<5<0) 

on phase 

Reference 

keV 

degrees 

degrees 


176,5 

6,3 



200,2 

6,7 



225,9 

7,4 



249,5 

8,5 

0,5 

Ragan et ah [41] 

275,3 

9,5 



298,3 

10,5 



321,4 

13.4 



220 

3,5 

0,8 


325 

, 14,1 




450 

16,0 

0,4 

Tuve et al [38] 

550 

18,7 

0,6 


640 

20.8 

0,7 


670 

24,80 



776 

27,42 

0,4 . 

Tuve et al [39] 

867 

29,41 



1 

23,5 

1,6 


1 

25,87 

0,71 

Tuve et at. [36] 


27,13 

0,44 



29,55 

0,25 


860 

29,28 



120) 

35,94 



1390 

38,96 



1830 

44,02 

0,4 

Herb et al [39] 

2105 

46,18 



2392 

48,08 



4200 

54,0 

2,5 

May and POWELL (POWELL [47a]) 


The experiments of the second group have not been analyzed in the 
same detailed way, but the observed differential cross-sections have been 
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directly compared with the theoretical ones; we shall come back to this 
point in 7J31 below* 

7* 13* Derivation of nuclear potential parameters from the observed 
phases . There is unfortunately no analytical method (at least in quantum 
theory*) to derive the expression for the scattering potential from the 
known values of the phases at various energies. The only possibility is to 
start from some assumed type of potential, involving undetermined para- 
meters, and to try to adjust the values of these parameters in such a way 
that the calculated phases agree with observation. This is a very unsatis- 
factory procedure, since — besides involving tedious numerical integrations 
of the wave-equation — it can at best only yield several possible types of 
nuclear potential, without any means (on internal evidence) of removing 
the resulting ambiguity. An encouraging feature, however, is that these 
various solutions all lead, as we shall see, to practically equivalent general 
conclusions. 

For a detailed account of the special procedures required for the cal- 
culation of the phases corresponding to a given form of nuclear potential, 
the reader is referred to the papers already cited of BREIT and his colla- 
borators [36a, 39a] **. In the latter paper [39a], refined methods of series 
expansions have been elaborated in order to check the results of numerical 
integrations. "We shall just mention here that phases of higher angular 
momentum can be estimated by a formula 

oo 

* l) ~ - V (l \r)[L ( r%)y dr, (19) 

o 

entirely analogous to (5.33—37) and derivable by the same argument, 
starting from an appropriate identity, similar to (5.121— 25) . A slight 
modification of the argument permits an estimation of the change dd of 
the phase-shift d resulting from a small change dXP of the nuclear 
potential ***; if R is the radial wave-function for the original choice of the 
potential, we have to a first approximation 

GO 

dd^ — J dV( r) • R 2 dr. (20) 

o 

More accurate formulae have been derived by Breit et al. [36a, 39a, 39cf], 
and used in particular [39c?] to compare the effects due to potentials of 
different shapes, — the difference arising from a change either of the 
parameter values or of the potential type itself. 

Let us now survey the results which have been obtained with various 

* On the analogous classical problem, see HOYT and FRYE [40]. In this paper, the 
semi-classical approximation based on an expansion of the phase of the wave-function in 
powers of 1? is also treated; but it is unsuited for nuclear problems. 

** LANDAU and SmoRODINSKY [44] have obtained by a semi-empirical method a 
general formula roughly representing the variation of the phases with energy. 

*** This method is due to Mott; it has first been worked out by H. TAYLOR, Proc. R. S . 
A 136, 605. 1932. 
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simple types of potentials; the most extensively studied are the well, Gauss 
and meson potentials. For the first two types, calculations of S- wave 
scattering and estimates of P- wave phases have been extended up to 
10 MeV by Thaxton and HoiSlNGTON [396]. In all cases, the best values 

of the range constant x and the strength have been determined so as 

to fit the measurements of the first group at higher proton energies (Herb 
et aL [39], Tuve et at [39]); later on (Thaxton [41]), the test was 
extended to the low energy results (Ragan et aL [41]). As to May and 
Powell's results for 4,2 MeV protons, they agree in a general way with 
the theoretical predictions, but are not accurate enough for the purpose of 
discriminating between different potentials. 

Potential welL In this case, the high energy values of the phases can 
be fitted to two potentials of different widths (and depths); but the low 
energy measurements just quoted are useful in removing this ambiguity: 
they definitely establish that the best fit at all energies is obtained with 
a well-width very nearly equal to the electron radius c?. The corresponding 
depth is found* to be 11,35 MeV (Breit et aL [36a, 39a, 39c?]). 

Gauss potential . Also for this type of potential, BREIT et aL [39a, d ] 
were able to determine uniquely the constants fitting all experimental 
results, thanks to the remarkable accuracy of these results. From cal- 
culations of the S-wave scattering, they found j*” 1 = 1,9 • 10” 13 cm, 
J = 26,3 MeV. But the small P-wave anomaly has also been calculated 
by Thaxton and Monroe [39a] and shown not to be significant. 

Meson potential . In contrast to the types just discussed, the meson 
potential does not allow of unique determination by comparison with 
the observed phases. Breit et aL [39c?] showed that no sufficiently close 
fit with these phases could be achieved with a meson mass of 200 m, and 
they concluded that the best possible fit required a meson mass as high as 
326 m. However, in a renewed investigation, LuBANSKl and DE JAGER find 

* It is convenient first to calculate the scattering upon the assumption that the 
Coulomb potential does not act inside the well; the depth so determined, viz. 10,5 MeV, 
has then to be increased, in order to compensate the effect of the Coulomb repulsion. 
The correction (of the order of magnitude orlD ^ e~Id = m) can easily be estimated 
with any desired accuracy (BREIT et aL [39a]). A first approximation, for instance, is 
obtained from the expression (20) for the change of phase resulting from an ass um ed 
change of potential: for this change of potential, inside the well, we take the sum of e^r 
and a constant -dj, and express that the resulting total change of phase is zero; this 
yields for the increase of depth needed 

a gjj 

« p EEL? du a (log 2a -f 0,5772 + [SEIZ du \ 

= — * 8 

D f D a — sin a cos a 

J sin* u du 

0 

a = m we> , d 


with 
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just as close a fit with M m — 278 m, whereas even with a mass value 
Mm = 248 m, the deviations of the theoretical figures from the empirical 
ones do not exceed four times the estimated errors of measurement. Still, 
this would seem to point to a range of nuclear force rather smaller than 
that corresponding to the mass of the cosmic ray mesons observed at sea 
level. But although the available experimental results exhibit a very satis- 
factory internal consistency, they might be affected by small systematic 
errors, so that it is difficult to judge whether this discrepancy is real or 
spurious. To decide this issue by new proton-proton scattering experiments 
is one of the most important tasks in the field of research bearing on 
nuclear forces. 

For later reference, all data thus far obtained on proton-proton 
potentials are here collected in tabular form: 


7.13 

Parameters of proton-proton potentials from scattering data 



Best parameter values 


Type of potential 

Reference 

Range x— 1 

10—13 cm 

Strength J 
MeV 

Observations 

Well (5.11- 2) 

Breit et al [36 a, 39a, d] 

2,8 

11,35 


Exponential^. 2 i-3) 

BREIT et al. [39 d] 

1,73 

70,3 


Morse (5. 11 A) 

Thaxton and Monroe [40a] 

1,4 

61,0 


Gauss (5.11-5) 

Breit et al. [39a, d] 

1,9 

26,3 


(200 

Breit et al. [39d] 

1,9 

17,45 

Poor fit with data 

Meson (5 .11- 6) 

M - /m= )278 

LUBANSKI and DE JAGER 

1,55 

25,8 

No close fit with data 

id. 

1,37 

, 32,6 

Close fit with data 

V326 

Breit et al. [39d] 

1,17 

'45,8 

Close fit with data 


id. 

— 

— 

Unsuited 


7 . 131 . Comparison of second group of scattering data with theory . The 
second group of scattering data, relating to proton energies in the range 
8 ... 14,5 MeV, might be expected to give evidence of the incipient influence 
of P-scattering and accordingly to yield information on the effective 
potential in the ^configuration of the two protons. To this end, the 
empirical curves giving @(0) {7.12) have been compared with the values 
calculated on the assumption that the effective potential in the 3 P con- 
figuration is a well of the same width as the one. The calculation is 
carried out both for an attractive and for a repulsive 3 P potential, while the 
potential is taken to be attractive, in conformity with the foregoing 
analysis. Unfortunately, the results of such a comparison, as exemplified 
by fig. 7.131 , do not as yet allow us to draw any far-reaching conclusions. 
If anything, they are in favour of a repulsive zP^potential. 

Nevertheless, PEIERLS and PRESTON [47], attempting a more detailed 
analysis of the 10 MeV results, show that these results would indicate a 
IS phase of 52,5° and a 3 P phase of about -0,8°. Assuming well potentials 
of somewhat smaller width, viz* D = 2,5 * 10~ 13 cm, they find that the 
3 P phase can be accounted for by a repulsive potential of about 1 0 ± 3 MeV ; 
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this figure may be compared (11.21) with the depth 3 J = 25 MeV of the 

Fig, 7.131, Scattering of ID MeV 
protons by protons (WILSON 
[475], Comparison of measured 
relative cross-section ©(<9) with 
theory. (The data are adjusted to the 
theoretical value of the absolute cross- 
section at B = 45° z.e. & = 90°. ) 
Curve iS. theoretical S-wave scat- 
tering. 

-a Curve S + P + : theoretical S + P 
scattering assuming repulsive P- 
- potential. 

Curve S + P_ : same, assuming 
I , j j , , i i attractive P-p otential. 

20 ° so 0 40 ° 30° 6o° 70° 80 ° 90 ° The depth assumed for the P- 

Angie of scattering- & — *■ potential is not clearly specified. 

7.14. Range of potential from disintegration “stars”. An interesting 
check on the value derived for the range of proton-proton force from the 
analysis of the scattering experiments has come from quite a different 
quarter. The disintegration “stars” produced in a photographic emulsion 
by the impact of cosmic radiation * afford indirect evidence of nucleon 
scattering for energies of a totally different order of magnitude from those 
that can be produced in the laboratory. In fact, the tracks forming such 
stars are interpreted as due mostly to protons knocked out of a heavy 
nucleus (Ag or Br) of the emulsion by the impact of a nucleon of very 
high energy (~ 200 MeV and more). The energy distribution of these 
protons will primarily be determined by the cross-section for collisions 
between the impinging fast nucleon and the constituent particles of the 
nucleus, and this cross-section will in its turn depend sensitively on the 
range of the interaction between the colliding nucleons: we thus have here, 
as pointed out by HEISENBERG [37], the possibility of a rather precise 
determination of the range. 

A statistical analysis, performed by Ortner [40], of empirical material 
obtained under homogeneous conditions **, leads to a very simple exponential 
law for the average number irz 0 (E 0 ) of star particles of energy ^ E 0 : 

log i0 n 0 (E 0 ) « const — (0,0252 zb 0,0045) E 0 (21) 

(E 0 expressed in MeV) 

We shall carry out the comparison with theory for a law of force of the 
Gauss type***. It may be shown (12.35) that h 0 (E 0 ) is proportional to a 
certain function f 0 of the range of the force, which in the case considered 

* The subj’ect of disintegration stars is reviewed by BAGGE [43]. 

** New material, published by PERKINS [47], fits Ortner.s formula fairly well for 
E 0 ~2O...SOMeV. 

*** As observed in 1233, Heisenberg's theory is unfortunately not applicable in its 
present form to the case of the meson potential. 


potential for the same width. 
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may be approximated by just an exponential function of the same form 
as (21), viz. (12.36—43) 

^)] Eo (22) 

(Eo expressed in MeV). 

Adopting as before (2.22—7) r 0 = ^d f we immediately get from (21) 
and (22) 

-b=0,72±0,l, 
x a 


logio fa ~ const — 


0,0288 


_1_ 
K d 


+ 0,0096 


nr 1 = (2,0 dt 0,3) * 10“ 13 cm, 

in excellent agreement with the value resulting from the proton-proton 
scattering experiments *. Moreover, it will be seen that a change by 10 % 
of the value chosen for r 0 would only imply a change of about =b 0,04 in 
(xd)- 1 , which is negligible in view of the experimental uncertainty. ’ 


7 * 2 + Deuteron formation by proton collisions 

Although it has no immediate bearing on our subject, we wish to call 
attention to the reaction 

1 H + 1 H+ 2 D + P+ t (1) 

in which two protons combine to form a deuteron, the extra charge being 
emitted as a lepton field (positon and neutrino). This process, which 
is of considerable astrophysical importance, has been treated by BETHE 
and CRITCHFIELD [38]. We may restrict ourselves to the initial state in 
which the two-proton system has no orbital momentum, for this will be 
the most favorable for the envisaged proton combination; on account of 
the exclusion principle, the spins of the protons must then be antiparallel, 
so that we have to do with a transition from a state of the two- 
proton system to the 3 S ground-state of the deuteron. Assuming the inter- 
action between nucleons and lepton field to be of the Gamow-Teller 
type ( A 1.11 ), such a transition, which belongs to class ( b ) of A 1.12 , is 
an allowed one. (On Fermi interaction, it would be forbidden; cf. A 1.132.) 
The cross-section Sd for the formation of a deuteron by two protons of 
relative velocity v may then be written in the form 

£ 1. J_.I_ /(W )| G | 2 , (2) 

~ u Tq 

the factor £ representing the a priori probability of the protons having 
antiparallel spins, while the expression for the probability per unit time of 
the /3 + transition is taken over from A 1.11 with the notations explained 
there. Here one has 

W= — 1,8 whence I(W) = 0,132, (3) 

m 

by (A 1.11- 3,4). 

* BAGGE's [43] contention that the present method would yield the most precise range 
determination can obviously not be substantiated* 
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The matrix-element [ G | 2 can be decomposed into a factor arising from 
the summation over spin and isotopic variables, the value of which, 
according to table A 1 .132, is 2, and another factor containing the inte- 
gration over the relative space coordinates; in the latter, angular integration 
simply yields so that 

| G j 2 = 2 • (4 ?r) 2 | f R 0 (r) • 'Lf{r)drY. (4) 

0 

In this formula, i? 0 is the radial part of the deuteron eigenfunction, 1 Lf ) 
that of the two-proton system of kinetic energy e. The latter has the 
asymptotic form 

l L?{ r) ^ ^ e'° cos a [L^ g) ( r) + L^V) tg 3], (5) 

the L’s on the right being defined by (7.11— 3). In fact, (5) is just the 
asymptotic form of the l — 0 component of the normalized solution of the 

two-proton problem set up in 7.11 , multiplied by e"~ fy(0, /J / 2; the phase 

factor e~* y(0) is without significance, but the other factor l/f2 is necessary 
because the solution used in 7 .1 1 was normalized to 2, while we here want 
a wave-function normalized to unity (for a proton pair)* 

Let us assume, as effective potentials, wells of the same width D = d 
and of depths 3 Jo \ 3 J^i given in tables 6.432 and 7.13, respectively. The 
functions Rq, l LT can then be written down explicitly and the integration 

in (4) performed. The essential velocity dependence of for small 

values of v r is given by a factor 

}2 Tiae" 2 ** , a = e 2 c/fit;, 

contained in Lo e9) + LcT ] tg d , the square of which expresses the penetra- 
bility of the Coulomb potential barrier. The final result can be written 

! / R 0 (r) • x Lf\v) dr\ 2 — 2a e" 2 ™ ( 3 a 0 ) 3 A 2 , (6) 

b 

where 3 a 0 is given by (621— 14) and A 2 is a complicated function of D , 

3 Jo°\ and s 0 » representing the sum of the probabilities for the reaction 
to take place when the two protons are at different mutual distances. The 
main contribution to A 2 is found to come from the distances zz s a 0 and 
yields, with the adopted numerical values of the parameters. A 2 ~ 8,1. 
The cross-section (2) finally takes the form 

S a = 2 (2 naf -A 2 -— I(W) — 3 a 0 • ( 3 a 0 ) 2 : (7) 

to e c 


the meaning of the two first factors has already been explained; the next 
2 ^ 

one, 3 a 0 , is just the chance of the positon emission taking 

e c 

place during the time taken by a proton of velocity e 2 c/b to go through 
the distance 3 a 0 . Inserting the above numerical values, and taking 
(A 121—4) r Q zz 3 * 10 s sec, formula (7) yields 

Sd = a 2 - 4 * 10~ 50 cm 2 . 


( 8 ) 
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This result, based on the assumption of free proton collisions, is valid 
under the conditions prevailing in the interior of the stars of the main 
sequence. For white dwarfs* however, the effective electrostatic inter- 
action between the closely packed protons becomes very different from 

the Coulomb potential and 1 Lf ) takes a quite different form; an estimate 
of Sd iii this case has been obtained by Wild HACK [40]. The astrophysical 
implications are discussed by WlLDHACK [40], CHERTOCK [44] and 
SCHATZMAN [46] *. 


* See, in this connexion, A 1.22. 

f\ insert : he €x.pph'*dL fb ho^t^dci vy l*y*r; 
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CHAPTER VIII 


THE CHARGE INDEPENDENCE OF NUCLEAR INTERACTION 

8-1 ♦ Comparison of proton^neutron and proton-proton potential 

We are now in a position to make a quantitative comparison between 
the nuclear proton-proton potential, as determined in the preceding Chapter* 
and the potential between proton and neutron in the same (viz. the X S) 
configuration of the two-nucleon system. We begin by assuming that both 
effective potentials have the same range. This assumption is admittedly 
not free from uncertainty; in order to test it, the only available calculations 
are those concerning the well and meson potentials* of which the latter 
(7.73* 8.33) are quite inconclusive. In the case of the well potential 
(6.431), if we took the proton-neutron scattering results at their face 
value, we should have to adopt a range of proton-neutron potential essen- 
tially smaller than that of the proton-proton nuclear force. But, as already 
observed, the evidence is not so precise as to exclude the possibility of 
both ranges being equal. Once we accept this equality, however, we meet 
(as a comparison of the tables 6.432 and 7.13 will show) with the striking 
feature that in all cases investigated, the strengths of both potentials are 
also about the same. More precisely, as shown by table 8.1 1 the proton- 


8.1. Comparison of proton-proton and 
proton-neutron potential 

Type of potential 

IjJO, 

Well 

Morse 

Gauss 

( 200 

Meson ^=5^8 

m J 278 

l 326 

+ 0.039 
+ 0,033 
+ 0,034 
(— 0,043) 

+ 0,023 
+ 0,012 
+ 0,017 


neutron potential seems to be about 1 ... 4 % larger than the other. The 
approximate constancy of this ratio for widely different shapes of the 
potential would perhaps testify to the reality of the difference; but a 
definite opinion on this point would certainly be premature *. At any rate, 

* The conclusion reached by BREIT et al. [39 b] and by THAXTON and MONROE 
[40a] as to the exact equality of both potentials wa^T&Sed on Simons' inadequate value 
of the proton scattering cross-section for zero energy neutrons (6.22). 




8.1 


PROTON-NEUTRON AND PROTON-PROTON POTENTIAL 


159 


such a difference would be a secondary effect, which we may neglect to a 
first approximation* 

Assuming further (33) the neutron-neutron potential to be the same as 
the proton-proton one, we are thus led to the conclusion that in even 
singlet configurations (type iS), the nuclear interaction between two 
nucleons is independent of the charges of these nucleons (at any rate to a 
first approximation)* On the other ( 3 P i*e. odd triplet) type of configu- 
' rations compatible with the exclusion principle for nucleons of like charge 
(4331), we have no clear-cut empirical information (7.13, 7.131). But it 
can easily be proved that any operator of nuclear potential , non^vanishing 
and charge independent in even singlet configurations, has the same 
property in all configurations that are at all possible for nucleons of like 
charge, i.e. all "charge triplet" configurations* In fact, the matrix-elements 
of the nuclear interaction operator (4331—26) in such a configuration 
have, with respect to the isotopic quantum numbers, the diagonal form 
( mt ; 7 T = 3 | — [ mt; z = 3); and the charge independence property is 
simply expressed by saying that these matrix-elements are independent of 
mt: in other words, the interaction operator itself (with exclusion of the 
Coulomb repulsion term) is invariant for all rotations in isotopic space. 
This, again, means that all its terms either are independent of the isotopic 
variables r (1 \ r< 2 >, or involve these variables through the only rotation 
invariant combination Clearly such an operator, 

= + ( 1 ) 

(H and 8 being functions of position and spin coordinates ) , is charge 
independent in any configuration* 

It must be observed, however, that this does not at all mean that the 
general potential operator is necessarily of the form (1), i.e. charge 
independent in any possible configuration. In the first place, the charge 
independence in 15 configurations does not tell us anything about any 
possible term of non-central interaction: for the expectation value of such 
a term would vanish in a 1 S state, irrespective of its dependence on the 
isotopic variables; and on the other hand, the derivation of the numerical 
value of the potential' strength from the experimental data on slow 

neutron scattering, and, therefore, the establishment of the charge in- 
dependence property of even singlet states, is not appreciably affected by 
the very small modification of the triplet scattering cross-section brought 
about by non-central forces ( 16.13 ). But even if we keep to central inter- 
actions, the addition to the interaction potential of any term involving the 
■ — ¥ 

factor 3 + ad) a< 2 ), the expectation value of which vanishes in singlet 
states, does not impair the charge independence property of such states. 
Through the occurrence of additional terms containing factors of these 
types, and depending an arbitrary way on the isotopic variables, the 
nuclear potential might be charge dependent in 3 P states. This logical 
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possibility cannot be dismissed by any physical argument; but it does not 
seem to correspond to any simple feature of nuclear field theory (an 
example 8 ' will be treated in 16311). We shall therefore, in the following, 
adopt as a general form of dependence of the nuclear potential on the 
isotopic variables the expression ( 1 ) above, which expresses the charge 
independence property of the potential in all possible configurations. One 
should, however, not lose sight of the fact that this form is only a plausible 
extrapolation, and that even in the case of even singlet states its empirical 
foundation leaves room for small deviations. 

8.2. General form of central nuclear potential 

Exactly in the same way as the charge independence of the nuclear 
potential restricts its dependence on the isotopic variables to the form 
(8.1— 1), the assumption of central interactions further limits each one of 

— > — >■ 

the functions it and S to the type a r b ad) a- 2 ), a and b being functions 
of the distance only: indeed, any non-central coupling being excluded, 

-> — y 

there remain just the rotation invariant spin functions 1 and o (*■) o^ 2 \ The 
most general expression of the central potential would thus involve four 
independent functions for the distance; but a further assumption will from 
now on be introduced, viz. that the law of distance dependence is the same 
for the four possible types of dependence on spin and isotopic variables. 
This assumption is, of course, made primarily for the sake of simplicity. 
But the consistency of the results obtained on this basis in the discussion 
of even ( 3 S and X S) configurations (6.431, 6.432 , 8.1) may be considered 
to afford some partial justification for it. The nuclear potential may finally 
be written in the form 


VnucX = 3(r)G 


o = a Q -f- a? 0^ -f- a T t 0^ 0^ ip ) , 


( 1 ) 


the a*s being constant coefficients* 

We may also decompose the potential (1) into a combination of the 
four types of exchange interactions ,(4.347—34). Remembering that 
(4.13-26) 


a U) a <2) — 2 p c 1 t T U> T {2> = 2 Pr—1 

and consequently 

o<2) T d) t <2) = 4 Pa P, — 2 P c — 2 P T + 1 , 
we may in fact write 

Q~ W + BPe — HPr — MPcPr, 


( 2 ) 

(3) 

(4) 




See also HULTHEN [43 b], § 4. 
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with 


W = a 0 — a* — a r + a*- 
B = 2 (a ff — a 7T ) 

-FT - — 2 (s-t ar) 

M = — 4a Jrt 


From these formulae, it appears that the absence of any dependence on 
spin and isotopic variables is characterized by 

a<j 3t — (6) 

(there is then only an ordinary and a Majorana interaction), so that the 
occurrence of such a dependence is revealed by unequal values of these 
parameters* 

Another mode of decomposition consists in expressing G as a com- 
bination of the effective potentials for the four different types of confi- 
gurations 3 S, 1 S t 3 P, 1 P, which, on account of (4331—23) , may be 
characterized by the eigenvalues ± 1 of Pa and P t; thus the effective 
potential for the 3 S configurations will depend on spin and isotopic 
variables through the combination £(1 + Pa) • -$( 1 — P t)* The operator 
G accordingly takes the form 

G = - i [(1 + Pr) (1 — Pr) 3 S + (1 — P.) (1 + P T ) 'S 

+ (1+ Pa) (1 + P r ) 3p + (1 — Pa) (1 -P T ) » P ] , (7) 

with 


— 3 s = a 0 + 3a — 3 (a T + aax) 

— \s = a 0 — 3a 7 + a T — 3a*r* ' ' 

— 3 p = a 0 + a ff + a- + a 7 r 

— J p — a 0 — 3 aa — 3 (a r — 3 aar) * 

It will be convenient to normalize the constants by taking for J(r) the 
absolute value of the effective 3 5 potential. This means 3 s = 1; the 
constant 1 s will further be equal to the ratio 

q = (10) 

which, according to table 6.432 , is remarkably insensitive to the law of 
force adopted for J (r), and roughly equal to 0,6* Formula (7) then 
becomes 


G = - i [(1 + Pr) (1 - Pr) + (1 -Pr) (1 + Pr) q 

+ (1 + Pr) (1 + Pa) 3 P + (1 “Pa) (1 - Pa) »p] * 

we also re-write the formulae (8): 

— 1 — ao a «- — 3 (a T + a«-r) 
q — 3 q 3 a<7 “f" a T S a^r * 


(ID 


( 12 ) 


ll 
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The parameters 3 p, x p pertaining to the odd configurations cannot be 
directly given numerical values. We shall presently show how experi- 
ments on scattering of fast neutrons by protons, when extended to suffi- 
ciently high energies, will eventually provide the information needed to 
fix the odd-state potentials (833). It will appear later (14.12) that the 
analysis of the scattering of fast neutrons or protons by deuterons may 
serve the same purpose. But for the moment, we must make use of less 
direct arguments: the general saturation requirements for heavy nuclei 
- (2.22) impose on the interaction parameters further limitations, which 
practically amount to their complete determination (1133). 

8*21 «. Traces of operators related to the nuclear potential . In a later 
section, we shall need the expressions for the traces of the operators G, 
QP?P r > G 2 and G 2 PctPt. They are easily found with the help of elementary 
properties of dichotomic variables (4.13). From (1) one immediately gets 

tr O — 1 6 a 0 , tr G P* Pr = 4 [a 0 + 3a ff + 3 (a~ + 3a<rr)] , , j ^ 

tr G 2 = 16 [a l + 3a 2 + 3 (a 2 + 3a 2 r )]. 

To calculate tr G 2 PoPt, it is convenient to start from (11); since 

(1 +P)(1— P) = 0, (l±P) 2 = 2(l±P). (14) 

one has 

0 2 = i [(1 + P„) (1 -Pr) + q 2 (\~Pe)(l+Pr)+*p 2 (l+ Pr) (1 + Pr) 

+ V(l-A)(l-P.)]. (15) 

The expressions for G Pa P-c, O 2 Pa P-c differ from those for G and G 2 , 
respectively, only by the sign of the first two terms. We thus obtain the 
desired traces in a very symmetrical form: 

tr G = — 3 (1 + q) — (9 3 p + 1 p) 
tr OPrPr = 3 (1 + q) - (9 3 p + >p) (m 

tr G 2 = 3(1 +q 2 )+ 9 V+V 1 

tr G 2 PcP. = —3(1+ q 2 ) + 9 3 p 2 + ‘p 2 . 


83. Charge independent interaction and meson field 

831. Neutral and symmetrical meson theories . The charge indepen- 
dence property of nuclear interaction has an important consequence for the 
meson field theory of this interaction: it implies that — besides the charged 
meson fields, the production of which by nuclear systems is testified by 
the phenomena of cosmic radiation — there must also occur (at least 
virtually, in the sense of 1 .321 ) neutral meson fields *. Indeed, to a first 
approximation, a charged meson field will only give rise to an interaction 
between a proton and a neutron; this is a simple consequence of the 


* This has first been pointed out by H. FROHLICH, W. HsiTLER and N. KEMMER 
Proc. R. S. A 166, 154. 1938. 
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principle of conservation of charge, as a (virtual) emission or absorption 
of a charged meson is necessarily accompanied by a transition from proton 
to neutron state or vice-versa. A force between two nucleons of like charge 
will first appear in the next approximation, as the result of a double virtual 
process of meson emission and absorption, and will consequently be of a 
smaller order of magnitude *. 

It will be necessary to consider somewhat more closely the formal aspect 
of this situation. As is well-known **, the description of a charged field 
involves two sets of Hermitian components, the relation of which to the 
charge and current distribution is completely fixed by their properties with 
respect to gauge transformations. Such a transformation is defined by 
the addition to the electromagnetic potential of the gradient of an arbitrary 
function: 



da 
dx* * 


a) 


For our present purpose, it will suffice to consider the simplest case of a 
meson field of spin 0, represented by scalar or pseudoscalar components 
(132); insofar as the charge properties of the field are concerned, the 
following considerations apply just as well to spin 1 mesons, which require 
for their representation sets of components possessing vector or pseudo- 
vector properties. Let, therefore, xp u xp% be the Hermitian components 
of a charged meson field of spin 0. It will be convenient to regard them* 
as the orthogonal projections of a symbolic vector in a fixed plane; when 
the transformation (1) is performed, these components undergo a linear 
transformation, which may be described as a rotation of the symbolic vector 
in the fixed plane through the angle a. This property may be concisely 


expressed by stating that the non-Hermitian quantity xp : 
is multiplied by the phase factor e ia : 


i 2 


\ T * I 


xp xp e la * 


(la) 


It will not be necessary for our argument to explain further how the 
requirement of invariance of the Lagrangian for the transformation (1), 
(la) yields; the expression for the charge and current density in terms of 
xp and its adjoint xp' + (or, what amounts to the same, in terms of xpi and 
t p%)+ The only property of the field quantity xp which we need is the 
following: if xp is expanded in a Fourier series, i.e. in a series of eigen- 
f unctions of the meson states of definite momentum. 



p 


* One might think that this argument would be restricted to the case of weak coupling 
(i.35), but it has been verified (A 3,24) that even a strong coupling theory involving only 
•charged mesons is unable to account for the charge independence of the nuclear interaction. 
** See, e.g., MolLeR and ROSENFELD [43]. 



164 


VIII. CHARGE INDEPENDENCE 


831 


the Fourier amplitudes & + (p), (p) are such that when operating on the 

wave- function of any state of the field characterized by definite numbers 

of mesons of given momenta, they decrease by one the respective numbers 

— v 

of positive and negative mesons of momentum p; the adjoint operators 
jb+,fc+ accordingly increase these numbers by one. Every term of the 
expansion (2) of yj is thus connected with a decrease of the charge of 
the meson field by one (positive) unit, either by absorption of a positive 
or emission of a negative meson. 

The interaction energy between the meson field and a system of nucleons 
may be written 


X?y, — — f (yj f s + y> ) dv f (3) 

the functions s, of the nucleon variables being just the source densities 
which enter into the fundamental field equations of the form (132— 10) 
for yj and ip +. Now, it is clear that in order to satisfy the requirement 
of charge conservation of the total system of nucleons and mesons for 
every emission or absorption process, the coefficients of y) f and yj in (3) 
must be linear combinations of the operators FIW+ and n {/ >, respectively* 
expressing that the change of charge of the meson field is compensated 
by an accompanying transition of the i-th nucleon from the proton to the 
neutron state, or vice-versa (4 .12— 24). In other words, we may write the 
density s In the form 

5 = y2 2 r nw+s<‘), (4) 

i 

the symbol s( z ‘) denoting a certain function of the space and spin variables 
o E the z-th nucleon, and also of the point of space-time at which the density 
s is taken, while (4J2— 24) =|-(tP + zt^). In all cases, the $(*) are 

Hermitian, so that the source densities of the Hermitian components 
V> v are 

5 X = Z S 2 = 2 tjf) S<‘>, (5) 

i i 

respectively; the interaction energy (3) takes the form 

V v = — /(Vj S! + s 2 ) dv. (6) 

The formulae (5) exhibit an extremely simple and direct connexion 
between the symbolic isotdpic space (422) and that which has just been 
introduced to express the gauge transformation properties of the charged 
field. In particular, the gauge invariance of the expression (6) is secured 
by the fact that the dichotomic variable r ±9 whose components are t' lf z 9 + 
is free to rotate in its plane ( 4J2 ). 

When we consider the interactions between nucleons under circum- 
stances prevailing in atomic nuclei or in scattering experiments involving 
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energies not much higher than those hitherto used, we may to a first 
approximation disregard all dependence of the source density on the time 
variations of the various coordinates of the nucleons and accordingly 
neglect the retardation of the force transmission through the meson field; 
this approximation will yield the static interaction. Higher terms form the 
non-static part of the interaction, which includes not only the effect of the 
translation motions of the nucleons, but also those of the precession of 
their spins and of the exchanges of electric charge between them ( transi- 
tions between proton and neutron states, mathematically described by 
precessions of the isotopic vectors r in isotopic space). From the expres- 
sion (3) or (6) one obtains by the usual methods of field theory (1531), 

with the help of the Green's function (131, 132—9) <p =~e- xr , the total 

static interaction energy of a system of nucleons in the form of a sum of 
interactions between pairs 

V™ = 2 T (12) / > (P') cp (P ' ; P) >) (P) dv p dv p , ; (7) 

O 

in this expression, sW(P) denotes the static approximation of the density 
function s( 2 ) occurring in (4), (5), taken at point P; the isotopic factor 
T(3.2), defined by (4*41— 1), has a non-vanishing expectation value only 
for a proton-neutron pair. Clearly, then, if static forces are predominant, 
charged meson fields alone will be unable to account for the charge 
independence property. 

An obvious way of arriving at a law of interaction independent of the 
charges would be to introduce a purely neutral meson field, the source 
density of which would simply be independent of the isotopic variables of 
the nucleons. Since a neutral field is characterized by its invariance with 
respect to gauge transformations, i.e. rotations in the plane (1, 2) of 
isotopic space, it can be represented by a Hermitian component ip z 
directed along the 3-axis of this space. If s 3 is the corresponding source 
density, the interaction energy of the neutral field with the nucleons will 
be of the type 

V , Vs =—fy> 3 s s dv. (8) 

The hypothesis just formulated consists in putting, similarly to (5), 

s 3 ~2s«\ (9) 

which leads to an interaction between nucleons completely independent 
of their charges in any approximation. However, it must be stressed that 
the simplicity of this picture is only apparent: for there are, anyhow, 
charged meson fields, produced by the nucleons, which will inevitably give 
rise to a certain additional amount of proton-neutron interaction. One 
should therefore assume that the source densities of the charged fields are 



166 


VIII* CHARGE INDEPENDENCE 


831 


sufficiently small compared with those of the neutral field to account for 
the almost complete charge independence of the total interaction deduced 
from the experiments; the small and uncertain deviation from exact charge 
independence, exhibited by these experiments, should from this point of 
view be regarded as real and would indicate an upper limit to the ratio of 
the magnitudes of the source intensities of charged and neutral fields* It is 
true that the smallness of the charged meson fields would not come into 
conflict with any known fact concerning cosmic radiation. Nevertheless, 
such a predominantly neutral meson theory would be very unsatisfactory 
indeed, inasmuch as in it the connexion between nuclear forces and cosmic 
mesons, the most beautiful and significant feature of Yukawa's idea, 
would be completely lost. In fact, the assumptions made about the mass 
and other properties of the neutral mesons would be entirely arbitrary, 
and the whole scheme would be little more than a rather clumsy and 
roimdabout way of putting forward a special form of interaction potential, 
distinguished from any other only by its unwieldiness* In spite of this 
objection, we shall in all following discussions retain the neutral type of 
nuclear field theory as a logical possibility to be tested by experiment. 

There is, however, an alternative possibility of securing the charge 
independence of the nuclear potential. It is the so-called symmetrical type 
of meson theory, pointed out by KEMMER [38a]. As we have seen above 
{8.1), the total static interaction will be charge independent if the contri- 
bution from the neutral meson field is such as to add to the isotopic factor 
2 T (12) = tW r jp) -j- of the charged field interaction ( 7 ) the term r W , 

completing the scalar product t&K Comparing (5), (6) with (8), we see 
that this result is achieved by taking 

s 3 = 2t$s<‘K ( 10 ) 

In this combination of charged and neutral fields, the three Hermitian 
components y>u Wz enter in an entirely symmetrical way; we may 
regard them as the three projections of a vector t p in isotopic space, and 
the source densities are likewise components of a symbolic vector 

s = 2Jt {t) s^K (11) 

i 

The. neutral and the symmetrical theories correspond so to speak to 
opposite extreme cases of the general law of interaction {8.1-1 ) , viz. S = 0 
and B = 0. From the point of view of meson theory, these two extreme 
cases are the only simple ones, for the general expression for the interaction, 
with B as well as 3 0, could only be obtained by assuming two inde- 

pendent kinds of neutral mesons, which could only be distinguished from 
each other by the different ways in which they interact with nucleons, viz. 
according as their source density is of the form (9) or (10). Indeed, the 
most general function of the isotopic variables which might occur in the 
source density of a neutral field would be a linear combination of operators 
T+ and T_, which express that the nucleon does not change its proton or 
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neutron state when emitting or absorbing a neutral meson. This amounts 
to a source density of the form 

s = 2{a+bT$) S&. ( 12 ) 

i 

in which the coefficients a and b are not necessarily real. This leads to 
an isotopic factor in the law of interaction 

| a p + | b | 2 r f xg) + (ab* + a*b) (rg> + xgJ) t 

and the condition that the interaction be symmetrical with respect to the 
charges implies that the coefficient of -j- should vanish. Unless, 
therefore, either a or b vanishes, the source density (12) would be essen- 
tially non-Hermitian, which means that we should have two independent 
Hermitian field functions, representing two kinds of neutral fields diffe- 
rently coupled to the nucleons. This would, of course, be a very artificial 
state of affairs. 

To sum up, we see that while the introduction of neutral meson fields 
besides the charged ones provides the possibility of deriving a law of static 
interaction between nucleons of the general charge-independent form 
(8J— 1 ), the special cases of purely neutral and symmetrical theories, 
characterized by the respective isotopic factors 1 and appear more 

natural from the point of view of meson theory. 

8+311* Instability of the neutral meson. If there is any truth in the 
field conception of nuclear forces and their approximate charge indepen- 
dence, a large proportion of the mesons produced by the primary cosmic 
radiation in the atmosphere must be expected to be neutral. If the life-time 
of the neutral mesons were comparable with that of the charged ones, 
they could be detected thanks to a charge transfer effect , by which a 
neutral meson can emerge as a charged one from a collision with a nucleus, 
according to the scheme * 

p° + p n + p + , p° + n p +• pr . (13) 

Such non-ionizing agents, capable of producing ionizing secondaries, can 
in principle be disclosed by a coincidence method , the main features of 
which go back to Rossi, and which has been applied to the present problem 
both by ROSSI and his collaborators [40] and by Nishina and BlRUS [41b]* 
We shall out lin e the somewhat simpler arrangement used by the latter 
(fig. 8311- 1): the rates of coincidences of two counters A and B are 
compared when a lead absorber (sufficiently thick to rule out effects due 
to photons) is placed either between the counters (position (1)) or above 
(them (position (2) ); a non-ionizing agent giving rise to penetrating charged 
secondaries in the absorber would indeed manifest itself by additional 
coincidences when the absorber is in position (2). However, this inter- 


* The symbols denote neutral and charged mesons, respectively. 
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pretation of a possible positive effect cannot be accepted without a control 
provided by the set of counters C placed above the apparatus and 
covering the whole area of incidence of the rays capable of passing through 
both counters A and B : clearly, if the difference in twofold coincidence is 
due to a neutral agent, the rate of threefold coincidences of the counters A f B 


Fig. S.311-1. 
Coincidence method 
of detection of non- 
ionizing agents pro- 
ducing ionizing 
secondaries. 



( 2 ) 

B 

( 1 ) 

A 



A 


I 


B 


n 


c 



Fig. 8311-2. 
Principle of arrange- 
ment for detecting 
charge transfer effect 
of meson. 


and C recorded during the same period as the twofold coincidences, should 
be the same for both positions of the absorber. In the actual experiments, 
both the rates of threefold and twofold coincidences were larger with the 
absorber in position (2), the increase being nearly the same for threefold 
and twofold coincidences; there was consequently hardly any change in 
the rate of anticoincidences (i.e. coincidences of A and B not accompanied 
by a discharge of C) when the absorber was moved from position (1) to 
position (2). This result strongly points to some other origin of the effect 
than the production of charged secondaries by nonionizing rays; and 
previous experiments, in which the precaution of the control counters C 
was not taken, lose any significance. The same conclusion is reached by 
Rossi et a L [40], who further analyze the nature of the spurious effects 
due to meson scattering and shower production in the neighbourhood of 
the apparatus, and confirm the predominance of such effects by cloud 
chamber photographs 

The charge transfer effect (13), together with its inverse, gives rise to 
an alternation of the charged and neutral states of a meson during its 
passage through matter. This phenomenon can be studied by an arrange** 
ment of counters and absorbers, very simple in principle (fig. 8311-2). 
A charged meson, detected by counter A, may in absorber I go over to the 
neutral state and traverse counter B without discharging it; in a second 


See further TRUMPY and BJ 0 RDAL [42] , and CLAY and LEVERT [46] . 
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absorber II, identical to I t it will have equal chance to recover its charge 
and cause a coincidence of counter C with counter A . The mean free path 
of a meson with respect to charge transfer will therefore (on the assump- 
tion of sufficient stability of the neutral state) be very simply related to 
the ratio of the rates of anticoincidences in which A and C but not B are 
discharged to the twofold coincidences of A and C. The experiment has 
been performed by NlSHlNA et al. [41a, b] with negative result: within the 
experimental error, no genuine anticoincidences could be discerned. 

The conclusion to be drawn from these unsuccessful attempts at detecting 
neutral mesons * is that the life-time of these particles must be considerably 
shorter than that of charged mesons. This would seem to imply, from a 
theoretical point of view, that the interaction between mesons and lepton 
pairs should be highly unsymmetrical with respect to charged and neutral 
mesons: the coupling of the neutral meson field to the lepton field should 
be much stronger than that of the charged meson field, — in a way some- 
what analogous to the situation in the neutral theory of nuclear inter- 
action (in which the coupling with the nucleons is assumed to be much 
stronger for neutral than for charged mesons). There is in fact no objection 
to such an assumption; in particular, as has been stressed by PAIS [45], 
we have no reason to expect that the very small interactions between two 
leptons on account of their meson fields should exhibit any particular 
symmetry with respect to the charges of the leptons, since the relativistic 
effects, which will in this case predominate because of the smallness of 
the lepton masses, will (even if the source densities are symmetrical with 
regard to charge) be quite different for electrons and neutrinos owing to 
the large difference between their masses. 

According to this view, the short-lived neutral mesons would decay into 
a pair of neutrinos (and thus be utterly lost to observation) or into a pair 
of electrons of both signs. The latter would have sufficient energy to 
initiate showers; an indirect detection of neutral mesons could therefore 
eventually be obtained if the analysis of the soft component of cosmic 
radiation, especially at high altitudes, could be sufficiently improved to 
allow such showers to be recognized. However, even if the decay of 
neutral mesons into lepton pairs does not have a larger probability than 
the "corresponding decay of charged mesons, there is still another mode of 
decay, the estimated probability of which is so large that it may possibly 
be preponderant in bringing about the rapid disappearance of the neutral 
mesons. It is a process, pointed out by SAKATA and TANIKAWA [40], by 
which a neutral meson ultimately decays into a certain number of photons. 
This process may be described as follows: the meson transforms, by a 
virtual transition, into a pair consisting of a proton and an antiproton; these 
two virtually annihilate^ each other with photon emission. The number of 

* Prof. Heitler has kindly pointed out to me that the negative results of the 
experiments just described might simply be due to the fact that the cross-section for the 
charge transfer effect becomes extremely small for mesons of high energy. 
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photons emitted is at least two, except in the case of a vector meson, when 
owing to the special symmetry properties of the matrix-element cor- 
responding to the virtual transformation of the meson Mto a proton pair, 
the minimum number of emitted photons is three* These photons will again 
initiate showers, which should form a not inconsiderable part of the soft 
component of cosmic radiation. 


A very rough estimate of the order of magnitude of the life-time t' 0 of the 
neutral meson, according to the last decay process, is given by 


_1_ 

to 


~ , e2 \* 

TT T- I CX, 


si 

T? 


(14) 


where n ( = 2 or 3) is the least number of photons emitted, while g 
represents, as in 135 , the order of magnitude of the constants analogous 
to the electric charge e, occurring in the nucleon source densities of the 
meson field. Numerically (assuming the same mass for the neutral as 
for the charged mesons), formula (14) gives* 

to - 10“ 18 ... 10- 16 sec (15) 


(according * as n = 2 or 3). The life-time corresponding to decay into 
leptons would depend on the choice of the constants analogous to g 
for lepton source densities. If the same values are adopted for neutral and 
charged mesons, the life-times will also be the same, i.e. (1332) of the 
order of 10-6 sec. The photon decay of the neutral meson will therefore 
be the predominant one, unless rather extreme assumptions are made about 
the order of magnitude of the coupling constants g for neutral mesons. 

832* Central static interactions on meson theory . ' We have seen how 
the charge independence requirement of the static interaction between two 
nucleons could be fulfilled either by a purely neutral meson field or by a 
symmetrical combination of charged and neutral fields. The next question 
is, whether this static interaction can be reduced to a central potential. 
This point will, however, be more suitably treated in a later Chapter (76.42); 
at this stage, it will suffice to know that a central interaction will result 
from a suitable mixture of meson fields of spin 0 and 1, both in the case 
of a purely neutral and in that of a symmetrical theory. In the notation of 
(5.2-1), this central interaction thus takes either of the following forms: 

?££ = (a„ + a/Z» 7®) J (r) (16) 

= rW (a. + a a Jo w ~o (2) ) 3 (r) ; (17) 

and we shall now be concerned with the task of confronting the conse- 
quences of these two laws of nuclear interaction with relevant experiments. 

The main point here is that in both (16) and (17) the parameters a 
are completely fixed by the properties of the S states of the two-nucleon 
systems, and that the effective potentials for odd states can therefore 

i 

* A detailed calculation by BlNKELSTEIN [47] leads to f'o ^ 10“ 16 ... 2* 10- ia sec. 
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uniquely be deduced from them. A comparison will thus be possible be- 
tween theoretical predictions and experimental results concerning pheno- 
mena in which states of higher orbital momenta play a part. Since there 
is no such state of binding for the two-nucleon system, we are limited to 
the investigation of the scattering of sufficiently fast nucleons (neutrons 
or protons) by protons. The experimental study of proton-proton scattering 
has perhaps the advantage of greater accuracy, but the interpretation of 
the results is complicated by the fact that we have to do with interference 
of the proper nuclear scattering with the! effect of Coulomb interaction; on 
the other hand, just this circumstance makes it possible to use relative 
measurements of the differential cross-section for a comparison between 
nuclear and Coulomb forces. The scattering of fast neutrons by protons, 
though more difficult of approach, yields very direct evidence on the nuclear 
potential. Especially the angular distribution of the scattered neutrons (or 
of the recoil protons) discloses by its deviation from isotropy in the 
barycentric system of reference the contribution of states of higher orbital 
momenta to the scattering process. It is this effect which will mainly occupy 
our attention* 

It is clear at the outset that the neutral and symmetrical theories must 
lead to very different results, for the properties of the odd-state potentials 
are quite different in the two cases *. In the neutral theory, the odd-state 
potentials are evidently equal to the corresponding ones for even confi- 
gurations: 

* v (odd) __ • vjjy) ( 0 = 1 ,3). (1 8) 

In the symmetrical theory, on the other hand, the occurrence of the factor 
tW t< 2 > in (17), in conjunction with the correspondence expressed in 
(4331— 23), immediately leads to the relations 

3Wodd) 3 3 *r o(even) 

Vsymm IT ''sy mm (19) 

l-rofodd) *2 lT^(even) 

v symm O V / symm • 

Qualitatively, we see that while in a neutral theory all effective potentials 
are attractive , in a symmetrical theory the potentials are attractive for even 
configurations and repulsive for odd configurations . We shall now proceed 
to a closer discussion of the implications of these properties for the phe- 
nomenon of fast neutron scattering by protons. 

8*33* Scattering of fast neutrons by protons . The differential scattering 
cross-section is given by the fundamental formula (6.21—10), which 
corresponds to an angular distribution of the general form 

dS = — ^ dQ 2 { l An + 3 • 3 An) cos” # , (20) 


* The validity of the relations (18), (,19) is not restricted to meson theory, but covers 
all central interactions of the forms (16) and (17), with any distance dependence J(r). 
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the *A's being certain functions of the phases <T d (ii) . For each value of n, 
all phases give a contribution to the corresponding An ; we may write 


l+l’>n ( 21 ) 

== 4 sin *d U) sin 9 & {V) cos ( & {l) — * d {V) ) , 

with certain numerical coefficients * an . Explicit formulae, including the 
phases up to l = 5, will be found in a paper by Pais [46]* The calculation 
of the phases can be carried out by the methods explained in 53; for each 
value of the energy of the incident neutrons, the 3 S and *S phases have 
to be computed by the variational method {531 ) , the higher phases by 
the approximate procedure of 5331 or simply by Born s approximation. 
The reduced strength 1 b of the effective meson potential can be taken 
equal to the critical value (5331) 1 b ~ 1,68, independent of the value of 
the meson mass; this only amounts to neglecting the small energy of the 
virtual state (5323, 633). The strength of the effective 3 S potential, 
on the other hand, must be calculated, for each assumed value of the 
meson mass, by means of formula (5331— 25), which, using the value 
(6.11— 1) of the energy of the deuteron ground state, takes the form 

3 b ^ 1.68 + 201.2 ^-. ( 22 ) 

iVZm 

with sufficient accuracy. 

The main features of the resulting angular distribution, in the case of the 



Fig. 8.33-1. Contribution 
of different orders in the 
case of a meson mass of 
200 m and an energy of 
, 13J- MeV. 


* If n is even, only terms for which l and l r are of the same parity occur in the series 
(21); if n is odd, there occur only terms with l and V of different parities. 
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of the range of the force (i.e. the value of the meson mass) on the 
differential cross-section* Finally fig* 3 shows how the deviation from 
isotropy becomes more and more accentuated with increasing energy of 
the incident particles: it gives the angular distribution calculated upon 
the assumption of a meson mass Mm = 225m for the energies 9 and 
13,25 MeV. The comparison of these curves with the results of the 
Bristol experiments {after correction for the “loss” of tracks from the 
emulsion, as explained in 6*42) is exhibited by fig* 6A2- 3,4* It appears 
from these diagrams that the experiments indeed seem to agree somewhat 
better with the predictions of symmetrical meson theory than with a purely 
isotropic distribution; but the deviation from isotropy is still too small at 
these energies to permit a clear-cut conclusion *. 

The theory shows, however, that for only slightly larger energies one 
can hope that the comparison with observation will enable us (provided 
we assume the nuclear interaction to be mainly central) to decide between 
a neutral or a symmetrical form of isotopic factor* This results from 
extensive calculations, carried out by Hulthen and Pais [466], of the 
anisotropy ratio 

A = 8(n)IS{ *w), (23) 

which conveniently expresses the main character (“forward” or “back- 
ward”) of the anisotropy and permits an easier visualization of its 
variation with the different parameters of the problem. In terms of the 
c a {lV) introduced in formula (21), the ratio A takes the form (Pais [46]) 


2 (—l)m+n (2m + 1) (2n+ 1) ^a^ + S^a^) 

m, tl 


2 (— l) m+n (4m+l){4n+l) 

m,n 


1 • 3 • 5*.,(2m — 1) 1*3*5 (2n — 1) 


2*4*6**, 2m 


2*4*6. .*2 n 


(l a (/nn)_|_3.3 a (m7i)) 


From this formula, a result of extended validity can be obtained upon 
the assumption that the S phases (and consequently the absolute values of 
all other phases) are smaller than n, and that all differences!*^ — 

7ij2* In a symmetrical theory, owing to the alternation of attractive and 
repulsive potentials in even and odd states, one has then (5.131, 5.132) 


(_1 )m+n . c a {m,n) > Q, 

whence A > 1 : under the conditions stated , a symmetrical theory leads to 
a predominantly backward scattering * A neutral theory, in which all phases 
are positive, does not imply any such general property of the anisotropy 
ratio* 


* Similar calculations have been carried out by HULTHEN [43a, 44cf] for an energy 

of 14,5 MeV and a meson mass of 200 m. However, he applied to the 5-values for the iS 
states certain corrections which later investigation has invalidated, so that these results 
cannot be retained. 
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The calculation of A has been performed for a range of energies from 
5 to 25 MeV and two different values of the meson mass, viz, 200 and 
300m, in both the symmetrical and the 14- neutral theory. The results are 
collected, together with some others, concerning the 9 and 13 MeV 


8.33. Scattering of fa st neutrons by protons ; theoretical results 



Symmetr. theory 

Neutral theory 

1 

Energy 

Meson mass 
MJm 

A 


A 

S 

Reference 

MeV 


10 r-w cm 2 


10~*± cm 2 


5 


1,07 

1,63 

1.17 

1,65 


10 


1,34 

0,97 

1,06 

1,02 


15 

200 

2,01 

0,68 

0,96 

0,74 

HulthEn and Pais [46b] 

20 


2,76 

0,52 

0,80 

0,59 


25 


3,73 

>0,43 

0,73 

0,49 


5 


1,03 

1,60 

1,06 

1,60 


10 


1,09 

0,93 

1,05 

0,94 


15 

300 

1,22 

0,65 

1,02 

0,66 

Hulth£n and PAIS [46b] 

20 


1,42 

0,50 

0,96 

0,51 


25 


1,68 

0,41 

0,90 

0,42 



200 

1,3 

1,1 

1,09 

1,15 

HulthEn and PAIS [46b]* 

9 

225 

1,17 

1,03 

— 

— 

Ramsey [47] 


300 

1,08 

1,06 

1,05 

1,07 

HulthEn and Pais [46b]* 

13,5 

1 77 

2,58 

0,82 

0,86 

0,89 

Pais [46]*** 

( 

200 

1,70 

0,75 

1,0** 

0,85** 

> 

13,25/ 

225 

1,45 

0,74 

— 

— 

> Ramsey [47] 

250 

1,29 

0,74 

— 

— 

) 

( 

300 

1,17 

0,76 

1,03 

0,77 

HULTHfiN and PAIS [46b]* 

18 

225 

1,90 

0,56 

— 

— 

Ramsey [47] 

* Interpolated. 






** Interpolated from HULTH&N and PAIS [ 466], 


*** The 5 phases have been computed by FERRETTI [43a], 


neutrons, in table 833; their characteristic features are clearly exhibited 
by fig* 8.33-4* In the table, values of the total cross-section S have 
also been listed; the comparison with the empirical values collected in 
table 6.413 is shown by fig. 833-5. While the total cross-section is 
quite insensitive to the range of the interaction and to its dependence on 
the isotopic variables, the angular distribution, as expressed by the aniso- 
tropy factor, becomes, at higher energies, very markedly different for 
neutral and symmetrical theories, and in the latter case it also varies 
appreciably with the meson mass. The study of the angular distribution of 
very fast neutrons scattered by protons is therefore, as already stated, one 
of our most powerful means of inquiring into the nature of nuclear forces. 

834* Photodisintegration o/ the deuteron and meson theory * As 
explained in 6.51, the photodisintegration differential cross-section consists 
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of two terms of different origins, the photoelectric and the photomagnetic 
effect, which can essentially be distinguished from each other by their 
different dependence on the angle of ejection of the nucleons with respect 
to the direction of the impinging photon. In fact, since the photomagnetic 



Fig* 8.33-4. Anisotropy 
ratio, according to different 
theories, neutral (N) or 
symmetrical («S), assuming 
a meson mass M m = 200 
or 300 m (as indicated by 
the number following the 
symbol N or S). 



Fig. 8.33-5. Total proton- 
neutron scattering cross- 
section according to meson 
theory. (The curve Nsoo 
nearly coincides with S 300 *) 


effect is spherically symmetrical (in the barycentric system*), while the 
photoelectric effect has a sin 2 ^-distribution, the ratio of the intensities 

* For photons of not too high frequency (and therefore sufficiently small momentum) , 
the barycentric system of reference can be identified with the laboratory system. 
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of ejected nucleons in directions parallel and perpendicular to that of 
incidence of the radiation will be given by 


H = 


d& a 


d $ magn + d& t \ (tc/ 2) 




®magn 1 Y ^el 


(25) 


Thus, the measurement of H, together with that of the total cross-section, 
would give us the contributions <£ e i an d $ magni separately* Unfortunately, 
owing to the smallness of the effects concerned, such measurements are 
very difficult, and it has not yet been possible to attain the accuracy 
required for the isolation of 0 magn from the empirical data* All one can 
do at present is to compare the value of H directly measured, for a given 
frequency, with that calculated from theory* 

This parameter H is essentially suited to give definite indications about 
the isotopic factor of the interaction potential* In the first place, the eigen- 
functions of the 3 P states entering into the expression of the photoelectric 
cross-section ^ c i will be different in a symmetrical and in a neutral theory, 
because of the different behaviours of the corresponding effective potentials; 
and this may be expected to affect appreciably the value of . In the 
second place the exchange magnetic moment occurring in ^ magn , being 
obviously determined by the charged meson fields only, will vanish in a 
neutral theory* In the computations carried out by Pais [43], the former 
effect was neglected, and the latter exaggerated owing to a slip in the 
basic formula *, so that his results are not reliable. 

The diagrams published by Pais are here reproduced (fig. 5*34—1, 2) only 
to give a general qualitative idea of the relative magnitudes of the two cross- 
sections 0 t \ and &magn and of their variation with the excitation energy* 
More accurate calculations have been started by HULTH^N; for photons of 
2,62 MeV energy, he finds, assuming a meson mass Mm = 200 m: 


8.34-1* Theoretical photodisintegration cross- 

sections for hv = 

= 2,62 MeV - 


#el 

10-^8 cm 2 

^magn 

10— 28 cm 2 

H 

Neutral theory 

13,76 

3,08 

0,130 

Symmetrical theory 

12,07 

3,075 

0,145 


Thus, the exchange effect proves to be quite negligible, and the change 
hi <£ei produces only a relatively small variation of H : a great accuracy 
would indeed be required to bring it out. 

* Dr. Pais has kindly informed me that in the formula on p. 18, 1* 10 from bottom, of 
his paper, the factor f + n in the argument of the arctg should be /? + /»+!. 
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The first experiments on the angular distribution of the ejected particles 
consisted in investigating cloud chamber tracks of the photo-protons. 
Neither Chadwick, Feather and Bretscher [37] using 2,62 MeV 
(Th C") y-rays, nor Richardson and Emo [38] with 3 MeV y-rays from 
the Na ( d , p) reaction, could in this way establish with certainty the 
existence of an isotropic component, but the accuracy was very poor owing 


c \* 200 £*.300 




Fig. 8*34-1, 2. Photoelectric and photomagnetic disintegration cross-sections of the 
deuteron, according to PAIS [43], (a means M m /m.y 
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to the small number of tracks (about 60 in either case). The only indi- 
cations about the parameter H which can be derived from this work are 
as follows: 


for D v = 2,62 MeV, H < i 

T}v — 3,0 MeV, H < 0,16. (26) 

The direct measurement of the angular distribution of the photo-neutrons 
produced by 2*62 MeV (ThC") 7 -rays was first attempted by Halban 
[38] and repeated with an improved technique by Graham and Halban 
[45]; the same method has also been applied by MYERS and Van Atta 
[42], who, however, used an ill-defined continuum of X-rays reaching 
up to 2,43 MeV, A glass sphere filled with heavy water is irradiated by 
a suitable source and the ejected neutrons are collected by a system of 
boron chamber detectors, the orientation of which relative to the axis 
source-sphere can be varied; rather large and not quite certain corrections 
must be applied to the measured intensities owing to the geometrical 
conditions and the scattering of the photo-neutrons within the sphere. 
The figure given for H by Myers and Van Atta, viz. 0,87 zb 0,07, has 
little significance; it may perhaps be compared with the theoretical values 
for the weighted average energy of 2,28 MeV. As to Halban’s results for 
2,62 MeV, they are unfortunately not concordant: his first experiments, 
with a sphere of 1 cm diameter, gave H ^ 0,07 ± 0,06; the second, in 
collaboration with Graham, were performed with two spheres of 
diameters 1,6 and 0,77 cm, and the result, extrapolated to zero diameter 
was H ~ 0,20 zb 0,05 (with some indications in favour of a low value). 
Further improvement of these difficult measurements is thus needed before 
any theoretical conclusion can safely be drawn. 

At higher 7 -ray energies, the angular distribution of the ejected nucleons 
is expected to follow very nearly the sin 2 #-law corresponding to the photo- 
electric process. For 6 MeV 7 -rays, the distribution of the ejected protons 
has been investigated by the photographic plate method (6.42) (GlBSON, 
Green and LlVESEY [47] ). The analysis of 60 tracks in the angular range 
70° ... 180° gives a result compatible with the sin 2 #-law. 

The total cross-section of the photodisintegration of the deuteron is 
hardly known at all with any precision. The only existing estimates are the 
following: 


8.34-2. Measurements of total photodisintegration cross-section 


Reference 

Tip 

MeV 

Total cross- 
section 

10 cm* 

Observations 

Halban 

2,62 

13 


Richardson and Emo [38] 

3,0 

(ID 


Allen and Smith [41] 

6,2 

11,6 
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For the capture cross-section of neutrons of 2,2 • 10 5 cm/sec velocity, 
Hulthen finds the following results: 

for M m = 197m, G = 0,294 . 10-24 cm 2 

for M m = 295m, G = 0,303 - 1Q-^ cm2; 

the exchange effect is again entirely negligible. The comparison with the 
empirical value (6.52—18) would perhaps favour a high value of the meson 
mass. However, a slight modification of the wave-function, within the 
uncertainty of the empirical value (6.22— 32) of the slow neutron- 
proton scattering cross-section (assuming 22 instead of 2t for S in units 
10~24 cm 2 ), is sufficient to bring the value of G for Mm — 197m to 
0,308- 10-24 cm 2. 


8«4L Central nuclear potential: summary of argument 

At this stage, it will not be superfluous to review the line of argument 
followed in the preceding analysis of the properties of two-nucleon systems. 
This analysis starts from the assumption that we have to do with a central 
nuclear potential; it is further necessary to assume a definite form of 
distance dependence, which in the simplest cases involves two para- 
meters, viz. the range constant and the strength. The available evidence 
then gives fairly complete information on the effective potentials in triplet 
and singlet even configurations; and in particular it supports the view that 
the analytical form of distance dependence and range value are the same 
in both cases, the strength alone being different ( 8.2 ). 

The proton-neutron potential is markedly spin dependent. On the very 
natural assumption that the lowest stationary states to which this potential 
gives rise are 5 states (6.7/), a large spin dependence is disclosed by 
the fact that the ground state of the deuteron belongs to the triplet system, 
as well as by the large cross-section of the proton for scattering or radiative 
capture of very slow neutrons. Indeed, the magnetic interaction between 
proton and neutron would depress the 1 S state below the 3 S state (6.13); 
whereas the large contribution of 1 S waves to the mentioned scattering 
and capture processes requires the existence of some (actual or virtual) 
IS level of very low energy (6.23, 6.52). The virtual character of 
this level, made probable by the study of the radiative capture process 
(6.52), is definitely established by the scattering properties of ortho- and 
para-hydrogen for slow neutrons (6.33). Thus, both the 3 S and 1 S 
effective potentials are attractive, but only the former leads to a stable 
stationary state of binding. 

For a given law of distance dependence and a given value of the range 
of force, we can determine the strength of the 3 S potential from the 
observed binding energy of the corresponding stationary state; the strength 
of the X S potential then follows from the value of the scattering cross- 
section of protons for very slow neutrons (6.43/, 6.432). In principle, the 
value of the range might also be derived from the scattering cross-sections 
for faster neutrons, especially the D (d, n ) -neutrons of 2 ... 3 MeV energy; - 
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but the data available at present still leave a large uncertainty about the 
quantity in question* They are at any rate compatible with the assumption 
that the range of the proton-neutron force is the same as that of the proton- 
proton force (6 A 31). 

The proton-proton potential (exclusive of Coulomb force) can be 
determined with somewhat better accuracy, in range as well as in strength, 
from the experiments on proton-proton scattering; the meson type of 
distance dependence, however, constitutes a conspicuous exception: the 
theory of the scattering process proves to be very insensitive to large 
variations of the value of the meson mass (which fixes the potential para- 
meters) (7 A3). The i-S proton-proton potential is found to be attractive, 
and in fact (on the assumption of equal ranges) very nearly the same as 
the X S proton-neutron potential (8A): this property is well-established for 
the well and Gauss types of potentials, whereas the meson potential, owing 
to the above-mentioned uncertainty, hardly permits any significant con- 
clusion for the time being* 

Finally, there is good reason to believe that the neutron-neutron 
potential is identical with the proton-proton one (apart from the Coulomb 
energy)* This conclusion is reached chiefly by a comparison of the masses 
of isobars with neutron excesses + 1 and — 1: it is verified that the mass 
difference of such isobaric pairs consists solely of the electrostatic energy 
of the excess proton in the latter nucleus (3.3). Altogether, from the 
evidence on even states one can surmise with great probability that in all 
(even or odd) configurations compatible with the exclusion principle the 
effective potential is (with a possible deviation of a few percent) indepen- 
dent of the charges of the interacting nucleons ( 8 A )* The general form of 
the central potential operator is then given by (5*2-1 ) ; in this formula, two 
of the four parameters a remain as yet undetermined, due to insufficient 
evidence on the odd configurations* 

In fact, although the study of the scattering of fast nucleons is in 
principle suited to give us direct information about the odd state potentials, 
it has not yet reached the extent and accuracy needed for this purpose 
( 7A31 f 833). In order to complete our knowledge of nuclear interactions, 
we must therefore turn to other phenomena, pertaining to more complex 
nuclear systems* 
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